Analysis ITI/IV (Math 3011, Math 4201)

Solutions to Exercise Sheet 8 30.11.2011

1. Since the columns aq,...,a, of A are linear independent, they form a
basis of R™. Thus a given b € R™ can be expressed as a linear combination
of these columns, i.e., there exist coefficients z!,..., 2" € R such that

b= ijaj.
J

Using this identity, we calculate det A; := det(aq,...,a;—1,b,ait1,- .., an):
By multilinearity we have

detAi = det(al,...,ai,l,g 1‘Jaj,ai+1,...,an)
J
= E J:Jdet(al,...,ai,l,aj,aprl,...,an).
J

Since the determinant is alternating, we have
det(a1,...,a;—1,a5,0i41,...,a,) =0
for all j # ¢, and
det(ai,...,a;—1,a;,ai41,...,a,) = det A
for j = i. Therefore, we obtain
det A; = 2 det A.

Note that det A # 0, so 2 = det A4;/ det A.

This shows that if b = Ej 2laj = Ax, then the coefficients 2’ can be
gained back via the formula x! = det A;/ det A, proving Cramer’s Rule.

2. The first part of the exercise boils down to

vxw = (dzo Adrs(v,w),drs Adei(v,w),dey A dzs(v,w)) "

= (vows — wavs, v3w1 — wavy, viw2 — w1v2)T,

which is obviously correct. For the second part of the exercise, write
w = fidxo N dxs + fodxrs Adzi + fsdr A dxo

with

X
(22 + 2% + x3)3/2"

fi=



This implies

Since

we conclude that

ie., dvw=0.
3. We have

dw = % + == 0f2 + - ZE dx1 N dxo A dxg.
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= 2%dz ANdy A dz,
0,

0,

= 2dxANdyANdz,
= 0.



