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ABSTRACT: We present a review of the symbol map, a mathematical tool introduced
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the combinatorial properties of an associated rooted decorated polygon, and it is indicated
how that recipe relates to a similar explicit formula for it previously given by Goncharov.
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symbol, and illustrate it in the particular case of harmonic polylogarithms up to weight four.
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non-trivial elements in the kernel of the symbol map for arbitrary weight.
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1 Introduction

Polylogarithms and their multivariable generalizations [1, 2] play an equally important
role in modern mathematics and in physics. In mathematics they occur for instance in
connection with algebraic K-theory and mixed Tate motives, e.g. [3-8], with Hilbert’s
third problem (on scissors congruences), e.g. [9-11], as volume functions for hyperbolic
spaces, e.g. [11-16, 18], and are also related to characteristic classes, e.g. [17], special
values of L-functions in algebraic number theory, e.g. [5, 7, 18], algebraic cycles, e.g. [19-
21] or, in the form of iterated integrals, in algebraic topology, e.g. [22-24]. In physics,
the computation of higher order corrections to physical observables requires the analytical
evaluation of Feynman integrals that can generally be expressed in terms of (special classes
of) multiple polylogarithms, e.g. [25-59]. While in all of these applications it would be
desirable to have a minimal spanning set — “basis functions” in physics parlance — for
the polylogarithmic expressions involved in a given problem, it is well known that these
latter functions satisfy various intricate functional equations among themselves, making
the question of how to find a minimal spanning set very hard to answer in general. As
a consequence, seemingly complicated results, say for a Feynman integral, may admit a
much shorter analytic representation, the simplicity of the answer being hidden due to the
existence of an abundance of functional equations among these functions. There is thus
a strong interest for a better understanding of the functional equations among multiple
polylogarithms, both from a formal mathematical standpoint and in view of practical
applications in physics.

A way to approach functional equations among (multiple) polylogarithms is provided
by the so-called symbol map [62, 63], a linear map that associates to each multiple polylog-
arithm of weight n an element in the n-fold tensor power of some vector space of one-forms.
The virtue of the symbol map is that it captures to a good extent the main combinatorial
and analytical properties of certain transcendental functions, and in particular it is ex-
pected that all functional equations among multiple polylogarithms are in the kernel of the
symbol map. Loosely speaking, this means that a necessary condition for two expressions
written in terms of multiple polylogarithms to be equal modulo functional equations is that
they have the same symbol, a condition that is usually much easier to check than proving
equality at the level of the functions. The inverse problem (sometimes called integration of



a symbol) of finding a function whose symbol matches a given tensor satisfying a certain
integrability condition is much harder and we know of no general algorithm to construct
such a function.

While special cases of the symbol map have been profitably used by mathematicians
for over two decades (for example in connection with functional equations see e.g. refs. [5, 7,
60, 61]), it has only very recently been introduced into physics in the context of the N' = 4
Super Yang-Mills (SYM) theory in ref. [63], where it was applied to greatly simplify the
analytic expression for the two-loop six-point remainder function obtained in ref. [64, 65]. In
the wake of that work, the symbol map has seen various applications, mostly in the context
of N'=4 SYM. In particular, by now the symbols of all two-loop remainder functions are
completely known [66], while at three loops the symbols of the remainder functions for the
hexagon in general kinematics [67] and for the octagon in special kinematics [68] are known
up to some free parameters that could not be fixed from general considerations. However,
only in the latter octagon case an integrated form of the symbol is also known. Other
approaches, aiming at the determination of the symbol of loop amplitudes by exploiting
the operator product expansion in the collinear limit [69, 70] or the relationship between
Feynman integrals and the volumes of polyhedra in non-euclidean spaces [71, 72], have
also been considered. Furthermore, the symbol map was recently used to obtain compact
analytic expressions for certain one-loop hexagon integrals in D = 6 dimensions [73-76].
More phenomenological applications, as e.g. in ref. [77], have also been considered.

The aim of this paper is twofold: While the symbol map has already been extensively
used in the N/ = 4 SYM community in physics, it seems still rather little known in other
areas of physics in which the computation of Feynman integrals plays an important role.
On the one hand, we therefore present a concise review on this topic, putting special
emphasis on how to apply the symbol map to obtain simpler or shorter analytic results
for functions arising from certain Feynman integrals. On the other hand, we believe that
our work goes beyond the existing literature on the subject in various aspects. While so
far the symbol of a transcendental function was defined recursively by considering iterated
differentials, we introduce a simple diagrammatic rule that allows to directly read off the
symbol from all possible “triangulations” of a certain decorated polygon associated to a
multiple polylogarithm [21]. Furthermore, we also address the problem of how to integrate a
symbol to a function by presenting an effective approach to construct a candidate spanning
set of functions in terms of which the symbol might be integrated.

The structure of the paper is as follows: In section 2 we give a short review of multiple
polylogarithms and of their properties. In section 3 we review the main properties of the
symbol map and we show how to obtain the symbol of a multiple polylogarithm as the
weighted sum of all possible maximal dissections of a certain decorated polygon associated
to the polylogarithm. Moreover, we indicate how to relate it to a formula originally given
by Goncharov in ref. [8]. In section 4 we give a short example of how to integrate a symbol
following the approach introduced in refs. [63, 78], before generalizing this procedure to
higher weights in section 5. In order to highlight remaining difficulties and ambiguities
when trying to integrate to a function, we also give a family of non-trivial elements in the
kernel of the symbol map. We illustrate these concepts in section 6 where we apply them



to derive a spanning set up to weight four for a special class of multiple polylogarithms,
the so-called harmonic polylogarithms [25]. The five (rather long) appendices contain a
summary of the mathematical notions used throughout the paper, as well as some technical
details and proofs left out in the main text. We also include an appendix with a collection
of symbols for multiple polylogarithms up to weight four.

Remark. The authors wish the reader to be aware that this paper contains the work of
both physicists and mathematicians. As a consequence, it should be noted that the paper
has been written to try to accommodate the language of both communities. We tried to
find a compromise in the level of details given, and so while some arguments may go deeper
than felt necessary by some, the text may be too sketchy at times for others.

2 Short review of multiple polylogarithms

Definition. Multiple polylogarithms can be defined recursively, for n > 0, via the iterated

integral [1, 2]
dt

t—a1

Glag, ... an;t), (2.1)

G(al,...,an;x):/
0

with G(z) = G(;z) = 1, an exception being when x = 0 in which case we put G(0) = 0
(clearly any expression fOO ... should be zero), and with a; € C are chosen constants and z
is a complex variable. In the following, we will also consider G(ay, ..., an;x) to be functions
of ay,...,a,. In the special case where all the a;’s are zero, we define, using the obvious
vector notation @, = (a,...,a), a € C,

——

—

1
G(0p;x) = ] log" x, (2.2)

consistent with the case n = 0 above. Note that, while in the Mathematics literature these
functions appear already in the early 20th century in the works of Poincaré and of Lappo-
Danilevsky [79] as “hyperlogarithms”, as well as in the 1960’s in Chen’s work on iterated
integrals (e.g., [22]),! in the physics literature these functions are often called Goncharov
polylogarithms, due to the wealth of structure that the latter has established for them
over the last 20 years. Throughout this paper, we follow the physics convention for the
definition of the iterated integrals, which differs slightly from the mathematical one; e.g., in
ref. [2], the function corresponding to G(ay, ..., a,;z) would be denoted I(0; ay,...,a1;x),
i.e., with the reverse order of the a; but keeping the same variable .

We will refer to the vector @ = (ay,...,ay,) as the vector of singularities attached to
the multiple polylogarithm and the number of elements n, counted with multiplicities, in
that vector is called the weight of the multiple polylogarithm.

Properties. We collect here a number of useful and well-known properties (cf. e.g. ref. [2,
8]). Iterated integrals form a shuffle algebra [81] (see appendix A for a short review of
shuffle algebras), which allows one to express the product of two multiple polylogarithms of

In a sense, they already made an appearance in Kummer’s pioneering work [80] in 1840.



weight n1 and no as a linear combination with integer coefficients of multiple polylogarithms
of weight ny + no, via

G(at, ... an,;2) G(An 41y -y Apygng; T) = Z G(ag(1)s -+ » Ag(ny+no)i T)s (2.3)

o€X(n1,n2)

where ¥(n1,n9) denotes the set of all shuffles of n; + ny elements, i.e., the subset of the
symmetric group Sp,4n, defined by (cf. ref. [22], eq. (1.5.6))

Y(ni,m2) = {0 € Spyan, |0 1(1) < ... <o ny) and o (ni+1) <... <o H(ni+n2)}.

(2.4)
The algebraic properties of multiple polylogarithms imply that not all the G(a; x) for fixed
x are independent, but that there are (polynomial) relations among them. In particular,
we can reduce them, modulo products of lower weight functions, to functions whose right-
most index of all the vectors of singularities is non-zero (apart from objects of the form
G(Gn;w)), e.g.,

G(a,0,0;2) = G(0,0;2) G(a;x) — G(0,0,a;x) — G(0,a,0; x)
= G(0,0;2) G(a;z) — G(0,0,a;z) — (G(0,a; ) G(0; ) — 2G(0,0,a;x)) (2.5)

= G(0,0;2) G(a;z) + G(0,0,a;2) — G(0,a;2) G(0; 2) ,

T
T

where the middle summand is of the desired form (and the remaining summands are prod-
ucts of lower weight functions).

If the (rightmost) index a, of @ is non-zero, then the function G(a;z) is invariant
under a rescaling of all its arguments, i.e., for any k& € C* we have

Gkd;kx) = G(a;x) (an #0). (2.6)

Furthermore, multiple polylogarithms satisfy the Hélder convolution [82], i.e., whenever
a1 # 1 and a, # 0, we have, Vp € C*,

= 1 1
G(al,...,an;l):Z(—l)kG<1—ak,...,1—a1;1—p> G(ak+1,...7an;> . (27)

k=0 p

Below in section 5 we will be particularly interested in the limiting case p — oo of this
identity,
Glai,...,an; 1) =(-1)"G(1 —ap,...,1 —a;1). (2.8)

Whenever they converge, multiple polylogarithms can equally well be represented [1]
as multiple nested sums (e.g., for |z;| < 1)

00 ne—1 no—1
] 1,71111,7212 . $Zk :EZk k 2 1.7111
Liny....mp(T1, .-, 28) = g T = E i E g T
Tll Tl2 cee le nk n1
0<ni<no<--<ng np=1 nip_1=1 ni=1
(2.9)

Note that we are using Goncharov’s original summation convention [1]; other authors define
Lim,,...m, (21, ..., 2k) using the reverse summation convention instead, i.e. ny > -+ > ng.



The G and Li functions define in fact the same class of functions and are related by

1 1

: k
L1m1,~~~,mk (301, s 7'7716) = (_1> Gmk7~--,ml (l'k’ SRR M) , (2'10)

(note the reverse order of the indices for G) where we used the notation
Gy (b1 t1) = G(0, ..., 0, 81, ...,0,...,0, ;1) (2.11)
N—— N——
m1—1 mk—l

It is possible to find closed expressions for (very few) special classes of multiple polylog-
arithms, for arbitrary weight, in terms of classical polylogarithm functions, e.g., for a # 0

we have
- 1 1
G(0p;x) = — log" z, G(dp;x) = — log" (1 — E) ,
n nl a (2.12)
G(ﬁnfha; $) = _Lln (f) ) G(ﬁnvapvx) = (_1)]) S”:p (§> )
a a

where S, , denotes the Nielsen polylogarithm [83]. Moreover, up to weight three, multiple
polylogarithms are well-known to be expressible in terms of ordinary logarithms, diloga-
rithms and trilogarithms (cf. ref. [84], section 8.4.3, implicitly, as well as refs. [11, 15]). In
particular, if a and b are non-zero and different, we find

. (b—uw . b x r—a
G(a,b;x) = Lig (b—a) — Lio (b—a) + log (1_b>10g<b—a> . (2.13)

Aim. The aim of this paper is to present an algorithmic approach how to deal with — in

fact rather to circumvent — the complicated functional equations that relate multiple poly-
logarithms, and how to find, given a choice of certain singularities a;, a (possibly minimal)
spanning set for functions in which to express multiple polylogarithms with singularities
only in these a;, provided such a set exists. The approach we present is rather generic and
can be applied to any expression involving multiple polylogarithms. This is made possible
by using results closely related to work of Goncharov, Spradlin, Vergu and Volovich [63],
which in turn was inspired by the theory of (mixed Tate) motives,? and in particular by
using a certain tensor calculus associated to iterated integrals, which is called “symbol
calculus” in the following (the name “symbol” originating from [63] and from ref. [62]),
and which we will review in the next section.

An important remark is that the construction of a symbol seems to be a rather spe-
cial case of a very general construction by Chen [22], where it appears as the image of
an iterated integral as a 0O-cocycle in the so-called “bar construction” attached to, say, X
equal to the projective line minus a number of points (more generally, the construction has
been investigated for a hyperplane configuration [92], section 3), and it lands in the n-fold

2Let us point out that this is far from being the first exhibit of a direct connection between mixed Tate
motives and mathematical physics, as such a relationship has been explored, e.g., by Kreimer in work with
Bloch and Esnault [85, 86], such a connection was clearly apparent from letter correspondence between
Broadhurst and Deligne [87] resulting e.g. in ref. [88], work of Belkale-Brosnan [89] or more recently by
Brown [90] and others. One should also mention work of Connes and Marcolli [91] in this direction.



tensor product of the vector space of 1-forms on the underlying space X. Moreover, Chen
characterised the image as the formal words in these 1-forms satisfying a natural integra-
bility condition. A polygon attached to an iterated integral enjoys the useful property that
it gives a very concise way of explicitly producing integrable words of that kind. We also
note that Goncharov has generalized the construction of a symbol to a considerably larger
setting, for any so-called framed mixed Hodge-Tate structures (ref. [62]).

As an application, we restrict ourselves in section 6 to a specific subclass of multiple
polylogarithms that are of particular importance in applications in high-energy physics.
These so-called harmonic polylogarithms (HPL’s) H (d;x) were first singled out and thor-
oughly studied in ref. [25]. HPL’s correspond to a special case of the iterated integral
defined in eq. (2.1) where a; € {—1,0,1}. More precisely, they are defined via

H(dz) = (-D)*G(@;z), a;€{-1,0,1}, (2.14)

where k is the number of elements in @ equal to (+1) (this slightly puzzling sign arises from
dt

earlier ad-hoc conventions when authors used the 1-form {=; rather than tc_l—tl) Many one-
loop and two-loop Feynman integrals can be expressed in terms of HPL’s up to weight four
and generalizations thereof [26, 27]. As harmonic polylogarithms are just a special case of
the multiple polylogarithms introduced at the beginning of this section, all HPL’s through
weight three can be expressed through classical polylogarithms. By contrast, similar to
the general case of multiple polylogarithms, it is expected that HPL’s of weight > 4 are no
longer expressible in terms of classical ones alone. In section 6 we illustrate our technique
by constructing a spanning set of harmonic polylogarithms in weight 4 for which we indeed

needed three non-classical functions.

3 Symbols and polygons

The differential structure of multiple polylogarithms can be captured very well combi-
natorially using a certain kind of decorated polygons with some additional structure, as
developed in ref. [21], where they were called R-deco polygons. We note that there are re-
lated notions that had occurred previously in Goncharov’s work, e.g. in refs. [8, 93]. There
is an algebraic object attached to such a polygon, and hence to the corresponding multiple
polylogarithm. This object, which has been dubbed a symbol in ref. [63], is an element in a
tensor power of a certain vector space and contains a lot of information about the original
function.

3.1 An example in a nutshell

In this subsection we give a quick idea of how, following ref. [21], one can associate to a
multiple polylogarithm — or rather to an associated rooted decorated polygon — its symbol
(we show in section 3.2 that this definition is equivalent to the definition given in ref. [63]).
In the following subsection we then give a more detailed account of the construction.

A multiple polylogarithm of weight n gives rise to a certain (n + 1)-gon. As a “fore-
shadowing” example, we first give the 4-gon P = P(c,b,a,x) attached to some weight 3
multiple polylogarithm G(a, b, c;x) = —Liy 1,1(b/c,a/b,z/a) = 1(0;c, b, a; x):



P(c,b,a,x) = . +—  G(a,b,c )

which comes equipped with distinct decorations (in this order) ¢, b, a and x, the latter
decoration x being for the distinguished root side (drawn by a double line in the picture),
and also carries information on the orientation of the polygon in the form of a fat vertex
(which should be thought of as the “first” vertex, while the root side — adjacent to the
first vertex — is the “last” side).

In a first step, one lists all possible ways to draw the maximal number of non-intersecting
arrows (an arrow is a directed line from a vertex of P to a non-adjacent side), which for
an (n + 1)-gon amounts to n — 1 such arrows, and one formally adds the resulting objects
(the framing polygon is identical, while each copy is equipped with a different maximal set

of arrows).

In our example n = 3, such a maximal set contains n — 1 = 2 arrows, and there are

precisely 12 different such sets, given by

x T T T
c a c\a c a c/a
b b b b
T
c a c a c/a c a
b b b b
T T T T
c a c\a c a c/a
b b b b

In a second step, to each such maximal set A of arrows in P, we associate a rooted
tree (as the tree dual to the polygon dissection defined by the arrows) whose decorations
are (decorated and rooted) 2-gons. As an example, to the 4-gons in the last column above
we attach




N
c a <—> c
C €T
b g ——
b a
T
N
C
C
T ‘@
c a — 3
g
b b

Any linear order on the vertices of such a rooted tree which is compatible in the sense
discussed below in section 3.2 with the partial order on it (only the middle tree above is
non-linear hence allows more than one such linear order) now gives a term in the symbol
S(P) attached to P. In practice, this means that every branching in a tree contributes to
the symbol by the shuffle of (the vertices that appear on each of) its branches (see below
for a more detailed description).

Third step: each of the 2-gons B in one of the linear orders on the vertices now is
mapped via a suitable map p to a rational function in the original decorations of the
polygons (in the example a natural target space would be the (multiplicative group of the)
function field Q(a, b, ¢, x) of rational functions in the variables a, b, ¢, ). More precisely,
if B= % for x # y, y # 0, where y denotes the root decoration, then we map B

T

to u(B) =1 — y/x, provided = # 0, and to u(B) = y otherwise. The case of a 2-gon with
identical decorations y = x needs special attention. In this situation we naively obtain
pu(B) = 0, which morally corresponds to the divergent integral G(z;y) = G(x;z). This
problem can be circumvented by introducing a small ‘regulator’ ¢ such that = and y do no
longer coincide, and we drop in the symbol all terms of the form ... ® e ® ... before taking
the limit € — 0. It should however be noted that the limit depends on the regularization,
e.g. if we choose y = (1 — ¢)z, we obtain u(B) =1— (1 —¢) =¢ and

L QuB)R...=..Qe®... >0, (3.1)
while the choice y =z — e leads to u(B) =1— (z —¢)/x =¢/x
L OUB)®...=..0(E/r)®... > —...QT®.... (3.2)

In practice we observe however that, at least for the two different regularizations presented
above, the final result for the symbol of a finite quantity is independent of the way we

3For a detailed discussion on how to regularize multiple polylogarithms we refer to ref. [2].



regularized the 2-gons with identical decorations. For this reason we will from now on
always define p(B) = 1, which corresponds to regularization prescription of eq. (3.1).

Last step: fixing the signs. We need to invoke a sign for the individual elementary
tensors, and this sign is determined by using the number of backward arrows in a dissection.
In order to see this quickly, it is convenient to “break up” the polygon at its first vertex
(in the pictures it is typically indicated by a bullet). Then we “roll out” the sequence of
sides and arrange it as a line from left to right, starting with the first vertex and ending
with the root side; dissecting arrows inside the polygon will be stretched out (in a way that
they still do not intersect). We give it for the third example above:

= o N

e

b

Now a backward arrow is one which, in the rolled-out version of the polygon, has its
end point to the left of its starting point (i.e. points from right to left, like 5 above), while
a forward arrow has it to its right (i.e. points from left to right, like o above).

Here is a more formal definition: there is a natural linear order on the sides eq,..., e,
of an n-gon as above, starting with the non-root side e; incident with the first vertex and
ending with the root side e, (in the example above it is the linear order given by the
sides ey, ..., eq decorated by ¢, b, a and x, and the vertices v; = e4 N ey (the first vertex),
vy = ey MNey, v3 = ez MNes, vg = ez MNey). This induces a linear order on the vertices v;
which arise as the intersection of e; and e;_; (indices taken modulo n), where the first
vertex is the smallest element in that order. Then a (non-trivial) arrow can be encoded
by a pair (vj,e;) with & ¢ {j — 1,7}, and it is backward if and only if £ < j — 1. With
these notions, the sign attached to a polygon P with a maximal arrow set A is given by
(—1)#{backward arrows of A} "1y the three four-gons discussed above in more detail we get two
backward arrows for the first maximal dissection of the square and one backward arrow for
the remaining two dissections.

Putting all of the above ingredients together and writing 74 for the tree dual to the
maximal set of arrows A, and (74, <) for its partial order, the final formula for the symbol
S(P) of an n-gon P is

S(P) _ Z (_1)#{backward arrows of A} Z ,LL( a1 >®' ) .®'u< an—1 ) '
max sets A linear orders A by br_1

of arrows in P compatible with (74,<)
(3.3)
As an example, the first and third of the three maximal sets of arrows above give

(=) en(sS) onl=) = (1-0)e (1-0) @ (1)

c a b



and

we) o) on(=) = - (1) e (- 0)e (-5)

respectively, while the middle term (corresponding to a non-linear dual tree, i.e. a dual
tree with branchings) contributes via the shuffle product of the two branches

() o (n(=) (=)

—u(x=) pu(e=) (e — (=) (=) e (=)

c b a c a b

=-(-D)e(-5)e(-3) - (-0 e 7)o (1-3)
where we introduced the symbol for the shuffle product

alllb=a®b+b®a. (3.4)

Motivation and justification of this assignment has been given to an extent in ref. [21],
where it forms part of an expression arising from the well-known bar construction in al-
gebraic topology applied to a differential graded algebra on the polygons above (which in
turn is motivated by certain algebraic cycles originally studied by Bloch [94] and Bloch-
Kriz [19]).

The first (and rather similar) description of symbols, in terms of trivalent trees, has
been given, under the name ®"-invariant, by Goncharov (ref. [8], section 4.4). In section 3.3
below we discuss the relationship between the two descriptions.

To summarize: an important part of the differential structure of a weight n multiple
polylogarithm is captured by a certain decorated (n + 1)-gon. More precisely, if the argu-
ments of the multiple polylogarithm are expressed in terms of variables/constants z1, ...,
Ty, for some m, the polygon is an (n + 1)-gon with decoration by simple expressions in
T1,...,Tm; now to this (rooted decorated oriented) polygon there is attached in a natural
way an expression (its “symbol”) in V®" where V is a finite rank submodule (it might be
convenient for the reader to think of V' as a finite dimensional vector space) of the space
Q(x1,...,xm)* (of infinite rank), i.e., the invertible (= non-zero) rational functions in the
variables 1, ..., Tm.

3.2 Rules of symbol calculus

Roughly, a symbol is a formal sum of elementary n-fold tensors a1 ® - - - ® a,,, and one works
in each tensor factor as with (a refined form of) dlog terms. In other words, each factor a;
in a tensor product is tacitly understood as

da;
dloga; = — . (3.5)

a;
Furthermore, we use shuffle products and the following rules (essentially boiling down to
multilinearity, but in an unusual form, as we pass from multiplicative to additive notation):
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e Distributivity.

C2@beD=C2ea2D+CobxD (3.6)

and consequently
Cod"@D=n(C®a® D), ne, (3.7)

where C' and D denote fixed elementary tensors. Note that n here is a coeflicient
rather than part of the first tensor factor; in particular, putting n = 0 we see that
C®1®D=0.

e Neglecting torsion.
We will “work up to torsion”, which means that we will put

CRp, D=0, n € Z, (3.8)
for p, an n-th root of unity (by eq. (3.7), we have n(C' ® p, ® D) = 0, in any case).

e Shuffle product.
An important property of the symbol is that it preserves products: more precisely,
it maps the product of two multiple polylogarithms to the shuffle product of their
respective symbols, i.e.

S(G(al, cosar; 2)G(by, .. ,bs;y)) = S(G(al, e ,ar;:c)) H.[S(G(bl, e ,bs;y))
(3.9)
where III is the symbol used for the shuffle product of two tensors, defined on
elementary tensors by

(@1® ... @ap) M (an, 1@ ... @ nyamy) = D Gpo1(1) @ - @ Qo1 ny) -
o€X(n1,n2)

(3.10)
where 3(ni,n2) was defined in eq. (2.4). For more details on shuffle algebras, we
refer to appendix A. We note that, on the left hand side of eq. (3.9), the shuffle
permutations are applied to the arguments of the two functions (cf. e.g. eq. (2.3)),
while on right hand side one shuffles the tensor factors instead, in a completely
analogous fashion.

Note that eq. (3.9) is a rather non-trivial fact, as one can already see in the first
non-obvious case:

S(G(a;2)G(b;x)) = S(Gla, b;x) + G(b,a;z)) =
b

=(0-De0-9 - (-DHea-H +0-Dea-)
Ho-De0a-9 - 1-Dea-H+1-Hea-9),

which agrees with §(G(a;2)) IIS(G(b;z)) = (1-2)@(1-H)+(1-FH®(1-2),
due to cancellations of terms.
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We will encounter expressions which involve both tensor and shuffle products —
in order to avoid writing many parentheses, our convention is that a shuffle takes
precedence over a tensor, i.e.

abllc=a® (b1lc). (3.11)
Furthermore, we abbreviate elementary tensors with the same factors as follows:

a"=a® - ®a. (3.12)
N—_————

n times

¢ Refined dlog terms.
We emphasise here already, though, that we will not treat dlogc for a rational con-
stant ¢ as zero (as opposed to ref. [63], but in line with the non-reduced symbol of
ref. [62]) since we would lose a lot of important information this way. Instead we
extend the above calculus to rational numbers in complete analogy with the above;
so we have, e.g.,

C®2™-3" r°9D=m(C®2®D) + n(C®3®D) -5 (C®r®D). (3.13)

e Root decoration 0 annihilates:
since G(...;0) = 0, we also need to put S(G(...;0)) = 0, and this indicates that we
can (and will) ignore polygons whose root side is decorated by 0.

Linear orders of a tree. For a rooted tree T', which we view without a fixed embedding
into the plane, hence e.g. we consider as equal the two trees

2] 20
and

U1 U2 V2 U1

there is a natural partial order < on its vertices v; (j € J), given as follows: the root vertex
vo < v; for any j € J, and v; < v, for v; # vp if and only if there is a direct path from
root to a leaf passing first through v; and then through v,.

A linear order on the vertices of T which is compatible with the order < is a sequence
(vo, vy, .. ,vj.) of all the vertices v; (j € J) such that v;, < vj, implies j; < ji. (This
means that if two vertices are in a relation with respect to the partial order, then they
should be related in any compatible linear order in the same way, while if they are not
related in the partial order, there is no condition for how they should be related in that
linear order.) In the example, there are precisely two linear orders which are compatible
with the partial order, as the root vertex always comes first: (vg,v1,v2) and (vg,ve,v1).

Definition of a symbol. Now we are ready to give a complete definition of the sym-
bol attached to a (rooted decorated oriented) (n + 1)-gon P with decoration sequence
(t1,...,tn,x), the last member = being the root decoration, and then extend it by lin-
earity and shuffle product to any sum of (products of) polygons, hence also for multiple
polylogarithms:

- 12 —



S(P) — Z (_1)#{backward arrows of A} Z M(ﬂ_f,)\) QR ® M(ﬂ_;;l,/\) 7

max sets A linear orders A
of arrows in P compatible with (74,<)

(3.14)
where the 2-gons 71',‘,4 A are determined by the maximal dissection A together with the linear
order A which is compatible with the partial order < on 74, the dual tree of the dissection
A, in the manner given above in the second step of section 3.1 (i.e. for each 2-gon arising
from the dissection of A there is a vertex of 74 decorated by that 2-gon, and for any two
2-gons that are adjacent there is an edge in 74 connecting the corresponding vertices.

Integrability condition. A very useful property of the rooted decorated polygons, found
by the second author in collaboration with F. Brown and A. Levin, is that each polygon
(or rather its symbol) satisfies a certain integrability condition. Indeed, an arbitrary sum
of elementary tensors does not necessarily lie in the image of the symbol map. Instead, it
was pointed out in ref. [92], making explicit in a special case the very general approach of
Chen [22], that a necessary and sufficient condition for a symbol

S = Z CI wll ® o ® wi'rn (CI S Q) ] (3.15)

I:(ilwwim)

to be integrable to a function is that

Z e Wiy @ @ (Wi Awiy ) ® - ® wy, = 0 foralll<j<m, (3.16)

I:(il,...,im)

where Wi; A Wiy denotes the usual exterior product of two differential forms. We rewrite
this for our purposes as

Z cr [dlogwij /\dlogwiHJ Wi, ®®LAUZJ ®LAL)ZJ+1®® w;,, = 0, (317)

I:('leﬂ/m)

where the hats indicate that we omit the corresponding factors in the tensor product. As
an example, we indicate the statement for G(a, b; ), whose symbol

S(G(a,b;x)):(1—%)®(1—§) _ (1—%)@(1—§>+<1—2)®(17%> (3.18)

satisfies

dlog (1—%)/\dlog (1—%) — dlog (1—%)/\dlog (1—§)+dlog (I—E)Adlog (1—%) =0,

(3.19)
where we recall that dlogx = dx/x. Indeed, writing
« dy — df |«
dlog(1——-)=—"——+ 3.20
: < 5) y—p5 ly=0 (3.20)
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the left-hand side of eq. (3.19) becomes

— T — T — T — b — T — a
dy — db /\dy da _ dy — db /\dy da . dy — da /\dy db

y—>b ly=0 Yy —a ly=0 y—>b ly=0 y—a ly=0 Yy —a ly=0 y—>b ly=0
(3.21)
and we find, e.g., that the coefficient of dx A da is given by
1 -1 | 1 1L, (3.22)
r—b x—a r—b b—a r—a a—b ’

The coefficients of dx A db and db A da vanish in a similar way.
Note that the integrability condition also plays an important role in ref. [62].

3.3 Relationship to the symbol of ref. [63].

In ref. [63], the Goncharov, Spradlin, Vergu and Volovich use the differential equation for
multiple polylogarithms recursively to arrive at the definition of a symbol. More precisely,
if FF: C"™ — C denotes a complex valued function depending on n complex variables xy,
1 < k < n, the authors of ref. [63] define the “symbol of the transcendental function” F' in
the following recursive way: if the total differential of F' can be expressed in the form

dF = FydlogR;, (3.23)

where F; and R; are functions of the variables zj, and R; are moreover rational functions,
then the symbol of F' is defined recursively via

S(F)=)_ SF)®R;. (3.24)

In the case where F' is a multiple polylogarithm, we can write down the differential of F' in
an explicit form. For example, in the special case where all the arguments of the multiple
polylogarithm are generic (i.e., they are mutually different and do not take particular
values), we obtain [2]

n—1
dG(an—1,...,a1;a,) = ;G(anl, ey Ay ... a5 ay) dlog (Z::Z:i) . (3.25)
The symbol of G(ay,...,a,—1;ay,) is then defined in the form
n—1 @ — a
S(G(a’nflv -y @15 an)) = ;S(G(anla s 761’2" <oy Q15 an)) ® <(IZ—CZ::+1) : (326)

The symbol we just obtained looks seemingly different from the definition we gave in
eq. (3.14), which consists in summing over all possible maximal sets of arrows of the
polygon P(ai,...,an—1,ay,) associated to G(an—1,...,a1;a,). In the following we show
that the two definitions are equivalent up to a rearrangement of the terms in the sum, and
hence give rise to the same tensor.
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Let us consider the n-gon P = P(ay,...,a,) (i.e. with sides decorated by a;, the
last one a,, decorating the root side). We will show that the symbol of P satisfies the
recursion (3.26). For simplicity, we will concentrate here on the case of generic decorations.
Let Ap be the set of all linear orders on the dual tree attached to any of the maximal sets
of arrows of P. Then there is an obvious bijection between the terms in the double sum
in eq. (3.14) and the elements in Ap. We can partition Ap by collecting all those linear
orders into a subset which share the same last 2-gon that decorates the last vertex of this
linear order. This partitions Ap into a priori 2n subsets, as those last vertices correspond
precisely to the 2-gons that we can cut off from P.

Note that cutting off the last 2-gon in a linear order on a maximal dissection corre-
sponds to contracting the associated edge in the dual tree. Note also that, clearly, the last
vertex must be a leaf of the (rooted) dual tree, and hence each last 2-gon necessarily cuts
off two successive sides of P.

Remark. For each n-gon P with n > 2, there are three ways to cut off a 2-gon, resulting
in two different ones. None of these can become the last one in any linear order in Ap .
More explicitly, these are the two 2-gons % and % . The former can arise
an—1 al

only by cutting off the root side, while the latter can arise both by cutting off the root side
and by cutting off the first side and the first vertex. As a consequence, Ap partitions into
only 2n — 3 non-empty subsets (of same cardinality) of the above type.

In view of the above, it is clear that any such subset indexes exactly the linear orders
A on the (dual trees of the maximal dissections of the) subpolygon P of P which is
obtained from P by cutting off a fixed 2-gon, followed by contracting the dissecting arrow
to a point.

There are typically two ways of cutting off a 2-gon in which such a subpolygon P
can occur: for ¢ = 2,...,n — 1, cutting off the 2-gon % leaves a complementary

a;

subpolygon ]52-i which is identified with P; upon contraction of the dissecting arrow. Note

that ]5i+ and 15; will give terms of opposite parity, as precisely one of them corresponds to

a forward arrow. The only exception arises from cutting off % , which corresponds
al
to a forward arrow, for which only one complementary subpolygon 151+ can occur.

In summary, we get:

Claim. There is a bijection of sets

ar e U (apx e 0 (< Lo ] o
i=1 a; 1=2 a;

Moreover, the sign of a mazimal set of arrows of Ap agrees with the sign of the correspond-
ing maximal set of arrows in Ap+ and is opposite to the sign of the corresponding mazximal
set of arrows of Ap—.
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All we need to note here is that the above remark ensures that both AP:t and As-
are empty, so are left out at the right hand side, and that cutting off a 2-gon of the form

@ corresponds to a forward arrow, hence contributes a sign +1 to the maximal

a;

dissection, while 0% corresponds to a backward arrow, hence contributes a sign —1.
a;

Due to the bijection (3.27), we can rewrite eq. (3.14) by first summing over all sub-

polygons f’ii, followed by a sum over all possible elements in Az+. The inner sum then

evaluates to the symbol of the subpolygon ]5Z-i, and we are left with

S(P) :gs@;)m( s ) nZs (-@) (3.28)

where the relative minus sign arises because, as discussed above, Az+ contribute with op-
T

posite signs. After identification of Pf and 15;, eq. (3.28) agrees with the recursion (3.26)
modulo the additivity of the symbol. In order to finish the proof, we need to show that also
the base steps of the recursions are the same. It is indeed easy to check by explicit compu-
tation that, e.g., the symbol of G(az,a1;as3) obtained from the recursive definition (3.26)
agrees with the symbol obtained from our polygon construction, eq. (3.14).

We note that in ref. [63] the dlog of a constant is put to 0. Although this seems
rather natural (and turns out to be sufficient in several cases), we advocate to use a refined
version of this (which is what is typically used when working with symbols in a number
field, in accordance with ref. [62]): for each element of a set of multiplicatively independent
elements in a given number field one can choose a logarithm independently but then the
logarithm of any product formed from those elements is determined. For example, we will
see in section 6 that in the context of harmonic polylogarithms the only constants that
need to be treated in this fashion are powers of 2, and hence it is sufficient to think of “2”
as an irreducible element. The reason for considering this refined version is that it is very
helpful for recognising functions from which a given symbol might originate. In particular,
it has proved to be very useful, e.g., when “recognizing” HPL’s for keeping track of terms
which come from a (shuffle) product of polylogarithms, see section 6.

While the symbol of a multiple polylogarithm obtained by considering the maximal
set of arrows of the associated decorated polygon is equivalent to the symbol obtained
from the recursive definition (3.26), we believe that both approaches have their virtues.
While the latter might be easier to implement into a computer program in general, it is
strictly speaking only valid in the case of generic arguments of the polylogarithms. Indeed,
if the arguments are non-generic, we obtain divergences in the right-hand side of eq. (3.25),
e.g. when a; = a;y1 for some . It is then in principle necessary to resort to a careful
regularization to deal with the degenerate cases [2]. The definition of the symbol based on
the decorated polygons, being combinatorial in nature, avoids this problem by construction
and allows to identify very easily the degenerate cases (they correspond, e.g., to arrows
ending on a side whose decoration is zero), and to discard them from the start, avoiding
in this way the need of regularization. Furthermore, as we will see in the next section,
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al c a4
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Figure 2. Figure 1, with all trivial arrows
added.

Figure 1. A (maximal) dissection and dual
tree for a pentagon.

the polygon approach has naturally built in the refined ‘dlog-prescription’, because the
combinatorial nature of the construction does not make a distinction between constants as
e.g. “2” for which one might be typically tempted to define dlog2 = 0.

Relating polygon dissections to binary trees. We indicate how to directly relate the
terms in the symbol definition via polygons in section 3.1 to the one via binary trees given
in ref. [8], section 4.4, by working out a concrete example. For details, we refer to [97].

The map attaching to a maximal dissection a binary tree is not immediate and it is
helpful to invoke associated ternary trees (i.e., trees where all the vertices are tetravalent)
with level structure as a suitable index set. Note that this map is surjective but far from
injective.

Let us concentrate on the terms in the symbol of a multiple polylogarithm arising from
a given linear order on the dual tree of the maximal dissection shown in figure 1. Our goal
is to map this maximal dissection for this given linear order to a binary tree. We start
by adding all possible trivial arrows to the dissection, i.e., all possible arrows that end on
adjacent sides (see figure 2).

Next, we ‘complete’ the dual tree of a maximal polygon dissection (including all the
trivial arrows) in a natural way to a ternary tree, as shown in figure 3. The new edges cor-
respond to (the parts cut-off by) the trivial arrows. We then remove the arrows (and trivial
arrows) and extend the leaves of the dual tree to the sides of the polygon, thereby decom-
posing the polygon into 2n regions, half of which are naturally associated with one vertex
each and are shaded in figure 4, while the remaining half are associated with one side each.

The root vertex of the ternary tree (marked with a square) is inherited from the root
edge of the polygon (and is on the leaf closest to the first vertex of the polygon on the root
edge). We ‘break’ the polygon at the root vertex of the ternary tree and ‘roll-out’ in a
similar way to the last step in section 3.1. The edges of the polygon will then form a base
line, which is not part of the ternary tree. Applying this to figure 4 we obtain figure 5.
It is crucial to note that we induce a height ordering on the internal vertices of the level
ternary tree inherited from the linear order on the dual tree.
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Figure 3. Figure 2, with its associated Figure 4. Figure 1, with the shaded regions
ternary tree (a square denoting its root side). induced by the ternary tree.

4 A%

al a as ay as

Figure 5. The ternary tree associated to the rolled-out version of the pentagon in figure 4.

The final step involves a horizontal “shrinking” of the shaded regions which, due to the
choice of shading, will alternate along the base line. Within each shaded region we identify
all points of the same height. The horizontal shrinking process will identify two outgoing
edges for each internal vertex (and leave the other two in place), whence a binary tree.

For our example, we show a step which is part of the way through the horizontal
contraction (Figure 6). This gives rise, by construction, to a binary tree (Figure 7).

We have thus shown how we can relate the maximal dissection with a given linear order
on its dual tree to a binary level tree. It is easy to see that we obtain all the binary trees

(with the same decoration as the polygon) in this way. Now a typical term % in the

ai—1—a;
—a;
rise to a sign) in the polygon setting, and in general an elementary tensor in weight w in

and

setting of ref. [8], section 4.4, gives rise to two terms a“f:ai

(the latter giving
the former setting gives rise to 2* terms (k < w) in the latter one. Moreover, only the latter
setting gives rise to signs, hence the binary tree description seems often preferable. A more
detailed proof, establishing in fact a bijection between the terms arising from maximal
dissections on the one hand and from the binary trees on the other, will be given in [97].
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Figure 6. Intermediate stage for the hori- Figure 7. The ternary tree associated to
zontal contraction of Figure 5 to Figure 7. the maximal dissection of figure 1.

Symbols for classical polylogarithms. The polygons attached to classical polyloga-
rithms Li,,(x) = —G(0,...,0,1;x), are given by decorations 1 (for the first side) and 0
———

m—1 terms
(for the remaining non-root sides) as well as x (for the root side). Their attached symbol

consists of (the negative of) a single elementary tensor, in fact we have

S(Lin(z)=-(1-2)0z®- ), (3.29)

m—1 factors

where we have m factors (“weight” m) on the right hand side. (Note the parentheses which
separate the coefficient, here —1, from the actual tensor, to avoid a misinterpretation as
-1z Q)

Such tensors have long been considered in connection with functional equations of
polylogarithms — in fact, Zagier [5, 60] has given a criterion for such equations built on
those tensors, which has been used (cf. ref. [61]) to find the first non-trivial equations for
Lig and Liy (beyond weight 7 none are known), and the corresponding expressions for
multiple polylogarithms are important already in Goncharov’s early work (e.g. [7]) where
he generalises the underlying tensor algebra considerably.

4 A simple example

The symbol attached to G(—1,1;x). In this section we illustrate the fact that the
symbol calculus provides a convenient tool to detect functional equations among (multiple)
polylogarithms, on the example of G(—1,1;z) (which happens to coincide with the HPL
—H(—1,1;z)). Even though we could of course immediately apply eq. (2.13) to express
G(—1,1;z) in terms of classical polylogarithms, we will derive a similar functional equation
using the tensor calculus introduced in the previous section. The multiple polylogarithm
G(—1,1;z) is associated to a trigon via

T

G(-1,1;z) <+— P(1,-l,2)= Wl . (4.1)
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The three maximal dissections of the trigon can easily be translated into the tensor asso-
x
N
1
i r__
AVERRVAER 7S

() (o) o) o

-1 1

ciated to the polylogarithm,

—1 1 -1
The last line allows to read off the symbol of G(—1,1;z) as

S(G(-1,1;2))

:<1—_x1>®<1—_11>+<1—f)®(1—_$1>—<1—31”)®(1—_11) (4.2)
=(1+2)®2+(1-2)(1+z)—(1—-2)®2.

Before turning to the question of how to attach a function to this symbol, let us
briefly comment on how this symbol could have been obtained by using the recursive
definition (3.26). Using eq. (3.25), we obtain

(-1)—=x
dG(~1,1;2) = G(~1;z) dlog (1 - (—1)) +G(12) dlog (57
=G(-1;2)dlog2+ G(1;z)dlog(l + x) — G(1;x) dlog 2.

(4.3)

The three terms in the last line of this equation are in one-to-one correspondence with
the three terms in the symbol in eq. (4.2). Note, however, that we had to treat all the
arguments of the (three-variable) function G (e, e; ) as generic, and to use the refined ‘dlog-
prescription’; i.e. dlog2 # 0. Putting to zero all the dlog2 terms is equivalent to putting
to zero all elementary tensors in the symbol where a factor inside a tensor product is
constant [63]. As we will see below, we prefer to keep these terms as they provide us with
valuable information about the function that should be associated to the symbol.

Attaching a function to a symbol. Since every multiple polylogarithm of weight two
can be expressed as a combination of classical polylogarithms, we make the ansatz that
G(—1,1;z) can be written, up to an additive constant, in the form

> ciLia(fi(@) + > cjx log(g;(x)) log(hi(x)) (4.4)

Jk

such that the tensor associated to this expression corresponds to the tensor in eq. (4.2),
where ¢; and c;j, are rational numbers and f;, g; and hy, € Q(x) are rational functions. We
subdivide this problem into smaller ones by postulating that we can distinguish between
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the three different contributions in eq. (4.2). By using a procedure suggested in ref. [63, 78]
we can distinguish the first sum in eq. (4.4) from the second by projecting the respective
symbols onto their symmetric or alternating parts: each term in the second sum will give
zero contribution for the latter one, while each summand in the first sum will give a non-zero
contribution. Indeed, the tensor associated to a product of logarithms is totally symmetric,
and hence its contribution to the tensor vanishes if we project onto the antisymmetric
component of the tensor in eq. (4.2).

Preparatory steps: decomposing tensors into symmetric and antisymmetric
parts. We recall that, for a vector space V (over C, say, or more generally over a field of
characteristic # 2) there is a direct sum decomposition into symmetric and antisymmetric
parts V@V = (Vo V)@ (V AV) (other notations, as used e.g. in refs. [5] or [7], are
VoV = Sym*V),and VAV = A’2V), and V ® V is generated by a ® b (for some a,
b e V), while VAV is generated by a Ab where we introduce the following rather standard

notations for symmetric and antisymmetric tensors,

a®b=a®b+bR®a,

(4.5)
aANb=a®b—bRa.

Back to the example. With this notation, the decomposition of a generic elementary
rank two tensor (i.e., a ® b for some a, b € V) into its symmetric and antisymmetric
components can be expressed as

1 1
a®b:§(a®b)+§(a/\b). (4.6)
Concentrating solely on the antisymmetric component of eq. (4.2), and using the antisym-
metry of the wedge product which, e.g., induces 2 A 2 = 0, we obtain

I+2)AN2 — (1—-2)A2 + (1—2)A(1+2x)
1—z 1+x_<1_1+$>/\1+x' (4.7)

=5 Ny 2 2

As the tensor associated to a product of logarithms does not have an antisymmetric com-
ponent, eq. (4.7) suggests that it is the antisymmetric part of the tensor associated to some
sum of dilogarithms, and from eq. (3.29), it is easily identified as the antisymmetric part
of 8 (~Liy (1£2)),

Having identified the dilogarithm contributions to G(—1,1;x), we can proceed via a
bootstrap procedure and subtract off this contribution, leaving only a totally symmetric
tensor

° <G<—1vl;$>+“2 (1;@)) =20l+a- 50 (48)

1
=S <10g2 log(1 +x) — 3 log? 2> )
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Fixing the constant. We have shown that the tensor associated to G(—1, 1;x) equals
the tensor associated to the combination —Lis (HT‘”) +log2 log(1+x) — % log? 2. It would
be premature, however, to conclude that both expressions are equal, but they are equal
only up to an additive constant independent of x. Indeed, specializing to x = 0, and using
the fact that G(—1,1;2 = 0) = 0 and Lis(1/2) = 7{—; - %log2 2, we see that

1 1 2
{G(—l7 l;x) — [—Lig <—{2—x> +log2 log(1+ ) — 3 log? 2] } = % (4.9)
’x:O
Thus, we obtain
1 1 2

G(—1,1;z) = —Liy <42—;1:> +log2 log(1+z) — 3 log? 2 + % . (4.10)

Note that this additive constant is not detected by the symbol, because
S(n?) = =S(log?(—1)) = 0. (4.11)

5 Integrating symbols: an algorithmic approach

In the previous section we illustrated how the symbol calculus can be used to derive a
functional equation among polylogarithms. While in that weight two example all the steps
were easily carried out by hand, an algorithmic approach is desirable in more complicated
cases. In this section, we present our approach that often allows to integrate a symbol of
a (transcendental) function, i.e., to find a function F, written as a linear combination of
(products of ) multiple polylogarithms, whose symbol matches a given tensor S, which in
the following we always assume to satisfy the integrability condition (3.17).

From the example of the previous section it should be clear that the main challenges
to address when going to higher weight w are

1. choosing appropriate arguments of the desired function types (as a few examples of
function types of weight four, we list Lis, Lip 2 or Lis loglog) such that their symbols
span the vector space in which the tensor S lies;

2. finding the generalization of the decomposition of weight two tensors into symmetric
and antisymmetric parts (indicated in the simple example of weight two in section 4)
to higher weights. This problem was addressed up to weight four in refs. [63, 78].

Let us assume that we have a linear combination S (with rational coefficients) of
elementary tensors where the factors in each elementary tensor are rational functions of
some variables x1, ..., x,. In the following we assume the tensor to be of “pure weight” w,
i.e., each elementary tensor is assumed to have the same number w of factors. Without loss
of generality we can then assume that S takes the form (all sums are assumed to be finite)

S = Z Cit,..i (Ril(l'l, .. .,ZL‘n) R...&® Riw(l'l, - ,l'n)) R (5.1)

i17'~-7iw
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where R;, (21, ..., 2y) (1 <iy < m(S) for some m(S) determined by the initial tensor S) are

rational functions in the variables x; and the ¢;, . ;, are rational numbers. Distributivity

w

(cf. egs. (3.6), (3.7)) then implies that, without loss of generality, S can be rewritten (with
adapted constants ¢;, ., € Q) as

S = Z Ci1yoin Tj1 & - oo @ Ty s (5.2)
J1yeesJw
where m; = mj(z1,...,2,) (1 <j < K for some K) are suitably chosen rational functions

which are multiplicatively independent (i.e., there is no non-trivial relation of the form
HJK:1 7T;j = =+1, for r; € Z). In practice, we achieve this by simply factorizing the rational
functions R;(x1,...,2y) ineq. (5.1) into irreducible polynomials over Q, say (i.e., polynomi-
als in Q[z1, ..., z,] that cannot be written as the product of two non-constant polynomials
in Q[z1,...,x,]). Let us denote the set of these polynomials by Pg = {m1,..., 7k}, which
will constitute our building blocks in the following. The symbol can then be seen as an
element of the tensor algebra over the Q-vector space generated by the elements from the
set Pg (more precisely, we should consider it as an element of the wth grading of the tensor
algebra over the Z-module (+ ]_[]K:1 W;j | r; € Z)). Our goal is now to find a function, say F,
that is a rational linear combination of (multiple) polylogarithms (and products thereof)
whose arguments are rational functions in the x; such that S(F) = S. The method to
achieve this proceeds in two steps: first we have to decide on the types of functions that
should appear in F', and then we have to concoct suitable rational functions in the z;
as arguments of these functions such that for some linear combination of these functions
the resulting expression fulfills the condition S(F') = S. Note that this latter step is not
algorithmic in general, as it may involve finding arguments for the functions that have
singularities outside Pg.

5.1 Choosing the types of functions

Our first goal is to construct a set of function types (our ‘basic types’) out of which we
can construct our candidate function F'. This involves two steps, and we want both the
functions and their arguments to be ‘as simple as possible’, but we need to take into
account that all the possible function types one can write down for a given weight are
related by an abundance of functional equations. The main criterion we will use in the
following is that a function type that can be written as a product of lower weight function
types is ‘simpler’ than a function type of pure weight/transcendentality (i.e., a function
that cannot be written as a sum of terms, each of which being a product of lower weights).
Furthermore, we are guided by the conjecture (which the second author learned many
years ago from Goncharov) that a multiple polylogarithm Liy,,  m, with m; = 1 for some
j can be expressed in terms of multiple polylogarithms where no index is equal to 1. This
conjecture suggests to put a restriction on the function types of pure transcendentality
that can appear for a given weight. Furthermore, the shuffle and stuffle relations provide
us with further constraints. As an example, we can deduce from

Limlme (l‘, y) + LimQ,Tm (y’ x) = Liml (SU) LimQ (y) - Lim1+m2 (:U y) . (53)
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Weight Basic function types of pure weight
1 log
2 Lia(z)
3 Lis(z)
4 Lig(x), Lig 2(z,y)
5 Lis(z), Lis3(x, y)
6 Li@ (.1‘), Li274 (.%', y), Lig’g (w, y), Li272,2 (iU, Y, Z)

Table 1. Indecomposable multiple polylogarithms of pure weight < 6.

that we can hence ignore Liy,, m, with mg < m;. For low weights, natural sets of (presum-
ably independent) functions which are indecomposable, i.e. cannot be written in terms of
products of lower order functions, are given in table 1.

5.2 Finding the arguments

Having at hand a suitable set to construct the basic function types from, we still need
to find the arguments of these function types. In the context of particle physics it has
proved helpful to use guidance from educated guesses, motivated by physical constraints
(cf. refs. [67, 68]), to construct the symbol and/or the functions expressing the desired
physical quantities. To see how one might proceed even without any such guidance, let us
concentrate first on classical polylogarithms only.

We start by defining, for Ps = {7;}; as above, the set
Pg = PgU ng, (5.4)

where Pg is the set of all irreducible polynomials (possibly including prime numbers as
well) that appear in m; &+ 7; and 1 £+ 7;, Vm;, m; € Ps. The reason for introducing this
enlarged set of polynomials will be clarified below.* Let us denote the elements of Pg by
7;. Since S is constructed out of the irreducible polynomials 7; € Ps C Pg, it is perhaps
reasonable to hope that all arguments appearing in the polylogarithmic expressions needed
for .S can be written in the form

RE (@1 @) = 2 (@, @) L T (T T (5.5)
where nq, ..., n; are integers. Let us denote the set of these functions Rﬁl’._’nk (T1,...,p)

by Rg, i.e. this is, up to sign, the multiplicative span of the 7; € Pg. Note that in practice
it is often enough to consider Rg to be the span of only a subset of the polynomials in
P. Finally, note that the set Rg carries a group structure, given by the multiplication of
rational functions.

“In principle one could even consider more complicated definitions for Pg by adding sums and differences
of monomials in the ;. In practice, we observe that the definition given above worked in all cases we have
considered so far.
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Choosing arguments: the case of classical polylogarithms. However, not all of
the functions in Rg are automatically good candidates for arguments of polylogarithms.
Indeed, if for example such a function appears as an argument of a classical polylogarithm,
then by eq. (3.29) for R = Ri,..‘,nk (1,...,x,) We can write

SLin(R)=-(1-R)®R®---®R .

(n—1) times

(5.6)

It is now easy to see that if we want this tensor, for given R, to be an element of the tensor
algebra of the vector space generated by the set Pg, then we need to impose the constraint

1-ReRg. (5.7)
Let us introduce the notation
Rg):{RE’R,Sfl—RERs}CRs. (5.8)

It follows that, for R € Rg), the symbol of Li,(R) (n > 1) is a linear combination of
)

candidates for arguments of the classical polylogarithms that can appear in our function

tensors of the form 7y, ®...®7,,. Hence all the rational functions in the set R(Sl are good
F'. Note that Rg) is no longer a group in general. It can, however, be given some more
structure by considering the following action, on the group of non-zero rational functions,
of the permutation group S3 on three letters, defined for a rational function R and rational
functions o; of one variable by

Ul(R)ZR, O'Q(R):l—R, Ud(R) 1/R,
ou(R)=1/(1—R), o5(R) =1—1/R, o6(R) = R/(R—1). (5.9)

Note that the o; form a group (under composition of functions) isomorphic to Ss. It is
easy to check that 73(51) is closed under this action of S3. As S3 is generated by the two

elements o9 and o3, it is enough to check that R(Sl) is closed under these two maps. Closure

under o9 is trivial by definition of Rg). To see that it is also closed under o3 we have to

check that VR € R, 1 — o3(R) € Rg. Indeed, we have
l-03(R)=1-1/R=—-(1-R)R ' eRg, (5.10)

because of the group structure of Rg.

Before generalizing this construction to the case of polylogarithms of depth > 1, let
us briefly comment on why we needed to enlarge the set of irreducible polynomials out of
which the set Rg) is constructed from Pg to Pg. In some cases it can happen that, if we are
given a combination of polylogarithms whose arguments are rational functions drawn from
the set Rg), then there are cancellations in the symbol S of this function such that the
irreducible polynomials that appear in S are only a subset of the irreducible polynomials in
R(Sl) , i.e., Pg C Pg. Let us illustrate this on an example, and let us consider the function

f(z) = —éLiQ(l — 23 + Lig(1 — 2). (5.11)
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The polynomials appearing as arguments of the polylogarithms are products of the irre-
ducible polynomials z, 1 — z and 1 4+ 2 + 22. The symbol of f however only involves two
out of the three polynomials,

Slf@)) =2 (1 +z+2?%), (5.12)

and so Pg = {x, 14+x+2?}. Thus, writing m1 () = 71 (2) = x and ™2 () = 72(z) = 1+2+22,
we see that we have to include 73(x) = 1 — 71 (z) = 1 — x into the definition of Pg. Similar
considerations lead to the definition of Pg given at the beginning section. We stress,
though, that it is in practice often sufficient to consider the case Pg = Pg, and only to
enlarge the set Ps if no solutions could be found in this way.

Choosing arguments: the case of polylogarithms of depth > 1. So far we have
only considered classical polylogarithms, but in general we should also be able to make a
sensible ansatz for the arguments of multiple polylogarithms of depth greater than one. In

the following, we find it more convenient to work with the functions Gy, . m, defined in

.....

eq. (2.10) rather than with the functions Liy,,, . m,. As the two function types are related
via eq. (2.10), one can easily convert from one representation to the other.

Let us consider a multiple polylogarithm of depth two, say G22. We are hence looking
for a pair of rational functions (Rj, R2) € Rs x Rg that are good candidates for the
arguments of G 2. The symbol of G2 2(R1, R2) is given by

1 Ry R,
N mr | (1= 2t fu
S(G22(R1, R2)) < R1> ® Ry [( Rz) ® Rz]
1 Ry Ry 1 Ry
—(1—- — Ry IT1 1-—— — | —(1—- = 1—-— RiIII R
< R2>® ? [( R1>®R1] ( R2>®< R1>® ' 2
1 Ry 1 1
2(1- = 1- 2 21— — 1~
+ ( R2>®< R1>®R1®R1 ( R2>®< R1)®R1®R1

(o )omm () on).

recalling our notation for the shuffle products (see eq. (3.11))

ABCHID =A®BC@D+A®B®D®C,

5.14
A@BII(C®D) =A®BeC@D+A®CBOD+ARC®D®B. (5:14)

Using the same reasoning as for classical polylogarithms, we see that the candidate argu-
ments for multiple polylogarithms of depth two are pairs of rational functions from the set

RE = {(Ry, Ry) e RY x RY) | Ry — Ry € Rg}. (5.15)

An important consequence is that no new rational functions are needed to construct the set
Rg), but all the information is already contained in Rgl). The new set R(SQ) then consists
of pairs of elements of Rg), subject to the additional constraint that their difference must

again be factorizable in terms of the same prime elements. Moreover, we saw that Rg) is
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endowed with a natural action of the group Ss, defined in eq. (5.9). It is hence natural to
ask for non-trivial symmetry groups that leave the set R(SQ) invariant. First, it is easy to
see that the defining condition for ’Rg) is invariant (up to an overall sign) under swapping
the two entries of any given pair. Second, the action of S3 defined in eq. (5.9) induces a

(simultaneous on both factors) action on Rg) X Rg), defined for o; € S3 by

(Rl,RQ) i) (O-i(Rl),O'i(RQ)) . (5.16)

It is now easy to check that Rg) is closed under this action. To see this, it is enough

to check that o;(R1) — 0i(R2) € Rg for i = 1,2 and whenever (R, Rs) € R(;). Indeed,
we have

UQ(Rl) — O'Q(RQ) = (1 — Rl) — (1 — Rg) = —(R1 — RQ) € Rgs,

Y (5.17)
O’3(R1) — O‘3(R2) = 1/R1 — 1/R2 = —(Rl — RQ)Rl R2 € Rgs,

where we used the fact that R; — Ry € Rg and that Rg is a multiplicative group. Combining
this S3 symmetry with the invariance under an exchange of arguments, here R and Ro, we
see that Rg) is closed under the action of the group S3 x So, defined for (o, p) € S5 x S2 by

(R, Ra) 22 (0(Ry), 0 (Romy)) (5.18)

i.e. the factor Sy simply acts as a permutation of the entries.

The previous discussions for depths one and two readily generalize to higher depth.
Our candidate arguments for the multiple polylogarithms of depth k are k-tuples of rational
functions from the set

R —{(Ry,...,R) eRY x .. xRY |Ri—R;j e Rs,1<i<j<k},  (519)
and using exactly the same argument as in the depth two case, we see that R(Sk) can be
equipped with an action of the group S3 x Sk, acting on (Ry,...,Ry) € ng) via

(0.p)
(Rl,...,Rk) — (O’(Rp(l)),...,O'(Rp(k))) s (5.20)

i.e. the factor S simply acts as a permutation of the entries.

5.3 Integrating the symbol (1)

We now turn to the problem of integrating a tensor S that satisfies the integrability con-
dition (3.17). In practice, such tensors could come from computing a Feynman integral
in terms of multiple polylogarithms, or from computing its symbol by other means [66—
68, 70, 73, 76]. Our goal is to find a function F', more precisely a linear combination of
(multiple) polylogarithms, such that S(F') = S. The considerations of the previous section
suggest writing down an ansatz for the set ® of functions (i.e., function types, together
with rational functions as arguments) to express F' in. We assume the “folklore conjecture”
that any functional equation of MPL’s involving different weights should actually split into
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functional equations of pure weight, so we can assume S to be of pure weight. It is conve-
nient to partition ® into subsets ®*) according to the weight w, say ®®) = {bgw)}i. Then
we want to find rational coefficients ¢;, .. ;, such that

c;:§:@80$ﬂ+- 3 %Qg@gngyv+

11,12
w1 +we2=w

Y S (BB ) + (5.21)

i1 12 3
11,19,13
wi1tw2twz=w

o+ Y Cil...iw8<b§11)”'b£i))

11 yeeeybw

where we can assume non-increasing partitions of w, i.e. that w; > w;4; for all i. In view
of property (3.9), each term on the right hand side can be written as a shuffle of terms
S <b§-€)>. All the terms on both sides of this equation are elements of the grade w part of
the tensor algebra over the vector space spanned by basis vectors labeled by the elements in
Pg. We know from linear algebra that a straightforward basis for the tensor space of weight
w tensors over the vector space spanned by Pg is given by {7;, ® ... ® m;, |7, € Ps}. At
this stage we have hence mapped the problem of finding a function F' satisfying S(F') = S
into a problem of linear algebra, more precisely the problem of finding the coefficients
¢i,..i, such that eq. (5.21) is true. As we know a basis of the tensor algebra, we can just
compute the coefficients by extracting and comparing the coefficient of each basis vector
on either side of the equation and solve the ensuing linear system. Note that the function
F obtained in this way is not unique. Indeed, the map S is non-injective and hence it
would be possible to find a different function F’ such that ' — F’ in the kernel of S. This
issue will be addressed in section 5.6.

5.4 A set of projectors

Even though we have solved the problem of integrating the symbol in principle and we
have reduced it to a linear algebra problem, the linear system one has to solve can be quite
large. It is therefore preferable to break it down into smaller problems, for example by
introducing a suitable filtration on the target space® which permits to successively solve
the problem for the filtration pieces. Such a filtration would allow to separate the different
contributions in eq. (5.21): to get the ball rolling, we would like to first solve for the
coeflicients of the functions bgw) without having to care about the product terms. This can
be achieved by introducing a projector that sends to zero exactly all the product terms.

Definition 1. Let V' be a vector space. We define linear operators 11, acting on elementary
tensors of lengths w > 1 by 11y = id and for w > 2 by

My(a ® ... Q ay)

w—1 (5.22)
= M@ ®...®ay-1) ®aw —My-1(a2® ... @aw) ®ai] .

®A filtration of a vector space V is a sequence {V;}1<i<n of subspaces of V such that Vi C Va2 C ... C
Vo=V.
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Similar sets of operators acting on shuffle algebras have already been defined in refs. [81,
95], differing from our definition only by an overall normalization (F. Brown, in a text
in preparation on the representation theory of polylogarithms, uses essentially the same
operators, referring to ref. [96], II section 2, Prop. 7a). More precisely, the operators in
refs. [81, 95] are defined by p; = id, and for w > 2 by

Puw(a1 @ ... @ ay) = pu-1(01 @ ... @ ay-1) @Ay — pu-1(a2® ... Qay)@ar. (5.23)

The exact correspondence between II,, and p,, is simply, for all w > 1,

1
I, = —puw - (5.24)
w

It follows from refs. [81, 95] that the kernel of p,, corresponds exactly to the ideal® generated
by all shuffle products. Since II,, and p, only differ by an overall normalization, we
immediately arrive at the following

Proposition 1. The kernel of 11, equals the ideal generated by all shuffle products, i.e.,
for every element & in a shuffle algebra, 11,,(§) = 0 if and only if & can be written as a
linear combination of shuffle products.

In other words, the projectors 11, are by construction such that they annihilate pre-
cisely all shuffles. Conversely, if II,, applied to some tensor & does not vanish, then it is
not possible to express £ as a linear combination of shuffle products.

The reason for the normalization factor le in Definition 1 is that it makes II,, idem-
potent, in other words, II,, is a projector.

Proposition 2. For any w € N, 11, is tdempotent, and hence a projector, i.e.
2 =11, . (5.25)

Proof. In ref. [81], Lemma 1.2, and also in eq. (2) in ref. [95], it was shown that p,, satisfies
the identity

w—1
w(al ®...Q0ay) = Z(al ®...Qap) Il pyy_p(aps1 @ ... @ ay) - (5.26)
k=0

We now act on both sides of this equation with p,,. Since p,, annihilates all shuffles, all
the terms on the right-hand side vanish, except for £ = 0. Hence we obtain

wpw(a1 @ ... @ ay) = pla1 @ ... 0 ay), (5.27)

and so 112 = I1,,, after dividing both sides by w?. O

6An ideal in a commutative algebra A is an additive subgroup Z such that Ya € A and Vb € Z, one has
abel.
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5.5 Integrating the symbol (2)

The projectors defined in the previous section can be used to improve the chances of suc-
cessful integration of the symbol described in section 5.3. As the kernel of II,, corresponds
to all possible linear combinations of shuffles, its effect on eq. (5.21) is to remove all product
terms, i.e.,

S = 3 ciTluS (b§“”) : (5.28)

and so we can solve for fewer coefficients ¢; without having to worry about the product
terms.

Having found the coefficients c¢;, we are left with the determination of the coefficients
of the product terms. In order to proceed via induction, we determine the behaviour of
shuffles under tensor products of projectors (which are themselves projectors). We first
study the instructive case of a projector 1I; ® Il which we apply to a shuffle

(a1 @ @ap) ML (b @ @ byr), (5.29)

where k + k' = ¢+ ¢ = w (still w denoting the weight), with k > k' > 1, ¢ > ¢ > 1 and
k # £. We can rewrite the shuffle in a form more suitable to applying II, @11, by regrouping
the sum (5.29) using deconcatenation (i.e. splitting into a left hand part and a right hand
part) of the sequence (1,...,k) into two blocks (1,...,k;) and (k1 +1,..., k1 + ko), giving

min(k,£)
Y (@ @ap) (1@ @bp_g,)) @ ((ag, 419+ @ ag) I (bp_g, 41 @+ - Dby)) .

(5.30)
Applying ITy @ I to this sum will annihilate each of the min(k, ¢) summands individually,
in fact it will annihilate the left hand factor except (possibly) for k1 = ¢, since in the other
cases there is a proper shuffle on the left which will be mapped to zero by II; already, by
virtue of Proposition 1. If the remaining case occurs, the corresponding right hand factor
is mapped to zero by Iy instead. For example, if (k1,k2) = (3,3) and ({1, ¢2) = (4,2), we
rewrite

(a1 ® ag ® a3) I (b1 ® by ® bg) = (a1 I (by ® by ® b3)) ® (a2 @ as)
+ ((a1 ® az) I (b1 @ b)) @ (agIllbs) (5.31)
+ ((a1 ®@ ag ® a3) M1 (b1)) © (b2 @ b3),
where already the factor II4 of II4 ® Il annihilates the left part of each of the terms.

More generally, for a partition A = (\q,..., ) of w, we call the \-shuffle of a w-fold
tensor a1 ® - -+ ® ay, the product

(al & a>\1) I (a’>\1+1 - ® a>\1+)\2) Or... I (a>\1+"'+>\r71+1 K& aw) (5'32)

and given any partition X' = (A,...,\]) with s < r, the projector Iy will vanish on a
A-shuffle, as we can again regroup its terms according to A and find for each so combined
summand at least one projector factor 11 N which vanishes on the corresponding part. This
sketches a proof of
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Proposition 3. For two different non-increasing partitions A and X' of w, of length £(\)
and £(XN'), respectively, we have that a \-shuffle vanishes under Iy whenever £(X) > £(N).

This proposition suggests to define a sequence of subspaces, each of which contains
the next one (hence forming a descending filtration). For this, we consider the standard
lexicographic order > on non-increasing partitions of w given by (denoting |x| the largest
integer < x)

w w

(w) = (w—1,1) = (w—2,2) = ... >-(w—L§J,L§J)>(w—2,1,1)>
e (2,11 (1,...,1). (5.33)

As an example, in weight five we have the following non-decreasing partitions, ordered as
(5) = (4,1) = (3,2) = (3,1,1) = (2,2,1) = (2,1,1,1) = (1,1,1,1,1). (5.34)

From these, we form the descending filtration alluded to above by taking the span of
all shuffles of partition types greater than a given type A, say, and denote it by

Fx = (N —shuffles in V for all X = N, XA # )\). (5.35)

Hence JF(,. 1) is the zero space, Fa1,. 1) is generated by all (1,...,1)-shuffles (i.e. fully
symmetric tensors), F(3 ;1) is generated by all (1,...,1)-shuffles and (2, 1,...,1)-shuffles
etc. The proposition now guarantees that F) C kerIly. Similarly, we put, for convenience,
the “shifted” sequence

Fr = (N —shuffles in V for all A = \'), (5.36)

so that .7-"/\2 = F) where AT denotes the immediate successor of A in the lexicographic
order > above.

We proceed by induction on A with respect to the order >, starting with the shuffle
(w)

A = (w). By the analysis above, we can put S,) = ), CZ'S(bZ- ), provided we have been
able to solve for the ¢;. This gives us the basis step for the induction. Now assume we
have found an (integrable) tensor S) “approximating” S in the sense that S — S\ € F).
Then we try to construct a “better approximation” Sy; for the successor partition A\
of A by finding integrable tensors Th+ € .7-"§+ = F) such that S+ = S) + T)+ satisfies
S — S+ € Fy+. If we are successful in finding such a T ;“ , this finishes the induction step.

We expect to be able to find such a T\+ using (certain sums of products of) multiple
polylogarithms, by selecting for each part A} of AT an “indecomposable function type”
of weight A\ (see table 1) and taking their product. In other words, we assume that the

tensor Th+ can be written, as a linear combination of A™-shuffles, in the form

71 3

11 4.0yl

7= cil,,_,,ils(b(m> ... Hls(b(m), (5.37)
!
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with [ = £(AT) and A = (A, ..., \f"). In the weight 5 example of table 1, the respective
polylogarithmic functions we consider are

(5) <> Lis(Ry), Liz3(R1, Ra) ,
(4,1) < Lis(Ry1) log Ra, Liz 2(R1, R2) log R3,
(3,2) « Lig(R1)Lia(R2),
(3,1,1) <> Li3(Ry) log Ry log R3, (5.38)
(2,2,1) <> Lis(Ry) Lis(Ro) log R3 ,
(2,1,1,1) <> Lia(R;) log Ry log R3 log Ry,
(1,1,1,1,1) < log Ry log Ry log R3 log Ry log R5 ,

where the R; correspond to the rational functions as indicated in section 5.2.

Since the proposition implies II\Fy = 0, we get II\(S — S)) = 0. Therefore we
are essentially working at each step in the quotient space F/\t /F» and have to solve for
considerably fewer coefficients than if we worked in ]:/\t. If at any stage we cannot find
a T+ with the desired property, i.e. cannot solve for the corresponding coefficients using

5)

our limited spanning set of input functions bl(. , the algorithm stops (we can of course try
to rerun it with a larger set of input functions). Otherwise, it ends with producing an
integrable tensor Sy 1) with S — S 1) = 0, solving the main part of our integration

problem.

5.6 Elements in the kernel of the symbol map

The algorithmic approach we described in the previous section often allows us, given a
tensor S, to construct a function F' such that S(F') = S. Let us now assume that the
tensor S was obtained in some way from an analytic expression F (representing, say, a
Feynman integral). It would be premature to conclude that the function F' we constructed
is equal to the original expression Fj, because they are only equal up to terms that are in
the kernel of S.

In the following we describe a way that, at least in most of the cases we studied so
far, allows to fix this remaining ambiguity by parametrizing F' — Fy in a suitable way. The
parametrization we are proposing takes the form

F—F = Z Ci k‘ + Z Z Ciy...i k’il...ig bxul) . . bg;ve) , (5.39)

.....

(wr)

where bik are ~deﬁned in the previous section, and c¢;,. ;, and ¢; are rational coefficients,
and k;, ;, and k; are generators of the kernel of the symbol map. Below we give a (non-
exhaustive) list of such generators, which cover a wide range of applications. The free
coefficients can then be fixed by considering special values for the variables x;, e.g., x; = 0
or x; = 1, yielding a linear system for the coefficients.

In order for the above procedure to work we need to know the generators of the kernel
of §. Even though this is a very difficult task to settle in general, we can compile a list of

(presumably transcendental) numbers whose symbol should be defined as zero.
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e S(log(—1)) = 0. An associated polygon would be % , and this gives the symbol

0
—1 which is zero (modulo 2-torsion which we ignore). In particular, this shows that

the symbol does not detect the multivaluedness of the logarithm (let alone of the
polylogarithms), and in particular does not suggest how to fix the branch cuts of the
polylogarithms.

All multiple zeta values (MZV’s) are in the kernel of S. Indeed, MZV’s can be
defined as the values in z; = 1 for all ¢« = 1,...,k of the multiple polylogarithms
Lim,,...mg(21,...,2x). Then it is easy to see that the associated decorated polygon
will have all decorations equal to 0 or 1, and hence the symbol vanishes.

In addition, there are combinations of transcendental expressions that individually
have a non-vanishing symbol,” but there is a linear combination with zero sym-

bol, e.g.,

2 2 24

1 1 1y 1.1 1 1
S(Li4 (2> +241og42> :—<1—>®2®2®+(2®2@2@2):0. (5.40)

The previous example is a special case of a more general result for so-called colored multiple

zeta values, defined by the alternating sums

sMgN2 ... gk
. _ 1 52 E
Clmy, ..., mp;S1,...,8) = Z n’lmngwnzl’“ , (5.41)

0<ni<ng<---<ng

with m; € N and s; € {£1}. It is easy to check that ¢(1,1,1,1;—-1,—1,1,1) = —Liy4 (%),

and so eq. (5.40) can be written as

1
S(¢(1,1,1,1;-1,-1,1,1) — 5 log2) = 0. (5.42)
More generically, we have
Proposition 4.
1. If at least one of the m; is different from +1 and (mq,s1) # (1,1), then
S(C(my,...,mp;s1,...,5:)) =0. (5.43)
2. Vs; € {-1,1}, Ym > 1,
1 1
S|C(1,...,1;—1,59,...,87) — —'logmf =0. (5.44)
~—— m! 2
m times

The proof of this proposition will be given in appendix C.

"We recall that the “refined” symbol of a constant is not necessarily zero.
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6 Application: a spanning set for harmonic polylogarithms

In this section we illustrate our approach by expressing all harmonic polylogarithms (HPL’s)
up to weight four in terms of a spanning set of functions. We start by determining the
arguments our spanning set should depend upon. Indeed, in the case of harmonic polylog-
arithms we can classify all the arguments of the spanning set of functions under the mild
assumption that all the arguments should be rational functions. Then, it is easy to see that
the polygons associated to HPL’s correspond to polygons where the root edge is decorated
by the variable x, and all other sides are decorated only by 0 or +1. This implies that
the tensor associated to an HPL is an element of the tensor algebra of the vector space
generated by the formal basis vectors [x], [1 —z], [L + 2] and [2]. Indeed, the decorations of
the polygon associated to an HPL are all +1 or 0, except for the root which is decorated
by the variable z. It is then easy to see that any dissection of this polygon will only involve
the following five bigons

) er )i

(6.1)
—1 1
u(%) =1+, M('@) =u(°@> =2.
-1 1 -1
Hence, the sets Prpr, and Pppr, of irreducible polynomials defined in section 5 are
Pypr ={2,2,1— 2,1+ 2} and Pypr = PyprU{2+ 2,3+ x,1+22}. (6.2)

The most general rational function we can construct out of the irreducible polynomials in
Ppypr, then reads

a0 (1—2)°2 (142)% 2% (2—2)% (242)°6 (3—2)°7 (3+2)°% (1—22)° (1+22)™10 | (6.3)

with «; € Z. In the case of HPL’s, however, it turns out (a posteriori) that we can restrict
ourselves to the following set of rational functions

Rupr = {+2°2% (1 —2)? (1 +2)7 |a, 8,7,6 € Z}. (6.4)
In the following we denote the elements of Rgps, by
REy (@) =+2°2% (1—2)" (1 +2)7, (6.5)

with «, 8,v,6 € Z. It follows then from the previous section that we should consider
the subset of these rational functions (those contained in the set Rg&) i see eq. (5.7) and

eq. (5.8)) that satisfy the constraint
1-— Ri:ﬁ,ﬂ;(iv) = RZ/ﬁ/,y/(g/ (x) s (66)

for some integers o/, 3',+" and ¢, and s = £1. A little algebra shows that quadruples
(a, B,7,0) are confined to the values given in table 2. The first line corresponds to con-
stant arguments, and will not be discussed any further. Note that we could also include
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(slalB[r[6] Rips@ [sla[Blv[d] Rips@ |
-lojolo]o -1 +(010]0|-1 1/2
+(110]0]0 T -|1]0]0]o0 —x
+l0l1]0]0 1-=x +1010]-1]0 1/(1+x)
+1210]0/0 72 +10]1][1]0 1—a?
-|1]-1/0/0 z/(x—1) +[1]0]-1]0 z/(x+1)
+10]1[-1|0|(Q-2)/A+2)|-]0]|1][-1]0]| (z=1)/(x+1)
-l21-2|-2]0] 2*/(@*-1) | +]0|2|-2]|0]|(1-2)?2/(1+z)?
+l0l1]0]-1 (1—2)/2 +1010]1|-1 (14 z)/2
-l 1]-1)0]1 2z/(z — 1) +]1]0]-1]1 2z/(z + 1)
+1210 2|2 4z/(1-x)? - 122012 —4z/(x + 1)?

Table 2. Solutions to the constraint (6.6). Only half of the solutions are shown, all other solutions
being related by Rf_ )55 (@) = 1/R55.5(x).

the inverses of the arguments in table 2. Using the inversion formula for the classical poly-
logarithms, we can however always express Li,, functions with inverted arguments in terms
of polylogarithms taken at the arguments in table 2,

1
Lij, () = (=1)""'Li, (z) + products of lower weight terms, n > 2. (6.7)
x
Since furthermore the arguments in table 2 are less than 1 for x € [0,1], we will in the
following only consider these functions as arguments of the Li,, functions. Note however
that even the functions in table 2 are not completely independent, because we can use the
distribution formula for the Li,, function to relate three of them, e.g.,

Li, (2%) = 2" (Lin(z) + Lin(—2)) , (6.8)

and three others using the same equation with x replaced by i—i We finally arrive at the
conclusion that, if we want to reduce all HPL’s to some small (possibly minimal) set of
(multiple) polylogarithms, the Li, sector of that set contains classical polylogarithms with
16 different arguments. As we will see below, for lower weights we can find more relations
among the spanning set of functions, reducing its size even further. In the following we
will also have to deal with multiple polylogarithms of depth greater than one. From the
previous section we know that the pairs of arguments (Rp, R2) of these functions come
from table 2, subject to the additional constraint Ry — Rs € Rypr.

Finally, using the results from the previous section, as well as some elementary identi-
ties among classical polylogarithms, we find the following spanning set of indecomposable
functions up to weight four,

e for weight one,

B (z) =logz, B (z)=log(1—2), BP(z)=log(l+z), B (x)=1log2,
(6.9)
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e for weight two,

BY(2) = Lis(z), B (2) = Lis(—2), BP(x) = Lis <1 - x) . (6.10)

e for weight three,

B (z) = Lig(x), B (z) = Lig(—2), B (z) = Lig(1 — 2),
BY (2) = Lis <1 ix) . BY(x) = Lis <1 ;””) . B (z) = Lis <1 3 x) :
B @) =i (152 ) 806 =1 (2]
(6.11)
o for weight four,
BV (z) = Lis(x) B (x) = Liy(~x)
BY () =Lu(1-2),  B{"(2)=Li (Jfﬁ) ,
= Lis (:cx 1> BYY (¢) = Lis <xf—1>
L14<1"2””> B (@) Li4(1;$>,
S v i v
— Liy <$2fl> B8 (z) = Liy <$2_$1> ,
= Lis (1-2%), B{""(2) = Li, <x2’”i 1>,
B (2) = Liy <($f”1)2> .

These functions are sufficient to express all harmonic polylogarithms up to weight three.
Starting from weight four, we need to extend the set of functions by adjoining multiple poly-
logarithms. We find that it is enough to add the following three supplementary functions
in order to express all harmonic polylogarithms up to weight four,

16 . 17 . 1 2z 18 . 1 2z
Bﬁ(l )(CU) = L1272(*1, .f), Bé(l )(:L“) = L1272 <2, 1}-}—1> s Bé(l )(:L“) = L1272 <2, 1:_1> .
(6.13)

Note that, if the vector of singularities only takes values in the set {0, 1}, we can restrict
ourselves to the smaller spanning set,

e for weight one: Bgl)(x), 5’52) (x),

o for weight two: Bél)(x),
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e for weight three: Bél)(:z), B:(,)g) (x),
e for weight four: Bfll)(x), 34(13) (x), 34(15) (x).

Our choice for the spanning set is of course not unique, and we might have chosen a
different set of functions, related to the Bl(j ) functions via functional equations. Our choice
was motivated by the fact that Bzgj )(x) is manifestly real for x € [0, 1]. Note that outside
this interval, the branching structure of these functions can be more complicated. This
issue is addressed in appendix E.

6.1 Example

Let us conclude this section by giving an example of how we can apply the procedure of
section 5 to express a generic HPL of weight four in terms of the functions Bj(i). We discuss
in detail the example of H(0,0,1,1;z) = Sy 2(z), all other cases being similar. For the
list of all results, we refer to appendix G. We start by deriving the tensor associated to
H(0,0,1,1;x). The polygon associated to H(0,0,1,1;z) = G(0,0,1,1;x) is

There is only one relevant maximal dissection of this pentagon (all other dissections give
rise to twogons with decorations 0 and / or 1 which vanish by definition),

xT

TN o ue) onle) onla) onle)

1 1 0 0

1 0

From this dissection we can immediately read of the symbol of H(0,0,1,1;z) as
S(H(0,0,1,;z)=1—-2)@(l—-2)z®x. (6.14)

Note that in general the symbol of a harmonic polylogarithm H(aq, ..., aqy;x), with a; €
{0,1} is simply given by (—1)¥ (ay — ) ® ... ® (a; — ), where k is the number of a;’s
equal to 1. Before turning to the question of how to express H(0,0,1,1;z) in terms of
the spanning set, let us review how we could have obtained the symbol (6.14) using the
recursive definition of the symbol (3.26). Note however, that in this case we cannot apply
eq. (3.25) immediately, as the arguments of G(0,0,1,1;x) = H(0,0,1,1;z) are not generic
and we would hence obtain divergences in the right-hand side of eq. (3.25). We therefore
need to use a regularized version of the differential equation (3.25) [2],

dH(0,0,1,1;2) = H(0,1,1;z) dlog z, (6.15)

and so
S(H(0,0,1,1;2) =S(H(0,1,1;z)) ® x. (6.16)
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We can iterate this procedure to compute the symbol of H(0,1,1;x). The differential
equation for H(0,1,1;x) is

dH(0,1,1;z) = H(1,1;z) dlog x, (6.17)

and so we get

S(H(0,1,1;2)) = S(H(1,1;2)) ® z. (6.18)

The symbol of H(1,1;z) = %logz(l — x) is easy to obtain from eq. (3.9),
S(H(1,1;2)) = 38(0g2(1-2)) = 38 (og(1—2)) S (log(1-1)) = (1=)&(1—2) . (6.19)

Putting everything together, we immediately arrive at the symbol given in eq. (6.14).

Let us now turn to the actual problem we want to study, namely how to express
H(0,0,1,1;x) in terms of the spanning set for HPL’s defined in the previous section. The

goal is to find rational numbers cgf_)._iz such that the tensor associated to

8 4 3
Z B @)+ 303 e B @) B )+ 3 e B ) 5 (w)
i=1 j=1 3,j=1
4
+Z Z ) B (2) BY () B (@) + 37 €2, BV (2) BY () B (2) B () .
i=1j,k=1 1,4,k 1=1

(6.20)

equals the tensor given in eq. (6.14). The symbol of eq. (6.20) is easily obtained from the
fact that S is linear and maps products of polylogarithms to shuffles, i.e.,

18 8 4
Do S @) + 303 el S8 (@) WS (B (2)
i=1 i=1 j=1

(6.21)
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The symbol of each function BJ@ can be easily obtained, e.g.,

3<B§6)($>):S(Li4<xi1>>:_(1_95-7-1) <$+1>®<$+1> (mf—l)
:_<xi1>®<xi1>®<xil>< )

=r+)@rrer-—(r+1])@rrz@@+1)-(r+])®r(rz+1)®
+t+h)eze@@+)@@+l)-(rz+)o@@+l)roe
+z+)@@@+)z@z+)+(@+)@@@z+])@@+])®a
—(+)R@+)@@@+1)®(x+1).

(6.22)

The different shuffles in eq. (6.21) can be distinguished further by acting with the projectors
defined in the previous section. In particular, we obtain

18
L S(H(0,0,1,L;2) = > eV L S(BY (2)). (6.23)
i=1
Equating the coefficients of the different elementary tensors on both sides of this equation,
we obtain a linear system that allows us to solve for the for the coefficients cz(l), 1< <18
The solution is easily obtained, and is given by

cgl) = —cz(,)l) = cél) =1, (6.24)

and all other coefficients are zero. We now proceed recursively, and subtract the (inte-
grable) tensor arising from the solution we have found. By construction, the symbol of this
difference must vanish under the action of the projector Iy,

I, S (H(0,0,1,1;z) — L(z)) = 0, (6.25)

where we defined

L(z) = Lig(z) — Lig(1 — x) + Liy ( ) (6.26)
(2)

We next turn to the determination of the coefficients Cij 1€ coefficients of terms of the

form B:(;)( )ng)( ). We can isolate these terms by applylng the projector II3 ® IIy,

(I3 ® I11) S (H(0,0,1,1;2) — L(x))

3
N L B BV
g_:l i (s @ 1) [S(By” (z)) LS (B ()] 627)

3

= 3 2 S8 (2))] @ S (BY (2))]

ij=1

and equating the coefficients of the elementary tensors on both sides of the equation we
can solve for the coefficients 05]2). We find cg) = —1, and cz(?) = 0if (4,5) # (1,2). We
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again subtract this contribution to find an expression that vanishes under the actions of
both Iy and II3 ® I1y. Next we act with the projector Ils ® Ils on this difference

(Il ® I12)S (H(0,0,1,1;2) — L(x) + Liz(z) log(1 — x)) =0, (6.28)

and we immediately conclude that cg) =0, V1l <1,j <3. Similarly, by acting with the
(4)
ijk
terms are thus all associated to products of logarithms, which can immediately be read off

projector IIs ®11; ® 111 we conclude that all the coefficients c; ., must vanish. The remaining

from the tensor

S(H(0,0,1,1;z) — L(z) + Lis(x) log(1 — x))

1 1
:ﬂ(l—x)Q(1—3:)@(1—x)@(l—x)—éxQ(l—x)Q(l—x)G(l—a:) (6.29)
:8(214 log4(1—m)—éloga:log3(1—x)) .

At this stage, we have found a combination of (a product of) functions in our spanning set
that has the same symbol as H(0,0,1,1;x), and so the quantities are equal up to terms
that are mapped to zero by §. We make an ansatz assuming we have found sufficiently

many elements in the kernel of S, as

4
1 1 i
or (Lis (5) + 5y o8'2) arnt 4 6 3w )

= (6.30)

3 4
+a? (S eaBY @)+ Y ey B (@) B (@) |
i=1

ij=1

where a;, b;, ¢; and ¢;; are rational numbers, and (3 = ¢ (3) denotes the value in s = 3 of
the Riemann ( function

o) =S~ (6.31)

ns
n=1

The coefficients can now be fixed by looking at particular values of x. In particular,
harmonic polylogarithms are known analytically up to weight four for x = 0, x = £+1 and
x = :i:%. It turns out that in all cases these values are enough to fix all the free coefficients.
In the case of H(0,0,1,1;z), we finally arrive at

H(O, 0, 1, 1;.1‘) = 5272(.1‘)

= —Lis(1 — 2) + Lis(z) + Liy <xl>
w p—
. 1, | , (6.32)
— Lisg(z) log(1 — x) + 21 log*(1 —z) — 5 log zlog”(1 — x)
4

1
+ ¢3log(l — 2) + —7n?log*(1 — z) + 90"

12
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7 Conclusion

In this paper, we have provided a review of the symbol map, a linear map that associates
to a multiple polylogarithm of weight n an n-fold tensor in a way that captures many of
the combinatorial properties of polylogarithms, and also respects the functional equations
they satisfy. While so far the symbol map was defined recursively via iterated differentials,
we have given a diagrammatic rule where the symbol of a multiple polylogarithm is ob-
tained directly via a weighted sum over the maximal dissections of the decorated polygon
associated to the polylogarithm introduced in ref. [21].

Furthermore, we have addressed the problem of integrating a symbol, i.e., the problem
of finding a function whose symbol matches a given tensor that satisfies the integrability
condition (3.17). We have presented a systematic approach of how to find a candidate
spanning set for such a function. Once this candidate spanning set has been constructed,
and working under the assumptions that its elements suffice to express the integrated
symbol in, we showed how a set of projectors can be defined which help to find a function
whose symbol matches the initial tensor. While our approach falls short of a complete
algorithmic proof and is surely not adequate in all possible scenarios, we nevertheless
believe that it can be applied in many situations, as was for example demonstrated in
ref. [74-76] where our method was successfully applied to obtain new compact analytic
results for certain one-loop hexagon integrals in D = 6 dimensions. Finally, we have used
our approach to derive a spanning set for harmonic polylogarithms up to weight 4, and this
spanning set was recently used to obtain an efficient numerical implementation of harmonic
polylogarithms up to weight four [77].
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A Review on shuffle algebras

As shuffle algebras are a recurrent theme when working with multiple polylogarithms and
their symbols, we review in this appendix the most important notions. Before turning to
the special case of shuffle algebras, we first review some basic notions about algebras in
general.

Algebras over a field. An algebra A over a field F (FF =R or F = C, say) is a vector
space® over F together with an associative and distributive multiplication A ® A — A. In

8More generally, we could consider A to be a module over a ring R.
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the case the multiplication has a unit element, the algebra is called unital. Furthermore,
an algebra is said to be graded if A can be written as a direct sum as a vector space,

A=EP A, (A.1)

nel

and if Va € A,, and Vb € A,,, we have
a-b S Am_l,_n . (A2)

One of the most prominent representatives of a graded algebra is the tensor algebra asso-
ciated to an F-vector space V, defined by

TV) =P T.(v), (A.3)

where To(V) = F and T1(V) = V, and for n > 2 we define

T.(V)=V®.. oV . (A.4)

n times

The multiplication on 7 (V) is defined on elementary tensors a1 ® ... ® a, by

Tn(V) @ Tn(V) = Tgn(V)

(A.5)
(M1 ®..0am) M1 ®...0b,) a1 ®...00, b1 ®...Rby,,

making the tensor algebra into a graded algebra in an obvious way. Furthermore, the tensor
algebra is also unital, the unit being the unit 1 € F.

A homomorphism between two algebras A and B is a linear map ¢ that preserves the
multiplication, i.e., a linear map ¢ such that Va,b € A, ¢(a-b) = ¢(a) - ¢(b).

Ideals in algebras. An ideal in an algebra A (or more generally in a ring) is an additive
subgroup Z of A such that

Vae AVbeZ, a-beZ and b-a€Tl. (A.6)

An easy example of an ideal is given by considering the ring of integer numbers Z and
its subset nZ, n € Z, i.e., the set of all integer multiples of n. The set nZ is obviously
an additive subgroup of Z, and every time we multiply an element of nZ by an integer
number, we obtain another multiple of n. Hence nZ is an ideal of Z. Another example of
an ideal is the kernel of an algebra homomorphism ¢. Indeed, Ker ¢ is a sub-vector space
of A, and hence an additive subgroup. Furthermore, Va € A and Vb € Ker ¢, we have

¢a-b) = ¢(a) - $(b) = ¢(a) -0 =0, (A7)

and so a - b € Ker ¢, making Ker ¢ into an ideal in A.
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Shuffle algebras. After this rather general discussion on algebras, let us from now on
focus exclusively on the example of shuffle algebras. As a starting point, let us consider
a set L, whose elements we will refer to as letters, and consider the set W of all words
constructed from elements in £, i.e., the set of all possible concatenations of letters in L,
together with the empty word e, consisting of no letters (more precisely, W is the free
monoid generated by the elements in £). We can define a multiplication on W given by
concatenation of words, the empty word being the unit element.

Let us now consider the vector space A over some field F' given by all formal linear
combinations of words in W. A is then in fact an algebra over F', the multiplication given
simply by the concatenation of words. Furthermore, it is easy to see that A is also graded
by the length of the words (the concatenation of two words with length m and n gives a
word of length m + n).

We can define another multiplication on A, the so-called shuffle product, defined on
words by

(ar...am) M (Gt .- Gman) = Z Ag=1(1) - - - Ag=1(ny +n2)> (A.8)

o€X(n1,n2)
where ¥ (n1,n2) denotes the set of all shuffles of n; + ng elements, i.e., the subset of the

symmetric group Sy, 4+n, defined by

Y(n1,m2) = {0 € Snyan,| 0 (1) < ... <o n1) and o (ni+1) < ... <ot (ni+n2)}.
(A.9)
The vector space A together with the shuffle product is called a shuffle algebra. A shuffle
algebra is again graded by the length of the words, and the empty word € is the unit
element of the shuffle algebra. The definition (A.8) of the shuffle product is equivalent to

the following recursive definition, Vz,y € L, Yu,v € W,

elllu =ullle = u,
(zu) I (yv) = z(ul (yv)) + y((zu) Tlv).

Note that the tensor algebra of a vector space V' can be equipped with a shuffle product

(A.10)

in a natural way: the set of letters £ is simply a basis of V', the set of words corresponds
to the elementary tensors a1 ® ... ® a,, the empty word is simply the scalar 1, and the
concatenation of words corresponds to the multiplication (A.5) of two tensors.

In section 2 we have encountered another example of a shuffle algebra, the shuffle
algebra of multiple polylogarithms, eq. (2.3). In that case letters are the elements a;
of the vector of singularities (a1, ...,a,), the latter being the words. Concatenation is
simply defined by the concatenation of the vectors of singularities. The length of a word
corresponds to the weight of the polylogarithm, i.e., the number of components of the
vector of singularities. In other words, the shuffle algebra of polylogarithms is graded by
the weight.

B Selected examples of symbols

In this appendix we compile a list of the symbols of the most commonly used (multiple)
polylogarithms. First of all, the symbol of an ordinary logarithm is simply the argument
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of the logarithm,

S(logz) =x. (B.1)
From eq. (3.9) it follows then, for every non-negative integer n,
1
S(log”x)zx@...®x5x®". (B.2)
n! —_——

n times

The symbol of the classical polylogarithms have a similarly simple form, i.e., for every
non-negative integer n we obtain

SLin(z)=—-(1-2)®20V=_(1-2)020...0, (B.3)
(n—1) times

where we used the notation of eq. (B.2). Note that for n = 1, the classical polylogarithm
can be expressed as an ordinary logarithm, Li; (z) = —log(1 — ), which is consistent with
the symbols given in egs. (B.1) and (B.3),

S (Lij(x)) =—-(1—2) =S(—log(1 —x)). (B.4)
Finally, the symbol of a Nielson polylogarithm reads,

SSnpx) = (1P 1-2)P 2" = (-1 1-2)®..0(1-2)0z®...0z . (B.5)

p times n times

Again we note that the Nielson polylogarithms contain the classical polylogarithms as a
special case, S,_11(x) = Li,(x), an identity which is easily verified at the level of the
symbols (B.3) and (B.5).

The previous examples of the classical and Nielson polylogarithms are both just special
cases of harmonic polylogarithms where the components of the vector of singularities take
values in {0, 1},

—

Lin(2) = H(Op_1,1;2) and S, ,(x) = H(Op, 1p; ). (B.6)

The symbol of a harmonic polylogarithm H(ay,...,a,;x), with a; € {0,1}, can be written
in the compact form

S(H(ay,...,an;x)) = (=D (an —2)®...® (a1 — ), (B.7)

where k is the number of components in the vector of singularities (aq,...,a,) equal to 1.
Indeed, the polygon P(ay, . .., a1, ) associated to G(ay, . .., an;x) = (=1)* H(aq, ..., an; x)
has the root side decorated by x, and all other sides decorated by 0 or 1. It is easy to see
that the only relevant maximal dissection of such a polygon is

x

Gn—1 a2

an—2 a3
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All other maximal dissection give rise to bigons decorated only by 0 and / or 1, which give
a zero contribution to the symbol. The non-vanishing dissection produces a term in the
symbol given by

u( = )®u( z )@...@A%)@/&%), (B.8)

an an—1 a2 al

which is equal to the tensor in the right-hand side of eq. (B.7) (apart from the sign).
Generic harmonic polylogarithms where the components of the vector of singularities

take values in {—1,0,1} do not admit a compact expression for the symbol. In this case,

the symbol is however easily obtained from the symbols of generic multiple polylogarithms,

which are reviewed up to weight four in the next subsections.

B.1 The symbol of a generic multiple polylogarithm of weight one

A generic multiple polylogarithm of weight one can be written as G(a;z), with a,x € C.

We can associate a bigon to this function via

G(a;z) +» P(a,z) = % . (B.9)

The symbol of G(a;x) is then

S(G(a;z)) = M(%) . (B.10)

B.2 The symbol of a generic multiple polylogarithm of weight two
To a generic multiple polylogarithm G(a,b; z) of weight two we associate a trigon

T

G(a,b;x) +> P(b,a,x) = W . (B.11)

The symbol of G(a,b;z) is then obtained by looking at all the maximal dissections of the
trigon, obtained by inserting a single arrow. In the following we give the three maximal
dissections, together with the term in the symbol they correspond to. We use the shorthand

ab|cdzu< ’ >®,u( ! > (B.12)

The three maximal dissections of the trigon in eq. (B.11), together with the term in the
symbol S(G(a,b;x)) they correspond to, are

bi ;a i a b; ja
+azx|ba +bzx|ax —bx|ab
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B.3 The symbol of a generic multiple polylogarithm of weight three
To a generic multiple polylogarithm G(a, b, c; z) of weight three we associate a tetragon

T

G(a,b,c;x) <> P(c,b,a,x) = . o - (B.13)

b

The symbol of G(a, b, ¢; x) is then obtained by looking at all the maximal dissections of the
tetragon, obtained by inserting two non-intersecting arrows. In the following we give the
twelve maximal dissections, together with the term in the symbol they correspond to. We
use the shorthand

f
ablcdlef = u( b ) ®u( > ®,u(0@> , (B.14)
as well as the notation for shuffles,
A|BIIC = A|B|C + A|C|B. (B.15)

The twelve maximal dissections of the tetragon in eq. (B.13), together with the term in
the symbol S(G(a, b, c;x)) they correspond to, are

T x x x
\ /
c a c a c a c a
b b b b

+cx|bzlar  +azx|calba —bxlablllch  +cx|aclbe

X €T €T X
C a (& \a C/ a C a
b b b b
+cxlax|ba  +ax|balcb  +cxlbelab  —cx|ax I be
X T €T X
C a C \CL (& a C/ a
b b b b
—czxlbzlab —ax|calbe  bx|ax 1T cb —czlac|ba

B.4 The symbol of a generic multiple polylogarithm of weight four
To a generic multiple polylogarithm G(a, b, ¢, d; ) of weight two we associate a pentagon

xT

S}

G(a,b,c,d;z) «» P(d,c,b,a,z) = ¢ (B.16)
¢ b

The symbol of G(a,b, c,d;x) is then obtained by looking at all the maximal dissections of
the pentagon, obtained by inserting three non-intersecting arrows. In the following we give
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the 55 maximal dissections, together with the term in the symbol they correspond to. We
use the shorthand

abledlef|gh = u(%) ® u(%) ® u(%) ® u(%) , (B.17)

a c e g
as well as the notation for shuffles

A|B|CTIID = A|B|C|D + A|B|D|C,
A[BII(C|D) = A|B|C|D + A|C|B|D + A|C|D|B,
ABIICIID = > Alo(B)|o(C)|o(D),

og€ES3

(B.18)

where in the last equation the sum runs over all permutations of the set {B,C, D}. The 55
maximal dissections of the pentagon in eq. (B.16), together with the term in the symbol
S(G(a,b,c,d;x)) they correspond to, are

; | | d®a d@a d@a
¢ b ¢ b ¢ b ¢ b ¢ b
+dzx|cxlbzlar  +ax|da|calba —bx|abIll (db|cb) +cx|dcIl (aclbe) —dz|ad|bd|cd
d AN a d@a d@a d@a d a
c : b c b c b c b c b
+cx|de I (bz|ax) —dz|ad|calba +bx|az 11T (dblcb) —cx|dc Il (ac|ba) +dx|ad|bd|cb

d@a df ] a d@a d@a d a
¢ b ¢ b ¢ b ¢ b ¢ b
+az|dalbdlcd  —dx|cx|bz|lab  —ax|da|calbc  +bx|ablll (dbled) +dz|cx|ac|be
d ] a d@a d@a d@a d a
e\ 7b c b c b c b c b

—cx|dc I (bz|ab) +dz|ad|calbc —bx|ax 11l (dblcd)  —dz|cx|aclba  —ax|da|bd|ch
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S Y S WS
c b c b c b c b c b
+bx|ax I (cblde)  +dzx|cd|aclba  —dz|ax I (bd|cb) +cx|dell (axlba) —dx|ad|balch
SRR
c b c b c b c b c b
+ax|baldblcb  +cx|deIIl (bclab)  —dx|ad|cd|lbe  —dz|cd I (bx|ax) +dx|ax|calba

d@a d@a d@a d ] a d a
¢ b ¢ b ¢ b ¢ b ¢ b
—azx|ba|db|ed +dz|cx|be|ab +az|daledlbe  +dx|cdI (bxlab) —dx|az|calbe
d@a d®a d@a d a
c b c b c b c b c b
—bz|abII (cbldc)  —dx|cd|aclbe  +dx|ax I (bd|cd)  +dx|cx|ax|ba +ax|dal|balch
d@a d@a d@a d@a d©a
¢ b ¢ b ¢ b ¢ b ¢ b
+azx|ca|ldcIba +dx|bdlabllcd —cx|deIbelllaxr +dzlad|cdIlba +dz|bx|ax 1T cb
d®a d©a d©a d@a d@a
c b c b c b c b ¢ b
—ax|caldcIbe  —dx|bdlcdIlab —dz|czlaxIlbe  —ax|dalcdIIba —dx|bx|cbIIlab
d®a d@a d@a d§ %a a a
¢ b ¢ b ¢ b ¢ b ¢ b

+az|balcblde —dz|cdlbelab  +dx|ax I (edlbe) —dx|cd (ax|ba) +dx|azx|balch

ISH
S}
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C Proof of Proposition 4

In this section we present the proof of Proposition 4. The proof uses the combinatorics of
the decorated polygons introduced in section 3. In order to be able to map the symbol of
colored multiple zeta values (CMZV’s) to polygons, we first have to relate the CMZV’s to

multiple polylogarithms. From the series representations (2.9) and (5.41), it is easy to see
that one has the relation (provided that the CMZV’s converge)

C(ma,....,mp;81,...,56) = (=1)" Gy (815 -+ 8k) (C.1)
where we defined w = mq; + ...+ my and

Hence, using the correspondence between multiple polylogarithms and decorated polygons,

we can associate to the CMZV ((my, ..., my; s1,...,5;) the polygon®
P(0,...,0 ,é6... 0,...,0 ,5,1). (C.3)
——— ———
myg—1 times m1—1 times

We start by introducing concepts needed to prove, and then prove Proposition 4. We
will in fact proof results at the level of the polygons that are slightly more general than
the results given in Proposition 4 but not imposing the restriction (mj, s1) # (1,1) (which
corresponds to divergent CMZV’s). The first proposition we give is a generalization of
statement 2 in the proposition. Statement 1 in Proposition 4 is equivalent to Proposi-
tion C.6.

Proposition C.1. The symbol of P(e1,...,en, 1) for somee; = £1 is equal to Agn(2%°™) for

Aap = (-1)&(" - 1) and a=n —max{i| e = —1}. (C.4)

’ a

We start by noting that from the Holder convolution (2.8) with p = oo it follows that
P(x1,...,2m, 1) has the same symbol as the polygon P(1—xz,,...,1—x1,1). So, without
loss of generality, we consider the polygon P(0,...,0,2,0,...,0,2,0,...,0,2,0,...,0,1)

to t1 tm
and will find its symbol, remembering to take into account the factor of (—1)". The move
from sides labelled 1 and —1 to sides labelled 0 and 2 increases the number of dissections
that have coefficient 0. The combinatorics of the dissections of polygons of this type is
best captured by a certain type of planar trees, the so-called Hook-arrow trees, which is a
change of view on the maximal dissections, and hence the symbol, of a polygon.

9There is of course the factor (—1)* of eq. (C.1) to be kept in mind.
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Hook-arrow trees. Every full dissection of a polygon uniquely defines a certain spanning
tree 7 on the vertices which are the midpoints of the polygon sides, and vice-versa. These
vertices, v1,..., Uy, inherit the label of the side they sit on and they form the vertices of
7. We induce the edges of 7 as all possible lines, between the v;, that do not cross arrows
from the dissection. Here is an example of a full dissection of a 4-gon with the spanning
tree induced:

We also induce a root on 7 as the vertex lying on the final side of the polygon. The
edges are then oriented towards the root. For the above example of a dissected 4-gon the
rooted spanning tree is:

The edges of the tree will not cross by construction; we define interlacing to reflect
this for use in the definition of a hook-arrow tree.

Definition C.2. A tree with a linear order on its vertices w; is said to be interlaced
if there exists a choice of four vertices w1 < ... < w4 such that both edges {wy,ws} and
{wa,wy} are contained in the tree.

We now give a formal definition of a hook-arrow tree and illustrate the definition with
an example.

Definition C.3. A hook-arrow tree is a rooted spanning tree on a set of vertices in a
linear order, v1 < ... < v,, which is not interlaced and has root v,,.

We can think of a hook-arrow tree as being a tree embedded in the plane on the vertices
arranged in a circle.
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o‘\\ /‘o

Figure 8. Construction of a hook arrow tree corresponding to a maximal dissection. Details are
given in the text.

Example. For the polygon P(2,0,2,0,0,2,0,1) (attached to the multiple polylogarithm
G(0,2,0,0,2,0,2;1)) we have the following possible maximal dissection

We note that, for clarity, in this example we give the arrows in the dissection of a polygon
dashed shafts.

We now construct the hook-arrow tree for this dissection, following the method outlined
in Definition C.3 (see also figure 8):

1. add vertices to the middle of each side of the polygon;
2. join all vertices that can be connected without crossing the shaft of an arrow;

3. remove the polygon and arrows and direct tree towards distinguished vertex repre-
senting final side of polygon.

We now reintroduce the dual tree view of a dissection from section 3.1 of ref. [21] as
this is also beneficial in finding the symbol attached to a polygon. As with the dissection
of a polygon using arrows, the dual tree can easily be seen in the hook-arrow tree view.
In figure 9 we illustrate the relationship between maximal dissections, dual trees and hook
arrow trees. For clarity we give the dual tree a dash-dotted line.
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Figure 9. Hook-arrow tree and dual tree (a). Polygon dissection and dual tree (b).

We now elaborate on the interpretation of a hook-arrow tree.
The association between a 2-gon in a polygon dissection, an edge of a hook-arrow tree
and a term of a tensor product in the symbol is

2-gon Directed edge Term represented
b
b °
ﬁ — i — 1 b
a a “

In the dissection of a polygon, we set the coefficient of certain terms in the symbol to
0 if the sides of 2-gons have certain combinations of labels, e.g., u(%) = 0. We do

0
the same in a hook-arrow tree when we have the corresponding edges

|

To obtain the term in the symbol, the edges of the hook-arrow tree are chosen in the

CO——O
cCO——o

for any a.

same order as the corresponding 2—gons in the dissection of a polygon. This can also be
seen by viewing the dual tree (this correspondence is shown in the above example). Note
that an explicit algorithm for this purely from the view of the hook-arrow tree can be
written.

The sign of a maximal dissection is determined, in a similar way to the polygons by first
determining the number, «, of ‘backward’ edges in the hook-arrow tree. These correspond
to edges that, respecting their direction, go from one vertex in the order of the vertices
defined by the polygon, to a previous vertex. The sign is then (—1)“.

Remark C.4. As previously mentioned, it is important to note that for every full dis-
section of a polygon there is a unique corresponding hook-arrow tree and that the method
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of extracting the symbol from hook-arrow trees is simply a different view of the procedure
for polygons. We include an overview of the construction of an hook-arrow tree because
constructing all possible dissections for the functions required in Proposition C.1 is a lot
easier to view from this perspective. The actual proof then takes place in the dual tree view.

Finally, before the proof of Proposition C.1 we require the following proposition for
which we give a sketch proof involving generating functions.

Proposition C.5. If ¢,n € Z2° then
n 3

(fn—i+c\/n+c+1
S (" () =y

Proof. (Sketch)
Let r = n—i and view the right hand side of the identity as coefficients of the generating

Z Z <T+C><n2iil>'

n+c+1
n—r

all positive integers. Then by re-ordering the summation signs for small x, and applying

function
Firstly since for r > n we have ( ) = 0, we can change the summation of r to run over
some basic properties of binomial coefficients we can arrive at

i )l fr 4 ¢ i n+c+1 (—g)rtetl
xCH ro ) \r+etl '

r=0

Then by using

m\ ., zk m-+k\ ,, 1
;<k>$ :m andthen ;( ]{j )IL‘ :m
we can show that
®(x) = => (-
n=0
which proves the result. ]

Proof. (of Proposition C.1) After applying the Holder convolution with p = oo, and without
loss of generality, we attempt to find all hook-arrow trees relating to the polygon

P(0,...,0,2,0,...,0,2,0, ... ,0,2,0,...,0,1)
N——

to t1 tm

which do not represent terms with coefficient 0 in the symbol. After some consideration
we see that these hook-arrow trees must take the following form.
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Each ¢;1 and t; 2, for i = 1,...,m — 1 are chosen integers 0 < t;1,%;2 < t; such that
ti1 + ti2 = t;. The choice of the ¢;; arises from the fact that we can choose where to
partition each group of t; vertices labelled 0, for ¢ = 1,...,m — 1, and attach them to
the vertices labelled 2, remembering that the vertices must not cross. In the case of the
function P(2,0,2,0,0,2,0,1) from the example above, where m = 3,ty = 0,t; = 1,t, = 2
and t3 = 1, we would have 6 possible valid dissections, arising from two choices of the ¢; ;
in t11 4+ t12 = 1 and three choices from t91 + t22 = 2. We note that the example above
explored the particular dissection where t11 = 0,t12 = 1,221 =1 and t25 = 1.

We will now show how it is possible to simplify this tree by effectively removing the
edges joining vertices labelled 2 and 1 and replacing them with edges connecting vertices
labelled 0 and 2. For this we return to the dual tree notation described above, and in
section 3.1. The dual tree of the above hook-arrow tree above is
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where we

define to be

o

oo -0 00
Q

ce

We claim that

AN S
\\2
can be simplified to
(_1)tk+1+1 @
times the tree
2
°
2

We will now write the tensor product of the symbol of the left hand dual tree part in
the above claim. Let us recall out convention (3.11) that shuffles takes precedence over a
tensor

a®=a®...®a andthat «®*’llc=(a®...®a)lllc
——— N——
b b
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The left hand dual tree part in the claim will have the symbol

ty

Y (=1 (; ® 29012 [I1 281 11 (; ® 2802 111 2®C>)
t,1=0
tm—1
_ Z (_1)tm—1,1 <tm—1 _tm—1,1+tm> (tm—l +tm+1> <1 ® 2®tk—1,2 111 2®(tm_1+tm+1)>
tm-1,1=0 tm1 _tm—l,l tm—l,l 2

= (_1)tk+1+1 <1 ® 9®tk—1,2 [T 2®(C+tk+1))
2

which is exactly the symbol for the tree on the right side. Note that we used Proposition C.5
in the last line of the calculation.

By repeated application of this simplification, starting with ¢ =t,, and k =m — 1, we
m
will arrive at a much simplified tree. By noting that n —a —1 = Z(tZ + 1) and recalling

i=1
that t) = a we see that this tree is

1
2
®

times a factor of (—1)(®=9=1)_ This represents the symbol

(_1)n—a—1 <; ® 9®a 11T 2®(n—a—2))

= (—1) <" . 1) 28"

Finally, by including the factor of (—1)™ from the application of Holder involution we find

= 0(")

O

Proposition C.6. The polygon P(0,...,0,e1,...,0,...,0,ex,1) for e; = £1 and at least
~—— ~——

mi1—1 mi—1

one of the m; # 1, has a symbol equal to 0.
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Proof. (Sketch) After applying Holder involution (2.8) with p = oo we try to find possible
hook-arrow trees which do not correspond to terms with coefficient 0 in the symbol. The
vertices of the hook-arrow tree will be labelled corresponding to the sides of the polygon

P(Fyl,lu <o Vo, 1 2771,27 s V1,25 27 v 72771,7717 <o Yem,ms 1)

where all the «; ; are equal to either 0 or 1. As in the proof of Proposition C.1, the vertices
labelled 2 must connect directly to the final 1 and the vertices labelled 0 must connect to
a 2. However, there is no way to connect the 1’s to any other vertex without setting the
coefficient of the term to 0. There is therefore no possible non-trivial dissection, and hence
the symbol is zero. O

D Some considerations on the implementation of the algorithm

The algorithmic approach presented in section 5 relies on the construction of the sets R®*)
defined in eq. (5.19). The algorithm then consists in selecting the elements of R which
satisfy certain factorization properties. Even though this is a mathematically well-defined
prescription, implementing this algorithm into a computer program can be hampered by
several issues,

1. The set R is infinite, and so we cannot just proceed by ‘trial and error’ to select the
elements that have the right factorization properties.

2. Factorization of polynomials is rather slow (at least on most computer algebra sys-
tems), leading to serious speed issues.

The first issue can be dealt with by decomposing R as
R = U R, (D.1)
n=0

where R, is defined as the subset of R consisting of those elements + Hle 7" such that
Ini| + ...+ |nk| = n. In order to construct the set R(Y, which is the basis out of which
R*) for arbitrary k is constructed, one can then limit oneself to truncating the tower of
sets in eq. (D.1) to some finite value N < oo. Indeed, in practical applications one does
not expect rational functions for large values of the sum n of the exponents.'’

The second item seems to be harder to solve, since it is related to the capabilities of
the chosen computer algebra system. It is however possible to circumvent this problem by
deriving from the factorization constraints a necessary condition that must be fulfilled and
that can be checked in a fast way by a computer. Since in practice most of the elements
of R will fail this constraint, one can filter out these elements and discard them in an
easier way. In the following we discuss the example of R(Y). The generalization to R is
immediate.

YEmpirically, we observe that the set RM seems to be finite in general.
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Let us consider a generic element R in R. Without loss of generality, we can assume
that we can write

N1 =Ny
_ 1 4
R =S —Nyt1 —ng (D2)
7T£+1 N 'ﬂ'k

with s = +1 and n; € N, and m; € P. Checking if R € R™ is equivalent to checking
whether 1 — R € R, i.e., whether 1 — R can be written, up to a sign, as a ratio of elements
from the set P. Writing

—Ng+1 =Nk =Nl —Ny
1 R_ﬂ-f-i—l "'ﬂ-k‘ STy ...7T£ D.3
- - N1 —ny ’ ( . )
7Té+1 . .7Tk,

it is easy to see that this condition can only be fulfilled if the polynomial in the numerator
can be factored into a product of elements in P. Let us call IT this numerator. A necessary
condition for R € R is thus that II can be divided by at least one element in P. We can
further simplify this condition by reducing it from a problem of division of polynomials to
a problem of division of integers. Indeed, we can choose prime numbers {p1,...,pn} such
that m;(p1,...,0m) # 7;(P1,...,Pm), for i # j. The necessary condition for R € R then
reduces to checking that the integer number II(py, ..., p,;,) can be divided by at least one of
the numbers 7;(p1, . .., Pm), which is in general much quicker to test on a computer. Note
however that this is a necessary, but not necessarily sufficient, condition for R € R().

E Analytic continuation of the spanning set of functions for harmonic
polylogarithms

E.1 Analytic representation inside the unit disc

The analytic expressions for the spanning set {Bj(l)(:z:)} introduced in section 6 are valid
for x € [0,1], but the functions might have different analytic representations in different

)

regions of the complex plane. In particular, since the Bl(j functions are real when x is in
the range [0, 1], Schwarz’s reflection principle implies that the elements of the spanning set
must satisfy

BY(a*) = BY (), (E.1)
where x* denotes the complex conjugate of the complex number z. We checked numerically
that the analytic expressions for the elements of the spanning set are valid everywhere inside
the unit disc, except for Bils)(x), where the correct expression for |z| < 1 is
B9 (1) = { Lis(1-2?%), if Re(z) >0 or (Re(z)=0 and Im(z)>0),
Lis(1-2%)— % o(z) log®(1—2?) , otherwise,

(E.2)
where o(z) = sign(Im(z)). In order to understand this structure, let us look at the simpler
case of weight two. Then we get
2

Lig(1 — 2%) = — log(z?) log (1- m2) — Lia (xz) + % . (E.3)
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The first term in this expression contains log(x?) = 2logz, which is real for x > 0, but
develops an imaginary part for x < 0, displaying the complicated branch cut structure of
Liz(1 — 22). A similar reasoning leads to eq. (E.2).

E.2 Analytic representation outside the unit disc: inversion relations

We now have analytic representations of the elements of the spanning set everywhere inside
the unit disc, and so we can analytically continue them outside the unit disc via inversion
relations, i.e., functional equations of the form

i 1
BJ(. )(:U) = Z Cijki Bl(cl) <x> + products of lower weight. (E4)
k,l

These functional equations can easily be obtained for the whole spanning set. Below we
show the explicit inversion formulas for weight one and two. For the the complete list of
inversion formulas for higher weights, we refer to appendix F. Letting o(z) = sign(Im(z)),
we get, for |z| > 1, x not real,

e for weight one:

> + B2 (i) p—— (E.5)
1

€T
3 1 1 1 1 1 2 1 1 1 1 1
2 1 3 1 7T2
s (5) 8 ()7

Note that the value of ¢ is ambiguous for real values of x. This ambiguity can be resolved by
the ‘ie’ prescription commonly used in the physics literature. According to this prescription,
we need to assign a small imaginary part to real value of z, i.e., if x is real, we need to
perform the replacement x — x + i€, and this replacement fixes at the same time the value
of 0. Note however that some care is needed when applying the inversion formulas to real
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values of x because Schwarz’ reflection principle implies

(i) Ly o (_1 ,
le (x tie) = ; Cijri By, (xize) + products of lower weight

1
= Z Cijkl B,(Cl) (x F ia) + products of lower weight (E.7)
k,l

1 *
= Z Cijki B,(Cl) <x + is) + products of lower weight.
k.l

If z lies on the unit circle, |z| = 1, there is an ambiguity whether to use the expression
for Bj(.z) () valid inside or outside the unit circle. We checked numerically that the two

values agree in all cases, except for Bém) (z) = Liy ((1173;)2) In this case, we find

BU9 (¢i¢) = Ly <COS12§) , (E.8)
i.e., the argument of Liy is real and greater than 1 for every x on the unit circle (except for
x = —1, where the result is divergent), and we have an ambiguity on the imaginary part
of B£15) (ei‘P). This ambiguity can be lifted by requiring the function to be continuous in a
neighborhood of the unit circle. To study this, let us consider a circle which is infinitesimally
close to the unit circle, i.e., we choose x = (1—¢) €?, for some infinitesimal e. We then find

4x 1 ) ® 9
- 1+ictan L + O ) : E.9
(14 )2  cos?§ ( ietany (<) (E-9)
i.e., we see that for |x| = 1, we have,
85115) (z) = Liy dz +ioe |, (E.10)
(1+x)?

with o(z) = sign(Im(x)).

F Inversion formulas for the spanning set

In this appendix we present the inversion formulas for the spanning set for weight three
and four, valid for x € C*.

F.1 Weight three

2 3
@, _ L (1 Loy (1 1 o,m (1 (1
By’ (xz) = zma(x)Bl (m) + 661 (:c 3™ B, . + B; ~)

1 1\? 1 1 1
By (x) = ;5" (x) + 5By <$) + B (x> ,

(F.1)

w
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BY) (z) = ino(x)log 2B (;) —ino(z) log 28 (;) n %10g2 2BV <316)
- %log2 28 <313> + %log 2B (;)2 —log 2B{Y CU) BY (i)
! >2 +log 281" (;) B CU) + %iwa(m)BP <i>2
> B (i) + %im(az)Bf‘) @)2 + éB?) (i)g
B Cﬁ) G <i - oo <i)2 By <i>
oo Q) () () () )
B (i)s 5B (i) B <i>2 + 2nB <i) + 2B (i)
— BV () By <x) + %iﬂa(x) log® 2 + %bg?" 2 — éﬁ log2 + (3,
B (z) = %logQ 28" (i) - %losz 287 (i) + %log 28;" (;)2
— log 28" (i) 5" (i) + %log plei (i)z + éBﬁ” (i)g
o (D) s (1) b () s (1) ¢ bt (1)
é )3 - 17239 <:1C> + B:(ag) (i) + élogg 2+ %WQ log 2,
B;(:) () = —%bg2 28&3) <i) - élog2 28%2) (;) + log 2[3%2) <;) 353) <i>
é 3) (i)3 - %Bf) (;) 3 <:1U)2 s észgzs) <i> _ B (i)

Nval 1 1
_Bi(’f)) <x> +§10g32— 6W210g2+c37

DO | =

+
|
%

— 61 —



8 . o) (1 1 9 (1 1 o (1\2
B:(,) ) (x) =imo(x)log 28§ ) (ac) + 3 log? 2B§ ) <x> - §log 285 ) (x)

Ry @ (1N, 1. (1N’ 1 ope (1), .0 (1
2z7ra(x)81 <$) —{—681 . 37 B . + Bs .

1 1 1
— 5@'770(33) log?2 — 8 log® 2 + §7T2 log 2.

F.2 'Weight four

1 1 o1\ 1 (1 1, m /1
Bfl)(x) :—sza(x)l?g)(m) —2485)(> +6 285)( )
4
m(y, =
4 2 4
®) 1 L ey (1) pe (1Y) T
B (@) = =518 2" B <x B \7) " 60

1
X
3 1o (INY 1 o /1N oy FINS 1o (1N\2 ) /1)2
50w =gy () el (3) 8 (5) - s (3) & (G
e (N e (1N ) (1) L @ (1) g (L
12" 5i <:1c —1_681 T 5i T +67T bi T Bi x

Lo (1N L s (1 e (1) !
2151 <x> " B\ ) B T e

1 1 1
B (¢) = —gio(x)log* 25;" <x> + gimo(r) log? 281 <ar>

2
, @) (1) zm (1

> +imo(x) log 28] <x> B, <$>
1 Pl o (1Y 1 g (]
5 > —élog 2B, <x> —i-glog 2B; (a:)
1 by (1) 1 5 (1 .o (1) 1 5 (1)

| 22() - | 22() - (1) il | 22() -
1108 B (x) + 5 log B . B . 1108 B .

1 w1\’ 1 @ (1) oo (1)
610g215’1 (1:) +210g2l5’1 . B; .
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i
1. (1) o0 (1N 1om (1N o (1N 1 opm (1)
+6B1 (m)Bl T 481 T 5i T +67T Bi T
1o (1N 20 (1Y 1 op® (1) o0 (1) 1 @ (1)
+6‘B1 (1:) 5i x 3" 5i T Bi x 2481 x
1
6

— B (x) - giﬂa(x)log 2 — 2—410g 2+ g™ log® 2 + 5

X
1 1 1\? 1 1\2 1
ryonas? ()8 (5) - g2 (1) 87 ()

1 1 1 1\* 1 1
— 7’ log28;" (x> + ; log25;” <x) + o’ log 287 <x>
1 50 14 Lo@ (1Y ) l3 1@ 12(1)

~ ol <x> B\ )B () — B L) B
L o) (1N* Lo (1Y o (1) 1 ape) (1) g (1
BETHCE (x) teBi ) Bl ) tem B (L) B ;

ooy (N 1 e (1N ag (1 1y
2151 <x> " B\g) BTG ) T agle?

1 5, o, 7t
220029 - 0
127 % "7 360
1
B @) =5 (1)

2
(. _ 1 2050 (1), 1. @ (L 1 850 (L
B, (z) = 2ma(:zc)log 2B, <x>+2z7m(a:)log281 (x +6log 2B, -
Lo ® (1Y L oe® (1YL oy e (1
4log 2B, (x) +610g261 - 57 log 2, -
1

3 4 2

1 @ (L _Lpe (1Y 1 ope (1) _pm(l

6z7ra(:z)Bl <x> 2481 <x> + &7 B, . B, .
1 39— L ogto 4 Lr?loa?9 4 T
+ 6@7ro’(3:) log” 2 24 log* 2 + 7 log®2 + )
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2
(12) o = L, 295 (1) _ 1, @ (1\", 1 352 (1
B, (x) = 2z7ra(x) log” 2B; <$> 22770(3:) log 2B, <x + 6log 2B, .

1 1\* 1 1\ 1 1
~qrowtasl? (5) o grosesl? (3) - grtions? (1)

4

L @ (1N 1o (1N 1 ape (1) e (L
+ 62770(3:)81 (a:) 2431 o B &7 B, . B, -
L oo e Lot Lt togze s ™

szo(a;)log 2 o log 2+67r log 2+45,

4 3 3

1),y _ 2,0 (1 4.2 (1) (1 4.3 (1) (1

By (@) = 361 <:U) +3B1 (3: 5i T +3B1 T Bi T
2 2 2 2

2) (1 n (1 3) (1 n /1
- (3) 80 (0) - (5) 8 (3)

2) (1 3) (1 n(1\? 1 1
-t ()8 (5) 8 () -5 (
1@ (1Y o (1N L 1.0 (1) o (L
+ 351 <x> 5 (—)+587 () B (S
Ly go (L) g (1) L
( B () B (1) 42
2
9 1 3 1 1 1 1 3
+B§>(x> B§>(I>B§)<I>+3w26§)
Lo (N1 e 1\ 1
2471 \ g 2471 \ g

1oy (1N 1 (1 e (1N L e (1)

2" 5i <$> 481 x 5i T 12" 5i x

’ 1
6

X X
+ %im(a:)zs'?) <i)2B§2) <i> + éim(x)zsf’) (i)g
e (1) e () (1) et
516>2 B éBP <i)33§2) (i) n %79653) (i) B2 <i)

1 (1N 1 e (1N pam 1) 7
2481 <x> e 5i x Bi :) 15

S R
N——
no

o)
— o~
>
VR
SN
N———
no
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Bim) (z) = 4imo(z)log? 28(1) (i) — 8imo(x) log? 2B§3) <:1c>

) — 8imo(z) log 28( ) <1> B%l) <1>
x x

2 2

n (1 ~ ) (1 1 (1
= 4 = =
<£L’ imo(z)B; <x> Bi (x)

+ 2imo(x) log 2[)’

+ 8imo(x) log 2[)’

(

;
()

Sy
iy
w
&

— 2imo(x)

SR
N———
o)
=~

w

V\/w_‘

~ Simo(w)s? (i) 4 B i) + Simo(a)log2,

B (2) = i ()8 (;) ~ 2B <i) + o B <;>4
e (e () e () ()
+ %ﬂzsg” (i) + 38" i) + By (31:) + B (313) - ?;72731,

7 N N
| —

4 3 3
(17 (= 1963 (1) Tpm @ (1), 9y ,05® (1
B, " (z) = 2481 (:c) +681 . B, . +2 og 2By .
2 2
s () s (1) () ()
T T T T

4
Sl (DY g (1) 4 g (1) go (LY
272 x 1 T 272 T 1 T
1 2 2
SICEIORICEEE
xr X X xr
2 2
@ (1 3 (1 19 ope (1Y 1
B (ac) log 2 <$> + i B, .
1 1 1 1
+ 2 tog? 289 <>+B§” () BP( > 8(3)< >
6 T T x T
3. (1 20=@) (1Y 1 o) (1Y @3 (1
+ 2[5’1 <x> log® 2B, . i B, . B .
1 1 1 1 1
() () (2) 5 (2) 8 ()
i X X X X
3) (1 5) (1 3) (1 (1 3) (1
)ui (5) -7 (5) 80 (5) +28 (3) 5 (2)
1 1\? 1
+ 28&8) ( ) ng) <> —I—B?) <) log 2[)’%3) <>
X X X
1
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35,0 (1) 5w (1) k@
9671 (:c) P ()b
! 1

X X 12

1 5.0 (1 O (1N e (1) 3,0 (1) 1,2(1

+ 7B <x>+281 B (o) 5B (o) 5B (
@ (1 © (1 (1 ay (1 3,15 (1
—92 Z 1 =92 N Z )= =
B () B () 38 (x)+354 ( Sgio (!
ey (LY pan (1) 1 o L (L
B, <$> B, <x>+67r81 <>log2 67rB1 . log 2
7

1 . 1 . 1) 1 . 1 714
— Zirlogd 2 — i3 1log 2 _ N Z) - L
217r og” 20(x) + 12177 og 20(x) B <x> (3 + 6Liy <2> ,

3 3
g (1) go (1
241 T ! x
1 2

Og —_—
X X
oo (1N 1) (1) o (1) p@ (1)
+110g 281 (1‘) +181 ; Bl 5 Bl ;
2 2
@ (1\" 1o (1) L2 (1 @ (1
B () 5} ()B ( B (!
2 1

T
1. (1Y o (1N p@ (1), 1.0
+4Bl <:E 5i T 5i T +281 T
@1\ 1 2.3 (1) .2 (1
)8 (3) - ams ()8 (G
)

L (1N, a0 @ ()8, 29 onm (1), 1w (1)
315’1 <x>log 2-B) log” 2 18" B . +282 -
3.9 (1N o0 L o o oy (1N @ (1) 1 o m (1
+2Bl <$> log* 2 127r log®2 — B, - B, - 67T B, -
@ (1Y 0 (1 W (LY s (1 3,1 (1 L2 (1
—9 it it 9 st it Z it Z it
B ()B ()+ B ()B ( w250 (1) 4 e (L
1 1 1 1 1
— 28" <x> +485Y <x> +285 <x> + 48 <x> + 68" (36)
@ (LY ) (LY a2 (1Y, LToas (1)  1oag (1
+ 3B (1:) 6, <$> 3B, <$)+4B4 o B e
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3 s (1 16) (1 18) (1 3 (1)°

1 1 1 1
28(1) < > log 2 -|- 2[)’(3) < ) log2 + 6i7r log® 20 (z) + 2i7r8§6) (x) o(x)

6
1.3 v T (1 3.0 (1
+ i log20(0) - Jintuota) - 187 (1) o= 580 (1 ) o

1 377t
6L =) -2
6L <2> 1440

G Expression of HPL’s in terms of the spanning set

In this appendix we present the results for expressing all HPL’s up to weight four in terms
of the spanning set {B } We restrict ourselves to giving the expression for a minimal set
of HPL’s out of which all other cases can be obtained via shuffle relations.!'!

G.1 Results for weight two

1 1— 2
H(-1,1;x) =log2log(l —z) —log(1 — x)log(1l + x) — §log22—Lig ( 5 x> + %,

H(0,—1;x) = —Lis(—2x),
H(0,1;x) = Lis(x).

G.2 Results for weight three

1—
H(-1,1,-1;z) = L12< 5 >log(1+x) ~log?2log(1 + z)

+ log 2log?(1 + ) — log(1 — z)log?(1 + x) 4 log 2log(1 — x)log(1 + z)

14+ (3
2 >+ 4’

1 1 1
+ 17T2 log(1+ z) + 3 log®2 — 67r2 log 2 — 2Li3 <

1-— 1
H(-1,1,1;z) = Lio < 5 ) log(l —z) — 710g2log (1—2z)+ 3 log?(1 — ) log(1 + )

C(1—x 7(3
_— — 2 — —_—
1277 log 2 — Lig ( 2 > + 3

1
—log®2
+ 5 og
H(0,-1,—-1;2) = —Lis(—=x)log(1 + z) + 5 log®(1 + a:)—ilogxlog (14 x)—zlog(l + )

1
14 :
13 <1 s > +<—3)
H(0,-1,1;z) = Lis(—x) log(l—:c)—élog (1—x)—§log 2log(1—z) + ilog2log (1—x)

1 2 1 2 1—x
~log?(1 — )1 — —log(1 — “log?2 — “—log2 — Li
+2og( x)logx 5 og( :L‘)—I—60g 3 og 13< 5 )

+ Li3(1 — x) — Liz(—x) + Lig(z) + Lis ( 2 ) — éC?n

LA set of text files containing the expressions for all HPL’s up to weight four (for € [0,1]) in Mathe-
matica is included in the arXiv distribution.
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H(0,0,—1;2) = —Lig(—x),
H(0,0,1;z) = Lis(z),

1 1 1
H(0,1,—1;2) = Lig(x) log(1 + x) + 6 log3(1—:c)—§ log? 2log(1 + x)—§ log 2log?(1—x)

1 1
5 log(1—x) log?(1 + x)—§ log?(1—x)log  + log 2log(1—z) log(1 + )
w2 w2 1. 5
+ 3 log(1 — z) +log(1l — z) log x log(1 + =) + 3 log(1+ z) + 6 log® 2

7w’ : : [ 2z : 1
T log 2 + Lig(—z) — Lig(z) — Lis <:U_1> + Li3 < >

1—2 1+2x 7
14 14 !
13<1+$> 13< 5 >+8C3,
2

1
H(0,1,1;2) = ~Liz(z) log(1—2)—; logz log*(1—) + %log(l—x)—Lig(l—x) G

G.3 Results for weight four

1. (1- 1
H(-1,1,~1,~1;z) = —Li, <2x> log®(1 4 z) — 2Lis <;x> log(1 + )

1 1

- ggg log(1+x) — 6 log® 2log(1 + x) + B log 21og®(1 + z)
1 1

~3 log(1 — z)log®(1 4 z) — 5 log? 21og?(1 + x)

1 2 2
+ 3 log 2log(1 — x)log*(1 4+ z) + % log?(1 + z) + % log2log(1 + x)

. (1+z (1
+3L14( 5 )—3Ll4<2>7

1., [1— 1-
H(~1,1,-1, L) = SLi, ( 5 x) log2 2 — Liy (2x> log 2log(1 — )

1-— 1
+ Liy (296) log(1 — ) log(1 + x) + 2Li3 (;x) log(1 — )
1 1., T 4

—2(¢3log(l — ) + ZCS log(1+ ) + T log™ (14 ) — 8 log® 2log(1 — z)

1. 3 1 3 2 2
+3 log” 2log(1 + ) — 3 log(1 — z)log”(1 + x) + log” 2log™(1 — x)

1 3
~5 log? 21log?(1 + z) + 3 log? 2log(1 — ) log(1 + z)

2

— 2log 2log®(1—2) log(1+1z)+log*(1—x) 10g2(1+x)—|—% log®(1+2)

5 2 5
+ ET(Z log210g(1—x)—% log210g(1+x)—ﬁ772 log(1—z)log(1+4x)
1. 4. a2 5 1. (1-z\> =% . [1-=z C(1-=z
+§10g 27ﬂ10g 2+§L12 (2) 75]—412 ? 2Ll4 T

o fx—1 (142 1
2L —— | — 2L —
+ 14(ac+1) 14( 2 )+480”’
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1
H(,-1,-1,-1;2) = —§Li2(—x) log?(1 4+ z) — Liz (

H(0,

H(0,

-1

_1,]—7

,—1,1;%) =

L) =

1
1

1
Fige ) log(1+ )+ §10g4(1+x)
1 w2 1 7
~ Zlogzlog® T o2 — )+
3 logwlog (14 2) 12log( +x)— Ll4(1+x)+90’
. . 1 2z 1. (1—-2
LIQ?Q(_].,Z') —+ L12’2 (2, m) + 5L12 <2> 10g2(1 + 1’)
1. 2 1. 2 1. 2
— §L12(—x) log”(1+ ) + §L12(x) log“(1+ z) + §L12(—x) log” 2
+ Liy(—x) log(1 — z) log(1 + =) — 2Liz(x) log(1 + )

2z 1
— 2Li3 < ) log(1 + z) — 2Li3 <1+ ) log(1 + x)
Lig(—2) log 21og(1 — 2) + Lis  —— ) log(1 — 2) — >y log(1 + 2)
is(—z)log2log x is {755 ) o8 ) — 1 Gslog x
7 5., 3 .
- §<310g(1 —z)+ glog (1+2z)— Elog2log (1+ )
2 1
~3 log(1 — z)log®(1 + z) — log zlog®(1 + x) — 5 log® 2log(1 + )
1 3
+ = log®(1—x)log(1+2)+log? 2log2(1+x)+§ log 2log(1—x) log®(1+x)

3

5
+ 2log(1 — ) log zlog?(1 + z) — E?TQ log?(1 + )

—log2log?(1 — z)log(1 + z) — log?(1 — z) log 2 log(1 + )
72

—|—Ilog210g (14+2z)+ —71' log(l—x)log(l—l—x)—iLM (1—:1: )

)+
— §L12 + L12 ( 9 ) L12 ) %ng(—l‘) + L14(1 - .7,‘)

1 4z 1 11—z 1 z—1
Li Lig(2)+=Lig [ 2 ) = 2Lig [ —2 ) 4 =Liy ( 2=
+ Lig(—x)+ 14(x)+2 is <(m+1)2> 5L <1+x)+2 is (x+1)
. x . 2x C(1+z Al 7
et () - () o (55 - () + i

. . 1 2z 1_. 1—2x
—Lizo(—1,2) — Ligs (2, m) — §L12 (2) log2(1 +x)

1 1 1

+ §L12( z)log?(1+ ) — iLig(x) log?(1 + ) — iLig(—x) log? 2
1—
— Lig <2x> log(1 + z) + Lizg(1 — x) log(1 4+ x) — Liz(—=x) log(1 + )
2z
+ 3Li3(z) log(1 + =) + 3Li3 ( ) log(1+ )
1-—- 17

+ 2Li3 <1 e ) log(1 + ) + Liz(—z) log 2log(1 — x) + §C3 log(1 + z)

19, 4 3 1 3
- ﬂlog (14 )+ 2log2log®(1+z) + §log(1 —xz)log”(1 + x)

7 7 1
+ 5 log zlog®(1 + z) + 5 log® 2log(1 + z) — 5 log®(1 — z) log(1 + x)

7 3
~1 log? 2log*(1 + ) — 3 log 2log(1 — z) log?(1 + x)

1

—2log(1 — z)logzlog?(1 4 z) + 2—171'2 log?(1 + )

1
+ ;log 21og?(1 — z)log(1 + x) — B log? 2log(1 — ) log(1 + x)
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3 7
+ B log?(1 — x)log z log(1 + ) — ETFQ log 2log(1 + x)

5 1 1-—

- E’]TQ log(1 — ) log(1 4+ x) + ELiQ(—CE)2 — Liy ( x) Lig(—x)
2 1 3 3 4z
T i () — Y1) — 21 ST

+ bia(oa) — SLis(os) - St - S ()

1 T 2z 1+z
Ly () —2Lig [ —2 ) + 3L (22 ) — 6L
l4<1+x) l4<x+1>+314<x+1> 614( 2 )
. (1 m
+ 6L14 <2> + %,
1 1-—
H(0,-1,1,1;z) = —§Lig(—x) log?(1 — z) + Liz (2:5) log(1 — z) — Lig(1 — x) log(1 — x)
2
+ Lig(—2)log(1 — z) — Liz(x) log(1 — z) — Lis (‘"”1) log(1 — )
T —
1 2 1
+ ZC;; log(1 —z) + £ log*(1 — z) + 9—2 log(1 +z) — 3 log 2log®(1 — z)
7 . 1 . 1
15 log zlog”(1—x) 51 log(1+x)log”(1—2x) 54 log®(14x) log(1—x)
1 1 1
~3 log 2log®(1 + ) — 1 log zlog®(1 + z) — glog32log(1 + )

1 1 1
+ Zlog2 2log?®(1—2)— —log?(1+x)log?(1 —x)—i—zlogx log(14x)log®(1—x)

16
3 1 1
+ Eﬂj log?(1 — ) + y log zlog*(1 + ) log(1 — z) + 3 log? 2log?(1 + )
13 2 2
- @7?2 log®(1 + z) — 2—4 log(1 + x)log(1 — x) + % log 2log(1 + x)

1. 1. z? (11— .
1 1 T 2z 1 4
— Liy(—2) + -Li 9Liy [ 2 ) — Li L
5 iy ( x)+2 ig(w) + 2Ly (m—l) iy ($_1> +4 l4<(a:+1)2>
1 T 2z 1+z
2Liy | —— 2Liy | —— ) — 2Li 2Li
i () i () -awi () i ()
1 m
—Lia (=)
H (2> 72
1 1
H(0,0,—1,—1;2) = —Lig(—x)log(l + z) + (3 log(1 + =) + D log*(1 4 z) — g log z log®(1 4 z)
2 4
m 2 . . 1 . x T
~ T iog(1 Lis(—2) + Lig (—— ) +L -
1z 108 (1) Lia(=e) 14<1+x>+ 14<x+1> 90 °
H(0,0,—1,1;2) = Liz(—x)log(l —x) + Egglog(l—x)—i——log (1—2)4+ —log"(1+z)

32 96

1 : 1 . 1 .
aED) log zlog®(1 — z) — o1 log(1 + z)log®(1 — z) — o1 log®(1 + z) log(1 — )

1 1 - 1 .
~3 log 2log®(1 + ) — 1 log zlog®(1 + z) — §10g3210g(1 +x)

1 1 2
— —log*(1 +x)log?(1 — z) + 1 log zlog(1 + ) log?(1 — z) + T log?(1 — z)

16 16
1 1 13

+ 1 log zlog?(1 + z) log(1 — ) + 5 log? 21og?(1 + z) — @772 log®(1 + )
2 w2 1., )

-1 log(1 + ) log(1l — z) + Flog2log(1 +x) + ZL14 (1—2%)
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. T . x
_1L14 <m2—1> L14(1—x)—§L14( )+ 2L14(x)+L14 (x 1)
1 4x 1 x 2x

-Li 2L 2Liy | —— | — 2L
1y 14((x+1)>+ 14<1+x>+ 14( +1) 14(x+1)
x

H(0,0,0,—1;z) = —Liy(—2x),
H(0,0,0,1;z) = Liy(x),

1 1
H(0,0,1,—1;x) = Liz(x)log(1 4+ z) + §<3 log(1+x) — — 1og4(1 +z)+ = 1og2log3(1 + x)

1 1
+610gxlog3(1+x) 3log 210g(1+a:)fflog 210g( +z)+ (1+x)

r( oaﬁ

— 7r—210 21o (1+$)+1Li (—z) — §Li (z) — 1Li
6 BT 2 2 4 (z+1)2 1+:U

. 2z (14 m
_L14<JJ 1 +2Ll4< +1>—2L14< 9 >+2Ll4< >+9

x
_l’_

1
H(0,1,-1,-1;z) = §Li2(x) log?(1 + x) 4 Lig(—x)log(1 + z) — Lis(x) log(1 + z)
2
— Lis ( x
T —
14

2

. )
log(1+ ) — 1(3 log(1+x) + 8 log™ (1 +z) — 5 log 2log®(1 + z)

)
) log(1 + ) + Li (1;6) log(1 + 2) — Lis G +i) log(1 + z)
)

1 1 1
—5 log(1 — x)log®*(1 4 z) — 8 log zlog®(1 + z) — 3 log® 2log(1 + )
1 1
+ G log®(1 — ) log(1 + z) + 1 log? 21og?(1 + ) + log 2log(1 — z) log?(1 + z)

2
1
+log(1 — z)log zlog?(1 + z) — % log?(1+ z) — 5 log 2log?(1 — ) log(1 + x)

1 2 2
~3 log?(1 — ) log z log(1 + =) + % log2log(1 + z) + % log(1 — z) log(1 + x)

1 1 1 4x 1 2x
— ZLia(— L Tlig [ Lis [ —— ) — Li
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