SMB problems sheet 1: partial differentiation
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Find the partial derivatives fu, fy, foz: fyy, foy and fyz when f(z,y) is

(1) xy? + 2%y + 2394, (ii) /22 + o2, (i) sin(zy), (iv) arctan(y/z), (v) exp(zy?).

. Find the partial derivatives f;, fy and f. when f(x,y, 2) is

(i) 2y + x2 + yz, (i) V2% + 2y% + 322, (iii) cosh®(wyz), (iv) arctanh(m+q,+z) (v) zexp(y/x).
For f(z,y) = \/W show that xg +y 8f = f.

Ox 8y
For f(z,y) = In /2% + 32, show that m?—l—ygf 1.
1 2 02 0
Show that for ¢t > 0, u(z,t) = % exp ( — %) satisfies the partial differential equation (’9—;; = 8—1:
b . : . Qu :
Let f(x,y) = u(z,y)e** ¥ where u(z,y) is a function for which 950y = 0. Find values of the
2
constants a and b such that 88mafy — % — g—gjj +f=0
For which values of the constants a, b and ¢ does u(z,y) = ax + by + ¢ satisfy the equation

ou\> ou\?

— | +(%x ) =97

Ox dy
For which values of the constants o and 8 does u(z,t) = sin(ax) sin(ft) satisfy the wave equation
U = CCugy?
For f(x,y) = 22 — 92, use the chain rule to find % along the curve z = 2 cost, y = 3sint.

Let f(z,y) = e*¥”. Use the chain rule to find the value of % at the point on the curve x = tcost,
y = tsint where t = 5.

Let f(z,y,2) = 2%e?Y cos 3z. Use the chain rule to find the value of % at the point on the curve
x = cost, y =In(t + 2), 2 =t where t = 0.

Compute the partial derivatives f, ft, foz, fot and fi for each of the following functions.
(a) f(x,t) =22%(x —t), (b) f(x,t) =cos(x —t)+sin(x+t), (c) f(z,t) = zsin(zt) +tlog(z/t).

If f is a function of z and y, where x = e*“coshv and y = e“sinhv, show that
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If f is a function of z and y, where z = %(u2 —v?) and y = uv, show that
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If f is a function of z and y, where x = e* cosv and y = e" sinwv, show that

0% 02f:ezu<32f 82f>

ou? " v a2 " 9y?

Ifx=a+4+u+vand y=>b+ cu— cv, where a, b and ¢ are constants, and V is a function of z and

y, find Vi, Vi, Vaw, Vay and Vy, in terms of the partial derivatives of V' with respect to u and v.

Given that V(r) = a/r, where 72 = 22 + y? + 22 and « is a constant, evaluate

0%V N 0%V N 0%V
ox?2 = 0y? 022

for r # 0.

Find the general solution u(x,y) of each of the following partial differential equations:
0 0? 0? 0]

(i) 8—3 =4z +siny, (i) 8—;; =y, (i) Wauy =22 492 (iv) 8—;2‘ = —a?sin(zy).

Find the solution u(z,t) of the equation uy; = 0 satisfying the initial conditions u(x,0) = z2,

ug(x,0) = —x.

Remembering what you learned about solving linear ordinary differential equations of first order,
solve the following problems.

(i) Find the function u(z,t) which satisfies the partial differential equation zu, + 3u = z? and
the boundary condition u(1,t) = (¢t + 1)/5.
(i) Find th L solution =(z, y) of the equation z22 — 22
ii) Find the general solution z(x,y) of the equation t— — — =
g Y q 02 or
Use the change of variables s = 2 — y and t = x — 2y to find the general solution of the partial
differential equation
0 f o*f  0*f
2—=+3 — =0

ox? + Oxdy + oy?

If u= f(2z — y) + g(xz — 2y) show that

2 2 2
8u+58u+28u

2= — =0.
Ox? Oxdy 0y? 0

For the equation u; = 3u,, use the change of variables s = z + 3t, v = x — 3t, to find the solution
u(z,t) which satisfies the initial condition u(z,0) = exp(—z?).

Expand f(x,y) = 3%/ about the point (1, —1) up to and including quadratic terms.
Expand f(z,y) = sin(zy) about the point (1, %) up to and including quadratic terms.
Expand f(z,y) = e about the point (2,3) up to and including quadratic terms.

Find and classify the critical points of the following functions

(i) f(z,y) = 2° +y° — 3z — 12y + 20, (i) f(z,y) = 2* +4a?y® — 22% +2y° — 1,

(i) () = (22 +y?)? = 8(a® —y?), (iv) flz,y) = " V' 7201,

The material used to make the bottom of a rectangular box is twice as expensive per unit area as

the material used to make the top or side walls. What are the dimensions of the cheapest box of
volume 12 cm3?

The internal surface area of a rectangular box without a lid is 27 cm?. What dimensions give the
maximum volume?
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For more questions on partial differentiation see Riley ch. 5. All except questions 5.20 ...

Find the total differential of the following functions:

(a) f(z,y) =we™*>

(b) f(r.1) = wsin(a)

(c) f(z,y,2) = sin(zyz)

(d) f(x,y,2) = sin(x? + 3% + 22).

Determine which of the following are exact differentials:

(a) 4z +3)ydz + z(2x + 1) dy;

)
(b) ysinzdx + xsiny dy;
(c) y*(Inz + 1) dr + 3zy? Inx dy;
(d) v3(Inz + 1) dy + 3zy* Inz dx;
(e) [x/(2*+y*)ldy — [y/(a* + y?)] da.
(f) (v +322)dz + 2zy dy
(g) (22 4+ 3y?)dz + 22y dy

Show that df = y(2 — 22)dz + z(x + 2)dy is not an exact differential.

Find the differential equation that a function g(x) must satisfy if d¢p = g(z)df is to be an exact differential.

Verify that g(x) = e~ is a solution of this equation and deduce the form of ¢(x,y).

The Dieterici equation of state for a gas takes the form PV = RT exp(—a/(VRT))

, in which o and R are

constants. Calculate expressions for (OP/0V)r, (0V/0T)p, (0T /IOP)y, and show that their product is

—1, as stated in lectures.

The temperature of a point (z,y, z) on a sphere of radius 3 is T'(z,y, 2z) = 1 4+ 2zy + 2yz. Using Lagrange

multipliers find the temperature of the hottest point on the surface of the sphere.

Given that the internal energy U satisfies dU = TdS — PdV (where P is the pressure, V the volume, S
the entropy and T the temperature) derive a Maxwell relation connecting (0V/9T)p and (0S5/0P)r.

The entropy S(H,T), the magnetisation M (H,T) and the internal energy U(H,T') of a magnetic salt
placed in a magnetic field of strength H at temperature T" are connected by the equation T'dS = dU—HdM .

Prove that (OM /0Ty = (0S/0H)r.

For a particular salt M (H,T) = My[l — exp(—H/T')]. Show that, at fixed T, if H is increased from zero

to a strength such that M = 1/2M,, then the entropy S decreases by Mo(l —In2)/2.
The functions f(z,t) and F(x) are defined by f(z,t) = cos(xt),

calculation that dF/dx = f(z,x) + [ 0f (x,t)/0xdt.
Find the derivative with respect to x of the integrals
(a) I(x) = fol sinh(zt?) /tdt.

(b) I(z) = [ exp(at)/tdt.

(c) I(z) = ffz cos(zt)/tdt.

Given that [ e~*'dt = o', prove, without explicit integration, that [, t"e~*'dt =

By considering [, sin(zy)dz, show that [ [sin(zy) + zy cos(zy)|dz = msinmy.

are appropriate.

(z,t)dt. Verify by explicit

5.24



