
SMB problems sheet 2: multiple-integration

Single Mathematics B. Epiphany Term

48. Sound waves in a conical pipe, such as an oboe or bassoon, are assumed to satisfy the wave equation

∇2ψ =
1

c2
∂2ψ

∂t2
.

Furthermore, they are assumed to be spherical waves; in other words, within the pipe ψ is a
function only of time t and the distance r from the pointed end of the cone. Starting with the wave
equation in spherical polar coordinates, show that the product rψ satisfies the one-dimensional
wave equation. The boundary conditions are rψ = 0 when r = 0, and ψ = 0 at the open end where
r = L. Deduce that the harmonics are the same as those of a cylindrical pipe of the same length
which is open at both ends.

49. The displacement u(x, t) of a vibrating string satisfies the wave equation utt = c2uxx, with boundary
conditions u(0, t) = u(L, t) = 0. Find the solution with initial conditions u(x, 0) = R(x), ut(x, 0) =
S(x), in each of the following cases.
(i) R(x) = sin(2πx/L), S(x) = 0;
(ii) R(x) = −4 sin(3πx/L), S(x) = 5 sin(5πx/L);
(iii) R(x) = [sin(πx/L)]3, S(x) = 0 [Hint: (sin θ)3 = (3 sin θ − sin 3θ)/4].

50. Find the solution u(x, t) of the wave equation utt = c2uxx for 0 ≤ x ≤ 2π, with boundary conditions
u(0, t) = u(2π, t) = 0 and initial conditions u(x, 0) = 6 sin(x) − 2 sin(x/2), ut(x, 0) = 3c sin(3x/2).

51. Disturbances u(x, t) of a string of length L, fixed at its ends, obey the wave equation for 0 ≤ x ≤ L,
with boundary conditions u(0, t) = u(L, t) = 0. If the initial displacement of the string is u(x, 0) =
R(x) and its initial velocity is ut(x, 0) = S(x), find an expression for u(x, t) in the form of a sum
of harmonic modes, in each of the following cases.
(i) R(x) = kx(L− x), S(x) = 0;
(ii) R(x) = 0, S(x) = v (constant)
(iii) R(x) = 0, S(x) = sin(2πx/L) for 0 < x < L/2, S(x) = 0 for L/2 ≤ x < L;
(iv) R(x) = 0, S(x) = x, L = π.

52. A piano string of length L is initially at rest in equilibrium with its ends fixed. It is struck by a flat
hammer head of width d centred on a point a distance a from one end. The corresponding segment
of string receives constant transverse velocity v. Express the subsequent motion of the string as an
infinite sum of harmonic excitations. Show that by choosing a appropriately, any given harmonic
other than the lowest may be excluded .
[Hint: you may find it useful to use the trigonometric identity cos(2P ) − cos(2Q) = 2 sin(P +
Q) sin(Q− P ).]

53. Use the method of separation of variables to find the solution θ(x, y) of Laplace’s equation

∂2θ

∂x2
+
∂2θ

∂y2
= 0,

for 0 ≤ x ≤ a and y ≥ 0, given the boundary conditions θ(0, y) = 0 = θ(a, y) and also θ(x, y) → 0
as y → ∞, and θ(x, 0) = βx, where β is a positive constant.

54. Evaluate the following double integrals

(i)

∫ 2

0

∫ 1

0

(x2 + y2) dxdy, (ii)

∫ π
2

0

∫ 4

0

x cos y dxdy, (iii)

∫ 2

1

∫ 2

1

xy√
x2 + y2

dxdy,

(iv)

∫ 1

0

∫ y+1

−1

(xy − x) dxdy, (v)

∫ 1

0

∫ x

0

x cosπy dydx, (vi)

∫ 1

0

∫ y

0

xyex2

dxdy.

55. Evaluate the following double integrals

(i)

∫ ∫

R

x3y dA where R is the interior of the triangle with vertices (0, 0), (1, 0) and (1, 1);

(ii)

∫ ∫

R

√
xy dA where R is the finite region enclosed by the curves y = x2 and y = x3.

56. Use a double integral to find the area of the interior of the ellipse
x2

a2
+
y2

b2
= 1.

57. Find the area of the bounded region determined by the curves xy = 6 and x+ y = 5.

58. Evaluate the following double integrals by changing the order of integration

(i)

∫ π
2

0

∫ π
2

x

sin y

y
dydx, (ii)

∫ 1

0

∫ 1

√
x

sin

(
y3 + 1

2

)
dydx, (iii)

∫ 1

0

∫ 1

x2

x3√
x4 + y2

dydx.

59. Use polar coordinates to evaluate the following double integrals

(i)

∫ ∫

R

e−x2−y2

dA where R is the region bounded by the circle x2 + y2 = 1;

(ii)

∫ ∫

R

x√
x2 + y2

dA where R is the region x2 + y2 ≤ 9, x ≥ 0 and y ≥ 0.

60. Evaluate the integral ∫∫

A

(
x2

x2 + y2

)
dxdy,

where A (for annulus) is the region between the two circles x2 + y2 = 1 and x2 + y2 = 4.

61. Evaluate the following triple integrals

(i)

∫ 1

0

∫ 1−x

0

∫ 2−x

0

xyz dzdydx, (ii)

∫ π
2

0

∫ 1

0

∫ 2

0

zr2 sin θ dzdrdθ,

(iii)

∫ π

0

∫ π
4

0

∫ secφ

0

sin 2φ dρdφdθ.

62. Evaluate the triple integral

∫∫∫

Q

x dV where Q is the region bounded by the planes x+ y+ z = 1,

x = 0, y = 0 and z = 0.

63. Evaluate the triple integral

∫∫∫

S

exp
[
(x2 + y2 + z2)

3
2

]
dV where S is unit sphere centred at the

origin.

64. Evaluate

∫∫∫

Q

(x2+y2+z2)−3/2 dV , where Q is the region bounded by the spheres x2+y2+z2 = a2

and x2 + y2 + z2 = b2, with a > b > 0.

65. Evaluate the triple integral

∫∫∫

Q

(x+y)2 dV where Q is the solid hemisphere z ≥ 0, x2+y2+z2 ≤ 4.

66. Find the volume of the finite region bounded by the paraboloid z = 4 − x2 − y2 and the xy-plane.

67. Find the volume cut off the paraboloid x2 + y2 = hz by the plane z = h.

68. Find the volume of the solid bounded by the paraboloids z = 1
4 (x2 + y2) and z = 5 − x2 − y2.

69. A new auditorium is built with a foundation in the shape of a quadrant of a circle of radius 50 feet.
Therefore, the foundation forms a region R bounded by the graph of x2 + y2 = 502 with x ≥ 0 and
y ≥ 0. The sloping floor is modelled by the equation z = (x+ y)/5, and the ceiling is modelled by
the equation z = 20 + xy/100. A heating engineer needs to know the volume of the hall. Can you
calculate it?
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70. The sombrero surface is defined by the equation

z =
sin r

r
, where r =

√
x2 + y2.

Find the volume of the central peak, above the plane z = 0. Find the volume of the first trough,
below the plane z = 0. Show that successive ridges above the plane z = 0 and troughs below that
plane have the same volume.

71. Find the work done by the force F = x2yi− xy2j along the straight line from (1, 1) to (4, 2).

72. Evaluate
∮

[(x+ 2y) dx− 2x dy] along each of the following closed paths, taken anticlockwise:
(a) the circle x2 + y2 = 1;
(b) the square with corners at (1, 1), (−1, 1), (−1,−1) and (1,−1);
(c) the square with corners at (0, 1), (−1, 0), (0,−1) and (1, 0).

73. Use Green’s theorem to evaluate
∮

(2x dy − 3y dx) around the square with vertices (0, 2), (2, 0),
(−2, 0) and (0,−2).

74. Use a line integral to find the area inside the curve x2/3 + y2/3 = 4.
[Hint: take x = 8 cos3 θ and y = 8 sin3 θ on the curve.]

75. For the force field F = −yi+ xj+ zk, calculate the work done in moving a particle from (1, 0, 0) to
(−1, 0, π)
(a) along the helix x = cos t, y = sin t, z = t;
(b) along the straight line joining the points.

76. Evaluate each of the following integrals in the easiest way you can.
(a)

∮
(2y dx− 3x dy) around the square bounded by the lines x = 3, x = 5, y = 1 and y = 3.

(b)
∮

C [(x sin x− y) dx+ (x− y2) dy] where C is the triangle in the (x, y) plane with vertices (0, 0),
(1, 2) and (2, 0).

88. Compute the Jacobian on changing variables from cartesian co-ordinates (x, y) to polar co-ordinates (r, θ)
to show that the area element dA = rdrdθ.

89. Compute the Jacobian on changing variables from cartesian co-ordinates (x, y, z) to spherical polar co-
ordinates (r, θ, φ) to show that the area element dA = r2 sin θdrdθdφ.

90. Find the centre of mass of the objects (assuming uniform density) in

(i) Question 66

(ii) Question 67

(iii) Question 68
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