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Riemannian Geometry IV

Solutions, set 5.

Exercise 10.
(a) Let p= (X,Y,Z) € W2 Then

L,={(X.Y,2)+t(X,Y,Z+1) |t € R}
and

A X

We conclude that

X v
XV, Z) = 50—, 5 B2
f( Y Y ) (Z—‘—l’Z—‘—l,O)G

_ _ . _ . o X
Conve;sely, let f~'(2,y,0) = (X,Y, Z) with X*+Y? = Z°~1. Since x = 7,

Yy = 7, we conclude that

. , X24+Yr  Z22-1  Z-1
YT Zyr T Zr1 Z+U

2 2
so 7 = % and Z +1 = ﬁ We conclude that

i@y, 0)= (XY, 2) = (Z+ Dz, (Z + 1)y, Z)

2x 2y 1+ 22+ 32
1—22—y2' 1 —22—y2' 1 —a22—9y2)"

(b) We have

B - inh v, sinhys |
1 — fo 1 — L Ccos ———SIn 0].
V(Y1 y2) = fow (Y1, 92) (1 + cosh 1, 1 + cosh g -



(c) Let p = ¢ Y1, 22) = (cosx sinh xy, sin z; sinh x5, coshwy). Then
f(p) = ﬂ)il(‘rlum?)u SO Y1 = T1, Y2 = T2. So

£(p) sinh x5 sinh x ) 0
= ——"—cosz;,———sinx )
P 1 + cosh x, "1 + cosh z9 b

Moreover, we have

0 1

By i)~ 17 cosha, \ Shzasiny, sinhz; cos21,0),
1 P 2

0 1

BN = T inz,0).

Y21 1) 1 + cosh (coszy, sinzy, 0)

We know from Example 14 (a) that
0 0
| 2 — ginh?
<@x1 p7 @xl p>p ST T2,
0 0
(2Lay -
Oxy lp” Oz lp p

<i 9 > _ 1
8952177895217]3 '

We obviously have

(oo Bl
— e = 0.
Oy1 5w Oy | () F(»)
Since )
o sinh”xy
(where || - ||o denotes the standard Euclidean norm,) we conclude that
2
1— 2= _ 2
17O = o
We calculate
<i o > _
Oy Lsw)” Oy 1) 7()
4 1

. , _ )
(1- ||f(p)||(2))2 (1 + cosh 2)? | (— sinh 5 sin 21, sinh 25 cos 21, 0) || =

. 2 . . 2 . 2
sinh? xs sin? z; + sinh? 25 cos? x; = sinh? z.



Similarly, we obtain

<i > _
a?/2 f(p) f(p)

4 1 |
(L= [If()13)* (1 + coshz)?

0
) Oya

(cosxy,sinxy, 0)||2 =
cos?xy +sinzy = 1.
Exercise 11.
(a) We calculate

DIA0) = 2| a4 eI Al

dt e dtli=oc(z +tv) +d
_av(cz+d) = (az +b)cv  (ad —bc)v 1 ;
B (cz+d)?  (ez+d)? (cz+d)?

where we used in the last step that det A = ad —bc = 1. The imaginary part
of fa(z) is related to the imaginary part of z in the following way:

az+b) . ((az+b)(cz+d))

cz+d lcz + d|?

ti(f4(2)) = I (

1 — bo)l I
= 7Im(ad2+bc,§+ac|z‘2 +bd) _ (ad bC) m(z) B m(z)

lcz + dJ? lez + d| ez +df*
We conclude that
1 1
9ia(z) (Dfa(2)(v), Dfa(z)(v)) = Im(f4(2))2 ez + d‘4<v,v>
_ lcz+d|* 1 (0. 0) = 1 (0,0} = g.(v, v),

Im(z) |ez+d*"’ Im(z)

SO fa is an isometry.
(b) One easily checks that fa,(2) = 2+ 2 and fa,(2) = yz for 4; =

1 x yl/? 0 .
01 and Ay = 0 yu2) The group action property tells us then

that
fAlAQ(i) = fA1 © fAQ(i) - fA1(iy) =x+y € HQ:

3



which means that {f4(i) | A € SL(2,R)} = H?.
(c) First let A = (

cosa  sin«

: ) be an arbitrary matrix in SO(2). Then
—sina cosa

7 () 1cosa + sin o (si 4 )( +isina) )
1) = = (sina + 2 cosa)(cosa + 2sin o) = 7.
A —1sin o + cos «

Conversely, let A = (CCL Z) be such that

at+b .
ca+d

fal(i)

Then ai+b = —c+di, i.e., a = d and b = —c. Moreover, 1 = ad—bc = a®+b>.
Therefore, there exists a € [0, 2m) such that a = cos @ and b = sin « and

A ( COS (v sma) € S0(2)

—sina  cos o

Exercise 12. T? is the rotation of a circle in the (X, Z)-plane with centre
(R,0,0) and radius r > 0 around the vertical Z-axis.
We first note that

19)
8—551 ]V,_l(mm) = (—rsinz cos zy, —rsin z sin xq, r cos 1),
0 .
a—%bq(gjhm) = (—(R+ rcoszy)sinxzy, (R + rcosxz) cosxg,0).

This implies that

(9597 (@1,2)) = (%2 (R+ r(c]:osxl)Q) '

So \/det(gi; (¢~ (x1,2)2))) = r(R+rcoszy). Since ¢ (V) = U C T? covers
all of T2 expect a set of measure zero, we obtain

vol(T?) = vol(U) = / r(R + rcosxy)drydry
v

27 27
= / / r(R +rcoszy)dridry = 47°rR.
o Jo



Exercise 13. The formula for the hyperbolic volume yields

r2—(z—x0)>?

VOI(AP1P2P3):/ / d_gdx:/ o dx
1 \/ 12— (z—120)2 ) zy Yloo

vz 1 1 [*2 1
:/ dx:—/ S S
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. To — I . 1 — Ig . To — I . o — I1
= arcsin —arcsin B = arcsin “4-arcsin B .
r r

The picture implies that cosa = =, Since o € (0,7/2), we have

o — I
Q= arccos .
r

Similarly, we conclude that

To — X
[ = arccos .
r

Using arcsin(z) + arccos(x) = 7/2 we finally obtain the desired formula:

vol(A P, P,P3) = arcsin (xQ — xo) + arcsin (:zco ; xl)
r

To — Xo Ty — T
= 7T — arccos — arccos 5 =1—a—f.
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