Analysis ITI/IV (Math 3011, Math 4201)

Solutions to Exercise Sheet 6 26.11.2009

1. From f(x+h)—f(x) = Ah = Df(x)h+ R(h) we conclude that Df(z) = A
and R = 0. Moreover, from

g(z+h) —g(x) = (h, Az) + (x, Ah) + (h, Ah) = ((A+ AT )z, h) + (h, Ah),

we conclude g(z+h) —g(z) = 2T (A+ AT)h+ R(h) with R(h) = (h, Ah).
Since )
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the correction term R(h) behaves the right way and we have Df(x) =
zT(A+ AT).

2. foc(t) = ¢ for all ¢ implies that (f oc)'(t) = 0 for all ¢. The chain rule
yields

(foc)(t) = Df(ct))e(t) = (VF(e(t),é(t)) =0 for all t.

V f(z) is perpendicular to the tangent vector ¢(0) of any curve ¢ : (—e¢, €) —
U with f oc constant and ¢(0) = .

3. (a) We have

div(fF)() =2 8(55") (£)=3 gj (2)F() + f(x)gi ()

i=1

= (Vf(z), F(z)) + f(x)divF(z).
(b) Using the product rule, we obtain

V(0@ = (52w G w) = 10 Tala) + 970

This implies with (a)

A(fg) = divV(fg) = div(fVg)+div(gV[f) = fAg+2(V [, Vg)+gAf.

4. Note first that g—;(m) = \/ﬁ = r’(”;). This immediately implies
1 n

that Vr(z) = Tlx)x Let f = foor. Then, by the chain rule, g—i(x) =

fé(r(x))g—;(x), Thus, we have




The components F; of F(z) = Tlx)x have the partial derivative

F; 1 oOr 1 x? 1
Omi(x)__ () + = — +

This implies that
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Let f = foor. We already know that Vf(z) = fi(r(z))F(z), and thus,
by Exercise 3(a) and (F(z), F(z)) = 1,
(Af) (@) = (div(Vf))(x) = (V(fg o r)(z), F(z)) + fo(r(z))divF (z)

x, F(x)) + fé(?”(fc‘)):LA(—;)1 = fo(r(x)) + T;(—;)lfé(r(x))-

2%1

. We have Df(z1,22) = ( 1

(0,0), Df(0,0) = <(1) 8) would have to be an invertible matrix, which

02>. If f were locally invertible at = =
35

it isn’t. Since Df(1,1) = <2 0) is invertible, f is locally invertible at

1 3
x = (1,1), by the Inverse Function Theorem. Moreover,

_ _ _ 1/3 0
Df ) = 05 = sy = 5 () 9).



