Analysis ITI/IV (Math 3011, Math 4201)

Solutions to Exercise Sheet 2 29.10.2009

(a) There exists an € > 0 such that, for all ny there exists an n > ny
with d(x,,x) > €, or shorter, there exists an € > 0 and a strictly
increasing sequence n; of natural numbers with d(xy;, ) > €.

(b) There exists an € > 0 such that, for all ng there exists an n > ng
and x € [a,b] with |f,(xz) — f(x)| > €, or shorter, there exists an
€ > 0, a strictly increasing sequence n; of natural numbers, and a
sequence x; € [a,b] such that |fn. (zj) — f(zj)| > €.

. Assume that f, — f € B([a,b]). Let « € [a,b] and € > 0. Then there
exists an ng such that d(f,, f) < €/3 for all n > ny. In particular,
d(fne, f) < €/3. Since fp, is continuous, there is a 6 > 0 such that
| fro (¥) — fro(x)] < €/3 for all y with |y — x| < §. This implies that

1f(@) = f)| < 1f(@) = fao(@)] + [ fro (@) = Fro (W) + | fro(¥) — f(y)]
< (S, frg) + €/34d(f, fry) < €/3+€/3+€/3 =,

for all y with |y — 2| < §. This means that f is continuous at z.

. Choose, e.g., U; = (=1, 1). Then N2, U; = {0} and this is not an open

set since no open ball Zarz)und 0 is completely contained in it.

Note that every open ball B(z,r) = (z — r,x + r) in R contains both
rational and irrational points (Q is dense in R). If Q were open, there
were an open ball around 0 completely contained in QQ, which contradicts
to the above observation. Likewise, if QQ were closed, there were an open
ball about 7 € Q° = R\Q consisting only of irrational points which,
again, is not possible.

. We have
||v+w\|2+ ||v—wH2 = (v+w,v+w)+ (v—wv—w)
= |l + lwl* + 2{(v,w) + [[v]|* + [[w]* = 2(v,w)
= 2(lvll” + lw]?) -

Assume, w.lo.g., [a,b] = [0,1]. Choose, e.g., f(z) =1 for all z € [0,1]
and g(z) = z for all x € [0,1]. Then ||f|loo = |9llcc = 1, [|f + glloc = 2
and || f — gllec = 1, contradicting to the parallelogram equation.

. Choose, e.g., I, = (0, %) Then I; DIy D I3 D --- and

o0

I, = {0}.
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