Analysis ITI/IV (Math 3011, Math 4201)

Solutions to Exercise Sheet 15 18.03.2010

. (a) We have
dw = 3dx ANdy N dz.

(b) An almost coordinate chart of E is given by
w:V:=(0,2m)x(—7/2,7/2) = U CE, ¢(a,B) = (acosacosf3,bsinacos3,csinf3).

The points, which are not reached by this parametrisation form a smooth
curve connecting south and north pole of the ellipse. This is a set of
measure zero. Then we have

Wy = g—z(a,ﬁ) = (—asinacosﬁ,bcosacosﬁ,O)T,
w3 = g—g(a,ﬁ) = (—acosasinﬁ,—bsinasinﬁ,ccosﬁ)T,
wy = g—z(a,ﬁ) X g—g(a,ﬁ) = (becos acos® B, acsin o cos® B, absin o cos ﬁ)T.

By construction wq, wo, w3 have the same orientation as eq, es, e3 and at
o(m,0) = (—a,0,0) we have wy = (—bc,0,0), so that the outer unit nor-
mal vector is positively oriented with respect to the orientation induced
by this coordinate chart.

We have
o= o=
E U |4

¢ w =acosacos Bd(bsinacos ) A d(csin F)—
—bsin acos B d(acos acos B)A d(esin 3)+esin 5 d(acos acos B)A d(bsin acos ) =
= acos acos B(bcos acos fda — bsin asin fd3) A ccos BdF—
— bsin v cos B(—asin a cos fda — a cos asin Bd3) A ccos BdfF+
+csin f(—asin a cos fda—a cos asin SdF)A (b cos a cos Bda—bsin asin fdf) =
= abc(cos? o cos® f+sin? a cos® B+sin? asin? 3 cos f+cos? asin? § cos §) daAdB =

= abe(cos® B+ sin? B cos B) da A df3 = abecos fdo A df3.

and

Thus

/w:/ gp*w:/ / abc cos B dBda =
E \% (0,2m) J (—pi/2,7/2)

= 27rabc/ cos B dB = 4mabe.
(=m/2,m/2)



2. (a) Let x = (x1,x2,23). We have

F _ el — 322
O (a7 + 73 + 23)0P2 E

This implies that

3
0 (0 w 3ljoll® - 3l
=2 <8xi Hw||3> A dr s =T |

i.e., dw is closed.

(b) Let v = (v1,v2,v3) and w = (wy,wy, ws). Then

v X w = (Vawz — V3Wa, V3W — VIW3, V1 W2 — VW)
and

(v X w,x)

z1(v2ws — v3wa) + Ta(vzwi — Viws) + x3(Viwe — vaw)
x1dxo A drs(v,w) + xo drs A dxi(v,w) + x5 dry A dzg(v, w),
which immediately implies the equation in part (b).

(c) We choose the (almost global) coordinate chart @ : (0,27)x(-3, %) —
Sr(0), given by

O (o, 3) = (rcosacos B, rsinacos 3, rsin (3).
Then we have

0P

a—(a,ﬁ) (—rsinacos 3, cos acos 3,0)
Je
g—(;(a,ﬂ) = (—rcosasinf, —rsinasin 3, r cos a).

At the point z

®(0,0) = (r,0,0) we have n(z) = (1,0,0) = ey,
82(0,0) = (0,1,0) = ez and $%(0,0) = (0,0,1) = e, so the outward
unit normal vector is positively oriented. Since

O*dxq —rsinacos fda — rcos asin 3 df,
O*dxo r cos a cos 3 da — rsin asin 3 df3,
®*drs = rcos[dpS,
we obtain
Q" (x1dxg A dxs) = rcos a cos 3(r? cos a cos? B)da A df,
= r3cos?® accos® Bda A df,
Q" (xodws A dxy) = rsin a cos B(r? sin a cos? B)da A dj,
3 qin2

= 13 sin? accos® Bda A df,
®*(x3dxy A drg) = rsinB(r?sin? asin Bcos B + r? cos? asin 3 cos 3))da A df3,

= r3sin? Bcos Bda A df.



This implies
d*w = (cos® B + sin? B cos B)da A df = cos B da A dp,

and we conclude that

2w /2 2w
/ w:/ / cosﬂdﬂda:/ 2da = 4m.
Sr(0) 0 J—m/2 0



