Analysis ITI/IV (Math 3011, Math 4201)

Solutions to Exercise Sheet 12 18.02.2010

1. A quick solution goes as follows: Two alternating k-forms in R™ are the
same if they coincide on tuples of basis vectors with increasing indices.
In the case k = n, there is only one such tuple, namely, (e, e, ..., e,).
Since

det(ey,...,en) =1,

we have o = det.

We also provide another (longer) proof without using the above fact: Note

first for any sequence 1 < iy, ...,4, < nofindices, we have a(e;,,...,€;,) =
0 if at least two of the indices coincide. Hence, the only sequences of in-
dices for which « doesn’t vanish, are permutations o : {1,...,n} —

{1,...,n}. We denote the set of all such permutations by S,,. Since « is
alternating, we have for every o € Sy:

a(es(1)s- - »€o(n)) = Signo.

Now, let v; = Zj a;jej for 1 <i < mn. Then we have

a(vl, ..., v,) = a(Zaljej,...,Zanjej)
J J
= Z a1y ...amna(eil,...,ein)

1<iy,..yin<n
= D o) - Gno(m)@(Ea(1)s - s on))
0ESy
= Z Sign(a)ala(l) -+ Apo(n)
0ES
ailp ... A1p
= det| : t | =det(ve, ..., vp).
QAn1 QAnn

2. We have
O AN = (zdr —ydy) A (zdz Ady + zdy A dz) = 2> dz A dy A dz

and
dAPAp=dNA(AY) =zdz A (22de Ady Adz) = 0.

The exterior differentials are
dp = dxANdrx—dyNdy =20,
dyp = dzeNdzxNdy+drANdyNdz=2dx NdyAdz,
dp = dzANdz=0.



3. (a) Let f(t) = g(tx, ty,tz) = thg(x,y, z) for t > 0. Using the chain rule,
we conclude that

0 0 0
f') = xa—i(taz,ty,tz)—l—ya—z(tx,ty,tz)—i—za—z(m,ty,tz) = ktkilg(l‘,y, z).
This yields, at t = 1,

dg dg dg B
T (z,y,2) + yay (w,y,2) + 5, (z,y,2) = kg(x,y, 2).

(b) For simplicity, let f, := % Then
dw = (by — ay)dx AN dy + (c; — az)dx ANdz + (cy — b,)dy A dz.

Since dw = 0, we conclude that b, = ay, ¢, = a,, and ¢, = b,. Moreover,
we obtain

(k+1)df = (a+zay+yby + zcp)dr + (b+ yby + zay, + zcy)dy + (¢ + zc. + za, + yb,)dz
= (a+zay +yay + zaz)dx + (b + yby + xby + 2b.)dy + (¢ + zc, + e, + yey)dz.

Applying Euler’s relation to the homogeneous functions a, b, ¢, we obtain
(k+1)df = (a+ ka)dx + (b+ kb)dy + (¢ + kc)dz,

ie.,
df =adx+bdy+ cdz = w.

(c) We first get
dw = (ag + by + c.)dx Ndy N dz.

Next, we conclude that

(k+2)dn = (—zby+c+ycy+c+acy — zaz)dx Ndy +
+ (b+ 2b, —yc, —ya, + b+ xby)dz N dzx +
+ (—zc; +a+ za, +a+yay — xby)dy Ndz
= (2c+zcy +ycy + zcy)dx AN dy +
+ (20 + xby + yby + 2b;)dz A dx +
+ (2a + zay + yay + zaz)dy A dz.

Applying Euler’s relation to the homogeneous functions a, b, ¢, we obtain
(k+2)dn = (2¢ + ke)dz AN dy + (2b+ kb)dz A dx + (2a + ka)dy A dz,

ie.,
dn=cdrxANdy+bdzNdr +adyNdz = w.



4. We have

and

dwp = d(fiday + fadag + f3drs)

ok o o5 of o5, ot
— (83:1 8x2)da:1 A dxo + (8332 D25 Ydzo A dxs + (8953 o Ydxz3 A dxy
= wgurlF

and

dw% = d(fl dxo Ndxs + fodrs Adxy + fadxy A dxg)
dfi N dxo N\ dxs + dxy A dfs Adxs + dxy A dxs A dfs

0ft | O0fs  Ofs
<a$1 + D2 + 8%3) dx1 A dxo A dxg

= divF dx1 A dzo A dxs.
Using the above identities, we obtain
d(df) = dwy; = Wanov -
Since d(df) = 0, this implies that curl o Vf = 0. Similarly, we obtain
d(dw}) = dw? 1 = div o curlF dzy A dxg A das.
Since d(dw) = 0 for all w, we conclude that

div o curl# = 0.



