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DIRK SCHUTZ

1. METRIC SPACES

The completeness axiom of R. The real numbers are a totally ordered field, as
is Q, but there is one important difference, R satisfies the completeness Aziom

(C) Every nonempty subset A C R which is bounded above has a supremum.

Definition 1.1. A supremum of a set A is a real number s such that a < s for all
a € A, and if m is another real number with a < m for all @ € A, then s < m. We
denote sup A = s, if a supremum exists.

An infimum of a set A is a real number s such that a > s for all a € A, and if m is
another real number with a > m for all @ € A, then s > m. We denote inf A = s,
if an infimum exists.

If s; and sy are both suprema, it follows that s; < sy and s5 < s1, S0 a supremum
is unique. The same holds for the infimum. A supremum is sometimes called a
least upper bound, and one should interpret it as the smallest upper bound of a set

A.
Example. Let A = {z € Q|z? < 2}. Then supA = /2, which is not in Q.
Therefore the completeness Axiom does not hold for Q.

The reals R do not have a supremum, but this set is not bounded above.

Lemma 1.2. Let I, = [an,by,] be a sequence of closed intervals with an, < any1 <
bnt1 < b, for alln > 1. Then

ﬂbl# 0.
n=1

Proof. Let a = sup{ay | n > 1}, which exists by (C), as a,, < by shows that the set
is bounded above. Therefore a,, < a for all n > 1. But we also have a,, < b for
every n,k > 1. By the supremum property we get a < b for all £k > 1. Therefore
a € [an,by) for all n > 1 and a is in the intersection. O

Metric spaces.
Definition 1.3. Let M be a set. A function d : M x M — [0, 00) is called a metric
on M, if it satisfies

(i) dz,y) =0z =y.
(ii) d(z,y) = d(y,x) for all x,y € M (symmetry).
(iil) d(z,z) < d(z,y) + d(y, z) for all x,y,z € M (triangle inequality).
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The pair (M, d) is called a metric space.

We will often just call M a metric space and suppress the metric d, if this does not
cause confusion.

Example. Let M =R and d(z,y) = | —y|. The first two conditions are easy, the
triangle inequality follows from

la+0] < |af+ ]
for all a,b € R, which can be seen by checking the various cases of the signs of a
and b.

Now if (M, d) is a metric space and N C M, we get a metric on N by restricting
d to N x N. Therefore Q, Z, {0}, (0,1), [a,b] are all metric spaces with the same
metric as for R.

Let M = R x R = R?, we can define a metric on the plane by setting

di((z1,72), (y1,92)) = |v1 —yi| + 22 — w2l

Notice that dq((1,1),(0,0)) = dy(1,1),(1,0)) + d((1,0),(0,0)) = 2, which may not
be what you expect as the distance of these two points. To get the standard metric
on the plane, we set

da((z1,22), (y1,92)) = Vl]wr—yif? + |w2 — o2
The triangle inequality is geometrically obvious, but for an algebraic proof we want

to introduce some linear algebra.

Definition 1.4. Let V' be an R-vector space. An inner product on V is a function
(,) : V. x V — R, such that the following hold:

(1)
(ii

)
(iif)
)
)

(x1 + T2, y) = (w1, y) + (w2, y) for all z1,x0,y € V.
(x,y) = (y,x) for all x,y € V.
(
(

=R

)\z y>7)\<x y) forall A€ R and z,y € V.
xz,x)y >0forallz € V.
(x,2) =0 & z=0.

(iv
(v

Example. The standard example is V = R" with

n
§ LiYi
i=1

where x = (z1,...,z,) with z; € R for all i = 1,...,n and similarly for y. If we
think of z and y as column vectors, we get (z,y) = z'y by matrix-multiplication,
where z! is the transpose of x, a row vector.

Now if A is any symmetric n X n-matrix over R, the formula
(z,y) = 2'Ay

satisfies (i),(ii) and (iii) from Definition 1.4. In order to satisfy (iv) and (v), we
need that the eigenvalues of A are all positive.

To get an example for an infinite dimensional vector space, we let

Cla,b] = {f:][a,b] = R|f continuous}



ANALYSIS III/IV : MATH 3011/4201 3

Then

b
(f.g) = / f(@)g(x) dz

defines an inner product on V= Cla,b]. The most difficult point is (v). To see
this, note that if f is not the zero-function, then (f(x))? > 0 for some z € |[a, b],
and by continuity we get (f(y))? > ¢ > 0 for some small interval [u,v] containing
x and some small ¢ < (f(z))2. It follows that (f, f) > (v —u)c > 0.

Cauchy-Schwarz Inequality. Let V' be an R-vector space and (-,-) be an inner
product on V. Then

(z,0) < (@) /(y,y)

for all x,y € V, with equality exactly when x and y are linearly dependent.

Proof. Note that (z,0) = (2,0 z) = 0(z,z) = 0, so we assume y # 0. Now
(1) 0 < (z+Ay,z+Ay)
= (z,) + 2M@,y) + Xy, 9)-

With A\ = — gz;, this gives

(z,y)*
vy) (W)
(m,y)* < (z,2)-(y,).

Taking the square-root gives the inequality.

0

IN

(x,2) — 2

If this is an equality, we also have equality in (1), which implies that = + Ay = 0,
so that = and y are linearly dependent. Also, if z and y are linearly dependent,
we can assume that x = Ay for some A € R and it is easy to check that equality
holds. O

Lemma 1.5. Let V be an R-vector space with inner product (-,-). Thend: VxV —
[0,00) defined by

dz,y) = V{z—yz—-y)
gives a metric on V.

For simplicity, we write ||z|| = v/(z, z) for z € V, so that d(z,y) = ||z — y||.

Proof. We only check the triangle inequality, let a,b € V. Then
lla +b]] = (a+b,a+b)
= a,a) +2(a,b) + (b))
Vlal? +2[jall lo]] + bl
llall + llo]

IN

where we used the Cauchy-Schwarz Inequality in the third line. The triangle in-
equality now follows from

d(w,2) = [lo = z[| < [l = yll + ly = 2l = d(z, y) + d(y, 2)- O
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Example. On R" we have the metric

dZ(xa y) =

Definition 1.6. Let f: M — N be a function between metric spaces (M, dys) and
(N,dy). Then f is called continuous at a € M, if for all € > 0 there is a § > 0 with
dn(f(z), f(a)) < e for all z € M with dp(x,a) < 4.

If f is continuous at every a € M, we call f continuous.

Remark. If M, N C R, the statement for continuity at a € M reads as:
For all € > 0 there is a 6 > 0 with |f(z) — f(a)| < € for all z € M with |a — z| < d.

Sequences and Cauchy sequences.

Definition 1.7. Let M be a metric space. A sequence (a,)nen in M consists of
elements a,, € M for every non-negative integer n. Let a € M. We say that the
sequence (ap)nen converges to a € M, if for every € > 0 there is a ng > 0 such that
d(an,a) < € for all n > ng. We write a = lim a, or a,, — a for n — oo and call a

n—oo

the limit of (an)nen, if (an)nen converges to a.

Remark. The limit of a sequence is unique, if it exists. For if b € M is also a
limit, then

d(a,b) < d(a,an)+d(an,b),

and the right side can be made arbitrary small by an appropriate choice of n, so
d(a,b) =0 and a =b.

Lemma 1.8. Let f : M — N be a function between metric spaces and a € M.
Then f is continuous at a € M if and only if lim, . f(a,) = f(a) for all sequences
(an)nen in M with a, — a for n — oco.

Proof. Assume that f is continuous at a. Let (a,)nen be a sequence in M with
an — a. Given € > 0, there is a § > 0 such that d(a,z) < ¢ implies d(f(a), f(z)) <
e. Choose ng > 0 with d(a, a,) < 0 for n > ng. Then d(f(a), f(a,)) < e forn > ng
and f(an) — (a).

Now assume lim,, . f(a,) = f(a) for all sequences (ap)nen in M with a,, — a.
Given € > 0, assume that no ¢ > 0 exists with d(a,z) < ¢ implying d(f(a), f(z)) <
e. Then we can find a,, € M with d(a,a,) < 1 and d(f(a), f(an)) > . But then
an — a, while f(a,) # f(a), which is a contradiction. Therefore, given € > 0 the
appropriate § > 0 exists and f is continuous at a. Il

Definition 1.9. Let M be a metric space. A sequence (ap)nen in M is called a
Cauchy sequence, if for every € > 0 there is an ng > 0 such that for all p,q > ng we
have d(aq,ap) < €.

This is similar to a convergent sequence, but notice that we do not require an
element to converge to.

Lemma 1.10. Let (an)nen be a convergent sequence in a metric space M. Then
(an)nen s a Cauchy sequence.
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Proof. Let a € M such that a, — a. Given € > 0, there exists an ny with
d(a,a,) < 5 for all n > ng. So if p,q > ng, we get

dlap,aq) < d(ap,a)+d(a,ay)
< e
0 (ap)nen is a Cauchy sequence. O

Remark. Cauchy sequences need not be convergent: take M = (0,1) and a,, = %
Then |a, —aq| < nio if p, g > ng, so it is a Cauchy sequence, but it does not converge
in M, of course only because 0 ¢ (0, 1).

Another example is given by M = Q and we define a sequence in Q by letting
ap = 3, a3 = 3.1, az = 3.14 and so on to achieve a, — . Again, as m ¢ Q, the

sequence is a Cauchy sequence which does not converge (in Q).

Definition 1.11. A metric space is called complete, if every Cauchy sequence is
convergent.

Theorem 1. R is complete.

Proof. Let (an)nen be a Cauchy sequence in R. Define a sequence of integers ny as
follows: ng = 1, ng4+1 is the smallest integer > ny with

1
|a‘P - a‘]l < 2k-+2
for all p,q > ngy1. This sequence exists, as a, form a Cauchy sequence. Let
I, = [ank - 2%70‘77% + gik]
Then Ij1 C Iy: If & € Ijqq, then |2 — ap, | < 5. Also, |an, — an, | < 557
by construction of ng. Therefore

“T - ank| < |I - ank+1| =+ ‘ank+1 - ank‘
1 1 1

ot T =

< 9k+1 27k’

so x € I,. By Lemma 1.2, there is a € ﬂzil I, and for m > nj we have

la —am| < ‘a_ank|+|ank_am|
1 1 1
27+2k+1 < ok—1"

This shows that a,, — a. (]

<

Example. Let X be a set and
B(X) = {f:X —R|fisbounded}

Bounded means that there is a Cy > 0 with |f(z)] < Cy for all z € X. For
fyg € B(X), we define

d(f,9) = supf{[f(z) —g(z)] € R|z € X}

The supremum exists by the completeness axiom, as |f(z) — g(z)| < Cf + Cy for
all z € X.

Proposition 1.12. (B(X),d) is a complete metric space.
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Proof. Tt is straightforward to check that d defines a metric on B(X). Let (fn)nen
be a Cauchy sequence in B(X). Then for every z € X, (fn(2))nen is a Cauchy
sequence in R:

|fo(x) = fp(x)] < d(fy, fp)
By Theorem 1, these sequences converge.
Define f : X — R by f(z) = lim, 0 fn(z). We need that f € B(X) and f, — f.
For this let € > 0. There exists ng with d(f,, f;) < 5, and for every x € X there is
any(z) = no with [f,, ) (z) — f(2)| < 5.
So now let x € X and n > ng. Then

[fn(@) = f@)] < [fal@) = frs@ (@] + [ foy @) (2) — f(2)

S
E.

(2) <
<
In particular,

lf@)] < 1F(@) = foo(@)] = |fno (@) < Cp, +e
for all z € X, so that f is bounded. Furthermore, since (2) holds for all € X, we
get that d(f, f,) < e for all n > ng, which gives that f,, — f. |

Topology of metric spaces.

Definition 1.13. Let (M, d) be a metric space, x € M, r > 0. Define
B(z;r) = {yeMld(x,y) <r}

the open ball around x of radius r, and
D(z;r) = {yeM|d(z,y) <r}

the closed ball around x of radius 7.
A set A C M is called bounded, if A C D(x;r) for some z € M, r > 0.

Example. Let M =R, then B(0;1) = (—1,1) and D(0;1) = [-1,1]. Note that R
is not bounded.

In R?, these balls are nice and round, if we use the metric ds.

Definition 1.14. Let M be a metric space. A set U C M is called open, if for
every x € U there is an r, > 0 such that B(z;r;) C U.

Lemma 1.15. Let M be a metric space.

(i) M, 0 are open sets.
(ii) Any union of open sets is open.

(iii) A finite intersection of open sets is open.
(iv) For every x € M and r > 0, B(xz;r) is open.

Proof. (i) For x € M, we can choose any r > 0 and get B(xz;r) C M, so M is open.
As there are no z € §), we do not have to check anything and get that @) is open.

(ii) Let U, be open for a € A. If x € J,cy Ua, then 2 € Upg for some § € A.
There is 7, > 0 with B(z;7,) C Ug, and therefore B(2;7;) C Uyeq Ua-
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(iii) Let U; be open for i = 1,...,n. If z € (), U;, then z € U; for all i =
1,...,n and so there is r; > 0 with B(z;r;) C U; for all i = 1,...,n. Choose
r =min{ry,...,r,} >0, then B(z;r) C (., Ui.

(iv) If y € B(x;r), then d(z,y) < r. Let ry, =7 —d(z,y) > 0, then if d(z,y) < ry,
we get

d(zvx) < d(z,y) —|—d(y,m) < Ty —|—d($,y) =,
so B(y;ry) C B(x;r), and B(z;r) is open. 0

Definition 1.16. Let M be a metric space. A subset A C M is called closed, if its
complement M — A ={x € M|x ¢ A} is open.

Lemma 1.17. Let M be a metric space.

(i) M, 0 are closed sets.
(ii) Any intersection of closed sets is closed.

(iii) A finite union of closed sets is closed.

(iv) For every x € M and r > 0, D(z;r) is closed.

Proof. (i),(ii) and (iii) follow from Lemma 1.15 by standard properties of comple-
ments.

For (iv), let y ¢ D(z;r), so d(z,y) > r. Let ry = d(z,y) —r > 0. If d(z,y) < ry,
then

d(x,z) > d(z,y)—d(y,z)
= r+r,—dy,z) >

Therefore B(y;r,) C M — D(z;r) and M — D(z;7) is open, hence D(x;r) is closed
by definition. O

Example. Let M = R, and a < b be two real numbers. Then the open interval
(a,b) = B((a +b)/2; (b — a)/2) is open. Also, the intervals (a,00) and (—oo,b)
are open as unions of bounded open intervals. The closed interval [a,b] = D((a +
b)/2; (b —a)/2) is closed, and (—oo,b] =R — (b, 00) is also closed.

oo
n=—oo

The integers Z is closed as it is the complement of | (n,n 4+ 1), a union of

open intervals.

The rational numbers Q are neither open nor closed, so are the intervals (a, b] and

[a,b).

Warning. A closed set is not a set which is not open. There are sets which are
both open and closed, and there are sets which are neither open nor closed.

Proposition 1.18. Let M be a metric space and A C M. Then A is closed, if and
only if for every sequence (an)nen in A which converges to a € M, we have a € A.

Proof. “<=": Let A be closed and (a,)nen a sequence in A which converges to
a € M. Assume that a € M — A, which is open. Then there exists r > 0 with
B(a;r) C M — A. But a,, — a implies that a,, € B(a;r) for n > ny with some nyg.
This contradicts a,, € A for all n € N.

“—=": Let a € M — A, we need r > 0 such that B(a;r) C M — A. Assume
otherwise. Then for every n we have B(a; 2)N A # (), so there is a, € AN B(a; 1).
In particular, the a,, form a sequence in A, and a,, — a as n — oco. By assumption
we get a € A, a contradiction. ([
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Theorem 2. Let M be a complete metric space and A C M closed. Then A with
the induced metric is complete.

Proof. Let (an)nen be a Cauchy sequence in A. This is also a Cauchy sequence in
M, so we have a,, — a for some a € M. By Proposition 1.18, we get a € A, so A
is complete. (I

Definition 1.19. Let M be a metric space. Then M is called compact, if every
sequence (ay)nen has a convergent subsequence (ap, )ken-

Example. The interval (0,1) is not compact. The sequence given by a,, = €

(0,1) is not convergent in (0, 1).

1
n+1

Example. The closed interval [0,1] is compact: Let (a,)neny be a sequence in
[0,1]. Either [0, 1] or [%,1] contains infinitely many elements of the a,, (possibly
both). Let I; be such an interval which contains infinitely many of the a,,. Listing
these elements gives a subsequence (a}tk)keN in I;. Of this sequence we can find a
subsequence (aik) keN With elements in I, which is one half of I.

Continuing, we get a sequence of intervals I, D I,;,+1 with
1
om
and sequences (a:ﬁk)keN in I, each a subsequence of (ay)nen. Define b, = ap' €

I, a subsequence of (a,)nen, which is a Cauchy sequence by (3). By Theorem 1
and 2, this converges in [0, 1].

(3) diam I,,,

Proposition 1.20. The cube [a,b]™ C R™ is compact.

Proof. We can use the same argument by splitting [a, b]™ into 2™ smaller cubes, or
first find a subsequence where the first coordinate converges, then get a subsequence
of this new sequence where the second coordinate converges. Continuing gives a
sequence where all coordinates converge. Note that a subsequence of a convergent
sequence is convergent. |

Proposition 1.21. Let f: M — N be continuous map between metric spaces with
M compact. Then the image of f, f(M) C N, is compact.

Proof. Let (an)nen be a sequence in f(M). Thus a, = f(b,) for some b, € M.
This has a convergent subsequence (by, )ken in M, ie. b, — b€ M as k — oc.
By Lemma 1.8 we get that a,, = f(by,) satisfies limy_ oo an, = limg_ oo f(bn,)

£(b) € F(). 0

Proposition 1.22. A closed subset A of a compact metric space M is compact.

Proof. Let (ay)nen be a sequence in A, so it is also a sequence in M. Therefore it
has a convergent subsequence a,, — a € M for k — co. As the subsequence is a
sequence in A, we get a = limy_. an, € A by Proposition 1.18. Therefore (an)nen
has a convergent subsequence in A. (I

Heine-Borel Theorem. A subset A C R"™ is compact, if and only if A is closed
and bounded.
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Proof. “=": As A is bounded, we get A C [a,b]™ for appropriate a,b € R. By
Propositions 1.20 and 1.22 we get that A is compact.

“e=": Tt follows from Proposition 1.18 that a compact A is closed. If A were not
bounded, we could find a sequence a,, € A with d(a,,0) > n. Such a sequence
cannot converge to any x € R™ and every subsequence behaves the same way. [

2. NORMED VECTOR SPACES

Banach and Hilbert spaces. The metric spaces we met so far were all subsets
of vector spaces, and the metrics were usually obtained by measuring the difference
of two elements in the vector space.

Definition 2.1. Let V' be an R vector space. A norm on V is a function || - || :
V — [0, 00) satisfying the following:

(i) |lz] =0< 2 =0.
(i) ||A-z|| =|A| - ||z|] for al A € R and z € V.
(ii) o+ yll < ol + ] for all 2,y € V.

The pair (V.| - ||) is called a normed vector space.

Lemma 2.2. Let V be a normed vector space. Then d(x,y) = ||l — y|| defines a
metric on V. O

Example. R with modulus |- |, C with modulus | - |.
If V has an inner product {-,-), define ||z|| = \/(z, x).

On R" we have the norms

n
D Ll
i=1

[zl =
n
zll2 = lescil2
=1
lz]leo = max{|z;||i=1,...,n}

Let X be a set, then B(X) with
(4) 1Al = sup{lf(z)] € R|z € X},

is a normed vector space. This norm is called the supremum-norm.

Let X be a metric space and
Cy(X) = {f:X — R|f is continuous and has bounded image}.

This is a subspace of B(X) and we can use the supremum-norm to get a normed
vector space.

Note that
C(X) = {f:X —R]|f is continuous}

cannot be given a norm by (4) as the supremum does not exist. If X is compact,
the two spaces agree:

Proposition 2.3. Let X be a compact metric space. Then C(X) = Cp(X).
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Proof. By Proposition 1.21 f(X) C R is compact for every f € C(X). By the
Heine-Borel Theorem we get that f is bounded, so f € Cp(X). O

Remark. Let (V)| - |lv) and (W,| - |lw) be normed vector spaces. A function
f:V — W is continuous at = € V, if for all € > 0 there is a § > 0 such that
|z —yllv < & implies || f(z) — f(y)llw <e.

Definition 2.4. Let (V, ||-||) be a normed vector space. We call V' a Banach space,
if V' is complete with the metric induced by the norm.

Example. We have that R" is a Banach space in all three metrics.

The space B(X) with X a set, together with the supremum-norm is a Banach space

by Proposition 1.12.

Theorem 3. Let X be a metric space. Then Cy(X) with the supremum-norm is a
Banach space.

Proof. As Cy(X) C B(X) and the norm on Cy(X) is induced by the norm on B(X),
we only have to show that Cp(X) is a closed subset of B(X). So let (fn)nen be a
sequence in Cy(X) converging to f € B(X). We need to show that f is continuous
to get f € Cp(X).

Let € > 0 and € X. There is ng > 0 such that | f, — f|| < § for all n > ng. In
particular |f,,(y) — f(y)| < § for all y € X. As f,, is continuous, there is a § > 0
with d(z,y) < é implying |fn,(z) — fn,(y)| < 5. Hence for d(x,y) <

‘f(‘x)_f(y)‘ < |f(x)_fno(x)‘+|fno(x)_fno(y)‘+|fno(y)_f(y)| < €

which shows that f is continuous. By Proposition 1.18, Cp(X) is closed in B(X)
and by Theorem 2 we get the result. O

Corollary 2.5. Let a < b be two real numbers. Then Cla,b] with the supremum
norm s a Banach space. [

Remark. Convergence of a sequence in C(X ) with respect to the supremum norm
is called uniform convergence, a concept known from Complex Analysis II.

Remark. We can define a different norm on Cla, b] using the inner product

b
(5) (f.g) = / f(@)g(x) da

It turns out that Cfa,b] with the norm induced from this inner product is not
complete. To show this, start with the following example.

Example. Let || - ||2 be the norm on C]0, 1] coming from the inner product (5).
Define a sequence (f,)nen in C[0,1] by f,(x) = a™. Then f, converges to the
0-function:
1
=0l = [ @"ds
0
!
2n +1

so indeed lim,, . fn = 0. Notice that f,(1) = 1 for all n, but this does not hold
for the limit. It is very important for the convergence here that we use norm from
the inner product.
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If we use the supremum-norm, the sequence does not converge to 0, it is not even
a Cauchy sequence and does not converge at all. To see this let n € N. As z" is
continuous, we can find 0 < g < 1 with zf > %. But limg_, a:’g = 0, so we can
also find k with z§ < §. Therefore |z — zf| > %, so ||fn — frll = 4. As n can
be arbitrary, the f,, cannot be a Cauchy sequence with respect to the supremum
norm.

Proposition 2.6. Cla,b] with the norm || - |2 coming from the inner product (5)
is not complete.

Proof. Let us start with ¢« = 0 and b = 2. The example given in Exercise 3
from Problem set 1 gives a Cauchy sequence. Assume this sequence converges to
f € C0,2]. By restricting to [0, 1] we get the Cauchy sequence f,|[0, 1] converging
to f][0,1]. With an argument as in the example above, we get that f][0,1] is
the zero-function. But by restricting to [1,2] we get that f is constant to 1 on
that interval. This violates continuity of f. The case with arbitrary [a,b] is no
different. O

Definition 2.7. Let (V, || -||) be a Banach space. If there is an inner product (-, -)
on V such that ||z|| = \/(z,z) for all x € V, then V is called a Hilbert space.

Note that C[a, b] with the norm induced by the inner product is not a Hilbert space,
as it is not complete. This problem can be rectified in the following way, although
we will not give a proof of this theorem.

Theorem 4. Let (M,d) be a metric space. There exists a complete metric space
(M,d) and an embedding i : M — M with d(x,y) = d(i(x),i(y)) for all z,y € M,
such that for every point T € M there exists a sequence (T, )nen in M with i(x,) —
T forn — oo. ([l

Remark. The complete metric space M is called the completion of M. It is unique
in the following sense: If (M’,d’) is another complete metric space with embedding
Jj i M — M’ satisfying d(z,y) = d'(j(x),j(y)) for all z,y € M, then there is an
embedding 7: M — M’ with 704 = j and d(z,y) = d'(2(z),7(y)) for all x,y € M.

Example. The completion of Cla,b] with the inner product metric is denoted
L?([a,b]). The inner product can be extended to L?([a,b]) so that this space is a
Hilbert space. The problem with this completion is that elements cannot be directly
considered as functions. Nevertheless, L?([a, b]) is still a very useful space.

Remark. Hilbert spaces are a special kind of Banach spaces. They have nicer
properties, in particular, Linear Algebra is easier with Hilbert spaces than with
general Banach spaces.

A norm for matrix spaces. Let M, (R) denote the R-vector space of n x k-
matrices. As a vector space, this can be identified with R™* so we have various
norms at our disposal. But we want to introduce a norm which reflects the fact
that such matrices correspond to linear maps.

Let A = (A;j) € M, 1(R) and define
(6) 1Al = sup{[|Az]}2 |z € R*, [lz]|> < 1}.
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Here Az € R™, so we use the standard Euclidean norm. Note that we take the
supremum of a compact set, as x — ||Azx||2 is a continuous map. By the Heine-
Borel Theorem there is an x € RF with ||z]|2 < 1 and ||A| = || Az]|2-

Remark. For A € M, 1(R) or a € My ,(R) we get ||A|| = ||All2, but in general
these norms are different. Note that ||I|| = 1, where I € M, ,(R) is the identity
matrix.

Lemma 2.8. The formula (6) defines a norm on M, ;(R) with

(7) [Azll2 < [JA]|- ||zl

for all x € R*. Furthermore

(8) [AB|| < [|A]l-[IB]

with A € M, (R) and B € My, ,m(R), and

(9) Al < 1Al £ kR llAllo

where ||Al|oo = max{|A;;|} for A € M, ,(R).

Proof. The norm properties are easily checked. By the Remark above, (7) is a

special case of (8). Choose x with ||z|2 < 1 and ||AB|| = ||ABzx||2. If Bx =0, then
|AB]|| = 0 and (8) holds. Otherwise we have ”Hg%b =1, and

Bx 1
1Al > AGH)lle = m A(Bz) |2
| Bz||2 [ Bx||2
Therefore
|AB|| = [[ABz|> < [|A|-[[Bzl> < [Al-|B]

Denote the standard basis for R* by e; with i = 1,...,%k and denote A; = Ae; for
i=1,...,k. Then

JAI = max{|Aills i =1,....k}

max{[|Aillsc |i =1,....k} = [A]le.

ARV

This gives one half of (9). For the other half let x € R* with ||z|; < 1 satisfy

IA]l = ||Az|l2. Then = = > z;e; with z; € R. As ||z||oo|lz|l2 < 1, each |z;| < 1.
Then
k
JAl = [Azlla < > |as] [ Aill2
i=1
k k
< D Al < > ValAill
i=1 i=1
< kE-vn|As

as we claimed. O
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The Contraction Mapping Theorem.

Contraction Mapping Theorem. Let (M,d) be a complete metric space, 0 <
A<land f: M — M a function with

(10) d(f(z), f(y)) < A-d(z,y)

for all x;y € M. Then f has a unique fixed point, that is, there is exactly one
xo € M with f(xo) = 0.

An f satisfying (10) is called a contraction. Notice that a contraction is automati-
cally continuous, given € > 0 we simply choose § = €.

It is important that M is complete:

Example. Let M = (0,1) and f : M — M defined by f(z) = %x There is no
x € (0,1) with f(z) = =.

Proof of the Contraction Mapping Theorem. Let x € M be a point. We claim that
an = f"(x) = f(f(...(f(x))...)) € M is a Cauchy sequence. Note that

d(z,an,) < Z d(f'(x), f7 (x))

IN
ML L
>
2
&
—~
8
~
~—

1=0
= A, @)
_ @)
- 1-A

Let n > m, then
d(a'm am) = d(fn(l'), fm(x))
A"d(x, 7" ()

A"d(z, f(x))
1-A

IN

IA

So for n,m > ng we get d(ay,, an,) < f‘i[j\ which can be made arbitrary small by
choosing a large ng. As M is complete, the sequence (ay,)nen converges to a € M.
Now

fla) = f(lim a,)= lim f(a,)= lim a,11 =a
where we use Lemma 1.8, so a is a fixed point.
It is the unique fixed point, for if f(b) = b, then
d(a,b) = d(f(a), f(b))
< Md(a,b)
As X < 1 this is only possible if d(a,b) =0, so a = b. O
Example. Take a map of Durham and put it on the ground (in Durham). Then

there is a unique point on the map which is lying directly over the point that it
represents.
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Think of Durham as a closed subset D of R?, e.g. the closed unit ball. Putting the
map on the ground gives a function f : D — D. Also d(f(x), f(y)) < Ad(z,y),
where A is the scale of the map. Note that A < 1 unless you have a 1-1 map of
Durham, which seems unlikely.

In the next chapter we will see a more convincing application of the Contraction
Mapping Theorem.

3. ORDINARY DIFFERENTIAL EQUATIONS

Example. Let a € R, then

T = ax

is a differential equation, we look for a function x(¢) with #(t) = ax(t). The
solutions are x(t) = Cexp(at) with C' € R. Note that by demanding a particular
value z(tp) a a time tg, e.g. (0) = C, there is exactly one solution.

To get a 2-dimensional example, say

The solutions are
(200 = (g p
Gw) = (3)

Again for a given starting point there is a unique solution.
Look at

With

Wl

T = 3x3.

Standard methods give

|
W

TT =1

Wl

Wl

T = t+C

so x(t) = (t + C)3 is a solution. But notice that z(—C) = 0, so we should have
been careful when we divided by z. In fact, x(¢) = 0 also satisfies the differential
equation and we could define for C' < D

(t—D)* t<D
zp,c(t) = 0 te(D,C)
(t—C)3 t>C

So the solution is not determined by demanding some z(tg) = xo € R. The prob-

lems with the uniqueness occur when z = 0, and notice that f(z) = 23 is not
differentiable at « = 0.
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Definition 3.1. Let U C R™ be open. A wvector field or a autonomous differential
equation on U is a continuous map v : U — R"™. Here U is called the phase space of
v. For € U and 7 € R, a continuously differentiable curve a: (a,b) — U is called
an integral curve of v at (x,7), if 7 € (a,b) and o/ (t) = v(a(t)) with a(r) = z.

Integral curves are the solutions of the differential equation & = v(«).

Example. If U = R?, let v : U — R? be given by v(x,y) = (—y,x). We interpret
v(z,y) as a ‘direction’; starting at (z,y). Integral curves have their tangent vector

always equal to that direction.

AN

We can look at more general differential equations by letting the vector field change
with time.

Definition 3.2. Let U C R"™ be open and I C R an open interval. A differential
equation is a continuous map v : U x I — R"™. A solution of v at x € U and 7 € I is
a continuously differentiable curve a: I — U with o/(t) = v(«a(t),t) and o(r) = x.

In the following theorem || - |2 always refers to the Euclidean norm.

Picard-Lindelof Theorem. Let U C R™ be open, I C R an open interval and
v:U x I — R a differential equation which satisfies the following: There is L > 0
with
[v(z1,t) —v(@2,t)2 < L-|lzr — 222

for all x1,20 € U and t € I.
Given (u,7) € U x I, there exist a,b > 0 such that, with

Ui = {zeUl|z—ul2<a}

L = {tel|t—7|<b}
the differential equation v|Uy x I has for every x € Uy and T € I1 a unique solution.
Furthermore, the resulting a : Uy x Iy — U giwven by a(x,t) = a,(t), where ay

is the solution of v at x and T (i.e. %a(x,t) = v(a(z,t),t) and a(z,7) = x) is
continuous.

Before we start the proof, let us interpret this result. If the differential equation
satisfies a condition, we do get for given (u, ) a unique solution, at least for a short
period of time (represented by the interval I;). We even get unique solutions for
starting points near u (points in Uy). Finally, these solutions can be put together
to form the continuous map «. This can be interpreted as saying that solutions
which are “close” at time 7, will stay “close”.
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The fact that we get solutions only for a short time should not be surprising, if U
is just a small ball in R™ and the vector field simply points constantly and non-zero
in one direction, the solution curves will move out of the ball, and if they start near
the boundary, this can happen quite fast.

Now let us take a closer look at the condition on v, and let us assume that v does not
depend on t € I, that is, let us look at the case that v: U — R is an autonomous
differential equation. Then

[o(z1) —v(@2)llz < L-flar — 222

is called a Lipschitz condition. A function satisfying this is continuous (choose
§ = 7). It can be violated easily, if we allow U to be very big.

Example. Let U = R and v(z) = 2. Then
lo(z) —v)| = |z—yl-lz+yl
so no L > 0 can work for all z,y € R, as we can always find x,y with x +y > L.

On the other hand, given x € R, we can use L = 2|z| + 1 for U = (x — 1,2 + 1) as
the Lipschitz constant.

If the Lipschitz condition is satisfied locally near (u,7) € U x I, we still get a
solution. Note that since we only get the solution on U; x I3, we might as well
reduce U and [ after choosing (u, 7).

Example. Let v(z) = 23. Then v does not satisfy a Lipschitz condition on any
closed interval containing 0. As we do not get a unique solution with a(0) = 0, we
see that the Lipschitz condition in the theorem cannot be dropped.

If v is continuously differentiable, it satisfies a Lipschitz condition locally, as we will
see in the next chapter.

Proof of the Picard-Lindeldf Theorem. We look for a with

0
acu(ac,t) = v(a(z,t),t)

and a(z,t) = z. By integrating, this means we want

(11) alz,t) = x—!—/ v(a(z,s), s)ds.

Given any 3, we can define a new function AS by

AB(z,t) = x+/v(ﬁ(m,s),s)ds

and (11) then simply means Ao = «v. In view of the Contraction Mapping Theorem,
we need a complete metric space M such that A defines a contraction from M to
M.

Start by choosing a; > 0 with
D = D(u;2a;) C U

and by > 0 with D(7;b1) C I. As D x D(7;b1) is compact by the Heine-Borel
Theorem, we get a K > 0 such that

lo(z, )l < K
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for all (z,t) € D x D(7;b1).
Let 0 < a < ay, and let b > 0 satisfy

1
(12) bo< min{bl,%,z}.
We set Uy = B(u;a) C U C R™ and I; = B(7;b) C I C R. Now let
M = {B:U; x I — D continuous | B(x,7) = z for all z € Uy}

C (Cb(Ul X Il))n
where the latter is a Banach space with the supremum norm
18I = sup{[|B(z,t)l]2 € R|(x,t) € Ur x I },

see Theorem 3 for the case n = 1, the case n > 1 being basically the same.

Then M is closed: Let (3,)nen be a sequence in M with 3, — 8 € (Cy(Uy x I1))".
For every (x,t) € Uy x I, we have

18(z,t) = Bz, D)ll2 < 118 — Ball,
so B(z,t) = limy 00 Bn(x,t) € D, as D is closed. Also B(x,7) = limy, oo Bn(2z,7) =
x, as By (x,7) = x for all n. This shows that 3 € M and M is closed by Proposition
1.18.

By Theorem 2 we also get M is complete.
Define for 5 € M

AB(z,t) = x—l—/ v(B(x, s), s) ds.

We want AS € M and A : M — M a contraction. We certainly have AB(z, ) = .
Let us check that AB(z,t) € D. Note

[AB(z,t) —ullz < [[AB(x,t) — zll2 + ||z — ull

t
[ 105(.5). 9 ds + a
K-[t—7l4+a < 244

IN

IN

by the choice of a and b, see (12).

Now let us check that AS is continuous. We have

t
[AB(z,t) = AB(y, t)ll2 < IIy—$II2+||/t/ v(B(y, s), s) dsll2

¢

Hl [ 0(3(e).5) = o(6(0,9),5)dsla

< ly—zle+K-t—7

+L- [t —7|-sup{[|B(z,s) — By, s)ll2| s € [, 1]}
which can be made arbitrary small by choosing (z,t) and (y,t') close enough, note
that the supremum will get small by the continuity of § and the compactness
of [r,t]. To see this, assume there is no 6 > 0 with ||z — y|l2 < J, implying
|18(x,s) — B(y,s)|| < e for all s € [r,¢] and some ¢ > 0. Then there is a sequence

(Yn; 5n) With [z —yull2 < 5 and [|B(x, sn) = B(yn, su)l| > €. Clearly y, — @, and
since [, t] is compact, we can assume that s, — s € [1,t]. Then

18(2,8n) = Byn,su)llz - < 18z, 80) = B, 8)ll2 + 15(2, 8) = Hyn )l
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where the left-hand side can be made arbitrarily small by continuity of 5 at (z, s).
This is a contradiction.

Therefore A : M — M. Now for 31,82 € M we get

[AB (2, 1) — AB2(z,t)]l2 < /I\v(ﬂl(fcvs),S)*v(ﬂz(r,S),S)szS

t
< L/ 181(2,5) — Ba(z, 5) 2 ds
< L-jt—1|- |81 — B2
< (L-D)]|Br — Bl

As this works for all (z,t) € Uy x Iy, we get

|ABL — AB2|| < (L-b)]|B1 — Be]

and since Lb < 1 by (12), we have that A is a contraction. By the Contraction
Mapping Theorem we get a unique o : Uy X I; — U with
0
Ea(x,t) = v(a(z,t),t)
and «a(z,t) = . Note that there could be a : Iy — U with &'(t) = v(a(t),t) and
a(7) = x not fitting into a continuous & : Uy x I; — U. To rule this out, we can
repeat the contraction argument by defining A and M for a fixed = € Uy, that is,
using

M, = {B:1i— D|B(r) =}
and A, : M, — M,. O

The proof does even suggest a way to find the solution: start with ag(z,t) = z and
for n > 0 form ay,4+1 = Aay,. Then o = lim,,_, o, o, is the solution. Let us do this
in an easy example.

Example. Let B be a n x n matrix and define v(z, t) = Bz, so v does not depend
on t. Clearly v satisfies the Lipschitz condition with L = ||B|. Starting with
ap(z,t) =z, we get

¢
ai(z,t) = x—i—/ Bxds = z+tBx
0

t 2
t
0

and continuing we get

n

2 ¢
ap(z,t) = x+tBx+ 532:5—1— .+ =B
n!

The limit is a series which resembles the power series of the exponential function:
X un
_ > 1) _ tB
alz,t) = E:On!B x = e’z
n—=

Notice that we think of e!® as an n x n-matrix, which is then multiplied with z € R
to give an element of R™.
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4. DIFFERENTIATION IN R"™

Let U C R™ be open. Recall that a function f : U — RP is called differentiable at
x € U with derivative D f(z) € M, ,,(R), if near = we can write

f@+h) = f(z)+Df(x)-h+R(R)
where R is defined near 0 € R™ with limy,_, % =0.

ox;
1,...,n,5=1,...,p. If f:U — RP is differentiable for every x € U, we get a new
function, the derivative Df : U — M, ,(R) = RP™", and if Df is continuous, we
call f continuously differentiable, or of class C*. As Df : U — RP™, it can also be
differentiable, with second derivative D2f : U — RP”2, and so on. If f is k-times
differentiable and DF f is continuous, we say that f is of class C*. A function which
is of class CF for all k > 1 is called smooth or of class C'°.

The matrix Df(z) is the matrix of partial derivatives Df(x) = (%(x)>, i =

Remark. We will often speak of a function being C* with & > 1. This will also
include the possibility that & = oco.

The Mean Value Theorem for a differentiable function f : [a,b] — R states that
there is a ¢ € (a,b) with f(b) — f(a) = f'(¢)(b — a). This can be generalized to
functions f: U — R with U C R", but it does not quite work for functions to RP,
as we would get a different ¢ for every coordinate of f. But we get the following
version, which is a generalization of the Fundamental Theorem of Calculus.

Mean Value Theorem. Let U C R"™ be open, x € U, h € R™ such that x+th € U
for allt € 0,1], and f : U — RP be continuously differentiable. Then

1
(13) Fe+h) - f@) = / Df(x +th) - hdt.
0
Note that Df(x + th) - h € RP and the integral is a coordinatewise integral.

Proof. Fori=1,...,pdenote f; : U — R the i-th coordinate. Let g;(t) = fi(z+th).
Then g(t) = Df;(x + th) - h by the chain rule. Hence
1
/ Dfi(x+th)-hdt = g;(1)— gi(0)
0

Putting the coordinates together gives (13). (Il

Corollary 4.1. Let U C R™ be open and convex (that is, for all x,y € U and t €
[0,1] we have tx + (1 —t)y € U), and let f : U — RP be continuously differentiable.
Assume that C = sup{||Df(z)|| € R|z € U} exists. Then

1fw) = f@)2 = C-lly—=l2
forallx,y € U.
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Proof. By the Mean Value Theorem, we have

1f(e+h)— f@)]2 = HA Df(x + thyhdt]s

1
< [ 1D+ thyh d
0
1
< [ IDsG+ b)) alade
0
< C s,

where we use that | f; g(t)dt] < f; lg(t)| dt and Lemma 2.8. Substituting h =y —=x
gives the result. ([

Remark. Locally, the supremum of || D f(z)| will always exist, for if z € U, there
is a r > 0 with D(z;7) C U and on D(z;r) the supremum exists, as D(x;r) is
compact.

In particular, if v : U x I — R"™ is continuously differentiable, v will satisfy the
condition of the Picard-Lindel6f Theorem near every (u, 7).

Definition 4.2. Let U C R™ and V C R? be open. A C! function f : U — V
is called a diffeomorphism, if there is an inverse function f=! : V — U, that is,
f~lof=idy and fo f~! =idy, which is also differentiable.

Remark. By the chain rule

D(f~'of)(z) = Df'(f(2))Df(x) = In
D(fof™y) = D' WIDf () = I

where I, € My, ,»(R) is the identity matrix. So with y = f(z), Df !(y) =
(Df(x))~", the inverse matrix. It follows from basic Linear Algebra that n = p.

In particular, if f: U — V is a diffeomorphism, then D f(z) is an invertible matrix
for every z € U.

Example. Let f : R — R be given by f(z) = 2? is not a diffeomorphism, even
though the inverse f~!(z) = ¢z exists. Notice that f~!(z) is not differentiable at
2 =0, and f/(0) =0 is not invertible.

Let GL,(R) C M, »(R) be the set of invertible matrices.
Lemma 4.3. Let n be a positive integer and I the identity matriz.
(1) GL,(R) is an open subset of M, ,,(R).
(2) If A € M, ,(R) satisfies ||A|| <1, then I — A € GL,(R).
(3) The map inv : GL,(R) — GL,(R) given by inv(A) =
diffeomorphism.

A~1 s a smooth

Proof. The map det : M,, ,(R) — R is differentiable. To see this, we use induction
on n (the case n =1 gives det = id) with the Laplace formula
detA = Z(—I)Hjaij det A},

j=1



ANALYSIS III/IV : MATH 3011/4201 21

where i € {1,...,n} and A;j the matrix obtained from A by removing the i-th row
and j-th column. In particular, the determinant is just a polynomial from R"™ to
R so it is even smooth. Now GL,(R) = det™ (R — {0}) and if det A # 0, then
det B # 0 for all B near A. This gives (1).

If |A|| < 1, define B, =1+ A+ ...+ A™. Then (By)nen is a Cauchy sequence in
M, »(R):

max{n,m}

Amin{n,m}+1
1Bo-Ball <Y g < MIEET

k=min{n,m}+1 1= ||A||
Hence B = lim,, .o By, € M, »(R) exists, and
(I-A)-B = (I—A)- lim B,
= lim(I-A)-B,
= lim I —-A"" = T
n—oo

where in the second line we used that matrix multiplication is continuous. Thus B
is the inverse of I — A which gives (2).
For (3), look at Cramer’s rule: if A = (a;;) is invertible, A=! = (b;;) is given by
det Aji

det A
where Aj; is the matrix obtained from A by replacing the i-th column with the j-th
standard basis vector. As the determinant is smooth, the b;; depend smoothly on

the a;;, and so inv is smooth. Note that inv o inv = id, so inv is its own inverse.
Therefore it is a diffeomorphism. O

bij =

The Inverse Function Theorem. We would like to say that a differentiable
function f : U — V is a diffeomorphism, if Df(x) is invertible for every x € U.
This is not true, as the next example shows.

Example. Let f : (0,00) x R — R? — {0} be defined by f(r,p) = r(cos ¢, sin ¢).

Then
. cosp —rsing
Df(re) = ( sing  rcosp >
Then det Df(r, ) = r # 0, but f is not a diffeomorphism, as f is not injective. If we
restrict f to (0,00) x I, where I is an open interval of length 27, it is injective and a
diffeomorphism onto its image. For example, f : (0, 00)x (0, 27) — R%—[0, 00) x{0}.
For (z,y) € R?* —[0,00) we get r = \/22? + y? and ¢ is determined by cosp = £

and sinp = £. As the inverse functions of the trigonometric functions are smooth,
we get f~! to be smooth as well.

Definition 4.4. Let U C R” be open. A C* function f : U — R™ is called locally
invertible at x € U, if there is an open set U; C U containing x and V; containing
f(z), such that f|y, : Uy — V7 is a diffeomorphism.

Inverse Function Theorem. Let U C R™ be open, f : U — R™ a C* function
fork > 1 and w € U. Then f is locally invertible at u, if and only if Df(u) is
invertible. In this case the local inverse is also C*.
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Proof. If f is locally invertible at w, it restricts to a diffeomorphism near u and so
D f(u) is invertible by the remark above.

So assume that D f(u) is invertible, we need to construct a local inverse and show
that it is differentiable. We can assume that v = 0 = f(u) and Df(0) = I, the
identity matrix. After all, we can look at g(z) = A~ o (f(x +u) — f(u)), where
A = Df(u). Then g(0) = 0 and Dg(0) = I by the chain rule. If we can find an
inverse of g, we also get an inverse of f(z) = A(g(z —u)) + f(u).

Define for y € R”
gy(x) = y+(z—f2)).

Then the equation z = g, (z) is equivalent to y = f(x), and, after all, we try to solve
y = f(x) for . As we have turned this into a fixed point problem, the Contraction
Mapping Theorem will be helpful. Note that Dg,(x) = Dgo(x) = I — Df(z) is
independent of y and Dg, (0) = 0. By continuity there is ar > 0 with || Dg,(z)|| < 1
for all x € D(0;7).

By Corollary 4.1,

1
(14) lgy(z1) = gy(@2)ll2 < 5 llz1 — @22
With z9 = 0, we furthermore get
1
lgy(z) = wllz = 5 llzll2

So if [ly|lz < § and = € D(0;7), we get

1
lgy@)llz <yl + Sllzl < 7,

which means, with (14), that g, : D(0;r) — D(0;7) is a contraction of a complete
metric space. By the Contraction Mapping Theorem there is a unique x € D(0;r)
with y = f(z) for every y € D(0; §).

Define Uy = {z € U | ||z||2 < r and || f(z)||2 < §}, which is an open set by continuity
of f. Let Vi = f(Uy), then Vi C D(0;%), so f : Uy — Vi is bijective, hence the
inverse ¢ = f~!: V) — U exists.

We claim that Vi = B(0; 5). If y € B(0; §), there is 2 € D(0;7) with f(x) =y, so
we only need x € B(0;r). Given x1,z2 € D(0;7), we have

lz1 =22l = llgo(z1) + f(21) — (go(x2) + f(22))l|2

< lgolon) = go(aa)lla + 17() = F(w2)]l
< gl =l + 1) — Fa)le

Hence

(15) lor—zallz < 207(@) - f)le

Use x2 = 0, then || f(x1)|l2 < § implies |[z1|2 < r, and so V1 = B(0; §) is open.
Also, (15) implies that
(16) le(y) —e(y2)llz < 2[y1 — vall2,

so ¢ is continuous. Note that D f(x) is invertible for all x € D(0;r). This follows
from Lemma 4.3, because D f(z) = I — Dgo(z) and || Dgo(z)|| < 1 for z € D(0;r).
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That f is differentiable means that

f(x1) = f(z2) = Df(w2)(w1 — x2) + R(z1 — 22)
and R(h)/||h||2 — 0 for h — 0. So
yi—y2 = Df(x2)(ey) —(y2)) + Rle(y1) — ¢(y2))
and therefore
(17) o) —e(y2) = (Df(e(y2)) " (1 — y2) + Ry — y2)

with R(y1 —y2) = (Df(¢(y2))) " (R(2(y1) — ©(y2))). Then by (16) and Lemma 2.8

1D F o))~ (Rlo(s) — o) g IRG) — o)l
T = vl < MPF )2 ey o

and as ||(Df(z2)) "' is bounded for x5 € D(0;7), and since ||y; — yz2||2 — 0 implies
lle(y1) —@(y2)]|l2 — 0, we get that the right hand side tends to zero by the property
of R. Therefore (17) gives that ¢ is differentiable, and the derivative is given by

Dy(y) = (Df(p(y)))~" =invo Df o p(y).
This shows, that if f is C*, then so is ¢, by the chain rule and Lemma 4.3. O

Given an equation of the form

flzy) = 0
one often would like to solve this for y, that is, write y = g(z) such that f(x, g(z)) =
0. The next theorem gives a criterion when this is possible.
Implicit Function Theorem. Let U C R™ and V C R™ be open, and let f :
UxV — R™ be a Ck-function with k > 1. Let (u,v) € U x V and assume that

255 (u,v)) is invertible. Let ¢ = f(u,v). Then there is a C*-
J

the m X m-matriz (

function n : Uy — V4 C V with Uy C U an open set containing u and Vi C V
an open set containing v, such that n(u) = v and f(z,n(x)) = ¢ for all x € Uy.
Furthermore, if f(xz,y) = ¢ with (z,y) € Uy x V1, then y = n(x).

Remark. The theorem states that the equation f(z,y) = ¢ can be solved uniquely
for y near a point (u,v), if the linear equation

Df(u7v)(xay) =0
can be solved uniquely for y. Note that

Df(u,v) - (z,y) = (gi(u,v)>-x+<§£(u,v)>-y =0

Ofi
Oy

and this can be solved uniquely for y exactly if ( (u, v)) is an invertible matrix.

Proof. We want to use the Inverse Function Theorem, so define ¢ : U x V —
R"™ x R™ by ¢(z,y) = (z, f(x,y)). Then

I | o
De = \"8f,/0z, | 9f:/0y;

and so det Dp(u,v) = det (gi (u,v)) # 0. By the Inverse Function Theorem,

there is an open set W containing (u, v) such that ¢ restricts to a diffeomorphism
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o : W — W'. Since p(x,y) = (z, f(x,y)), we get that ¢~ (a,b) = (a, g(a,b)). Set
n(z) = g(x,c). Then

flan(@) = flz.gl,0) = fle~ (z,0)
P2~ (z,0) = c

So f(z,y) = cif and only if y = n(x) for (z,y) € W. Now choose Uy x Vi C W
with (u,v) € Uy x V3 and n(Uy) C V4. O

Example. Let f : R" — R be smooth. To apply the Implicit Function Theorem,
we only need one coordinate with 6%(17) #0. Let f(z,y) = 2*+y?. Then f~1({1})
is a circle. Also, f(1,0) = 1. Note that §L(1,0) =0, but §£(1,0) = 2 # 0. So we
get n: I — R where [ is a small open interval containing 0 with f(n(y),y) = 1.

If f(z,y,2) = 2% +y? + 22, then £(0,0,1) =1 and %(0,0, 1) # 0. By the Implicit
Function Theorem we get a small disc U around (0, 0) and a parametrization of the
unit sphere near (0,0,1) by (z,y,n(z,y)), with n: U — R.

More generally, if the conditions of the Implicit Function Theorem apply, then the
set

{(z,y) e R"™™| f(z,y) =c} = M C R™™™

can locally around (u,v) € M be parametrized by an open set U C R™; any point
in M N (U x V) is of the form (z,n(x)), which we can think of as the graph of 7.

U
Also, as can be seen in the example of the circle at (1,0), if we cannot parametrize in
the first coordinate, we might still be able to parametrize in the second coordinate.
This leads to the following definition of a manifold.
Definition 4.5. Let K >0 and [ > 1. A subset M C R" is called a k-dimensional
C'-manifold, if the following holds: every point p € M is contained in an open set
U C R” on which there is a C'-diffeomorphism h : U — U’ C R* x R** with
h(UNM)=U'"N(RF x {0}).
Such an h is called a chart of M, and a family {hy : Ux — U} | A € A} of charts is
called an atlas, if M C (Jycp Uax.

So in local coordinates, a manifold looks like some R* in R™.

RNk

M
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Remark. In the situation of the Implicit Function Theorem, if f : U x V —

R"* with U € R¥ and V C R"* open, and (u,v) € U x V satisfies (g;: (u,v))

is invertible, we get the chart from the map ¢ : W — W' given by ¢(z,y) =
(z, f(z,y) — ¢), where ¢ = f(u,v) and W is an open set containing (u,v) so that
@ is a diffeomorphism, compare the proof of the Implicit Function Theorem. In
particular, WN{(z,y) € R"| f(z,y) = ¢} is a k-dimensional manifold, an atlas just
consisting of the one chart ¢.

Example. Let U C R" be open. Then U is a n-dimensional C°°-manifold, the
identity map id : U — U being a chart.

The set S™ = {x € R*"™||z|2 = 1}, called the n-sphere, is an n-dimensional
manifold. Look at f : R"*! — R given by f(x) = ||z||3. Note that we have to use
different coordinates i to get g—i(x) # 0 for all z € S™, so we need more than one
chart for an atlas.

Definition 4.6. Let f : U — R* be a C'-function, where U C R" is open. A point
x € U is called a critical point of f, if Df(x) has rank less than k. Otherwise it is
called a regular point. If x is a critical point, f(x) € R¥ is called a critical value of
f. A point u € R¥ is called a regular value of f, if it is not a critical value.

Example. Define f : R® — R by f(z) = ||z||3, then 0 € R" is the only critical
point, so 0 € R is a critical value, and R — {0} are all regular values. Note that
negative numbers are not in the image, and hence automatically are regular values.

If f:R™ — R¥is O, and k > n, the rank of Df(z) can never be k, so all points
of R™ are critical. So the regular values are exactly those points not in the image.
Define f : R®* — R? by f(z,y,2) = (¢*z, (y — 1)sin z). Then
e* 0 e*x
Df(w.y,2) = (0 sinz (y—1)cos z)
From the first two columns we see that sinz = 0 is necessary for a critical point.
Then cos z = £1, and from the first and the third row we see that y = 1 is necessary
for a critical point. This is also sufficient for being a critical point, so
{(z,1,kn) eR3 |k € Z}
is the set of critical points.

Theorem 5. Let U C R™ be open and f: U — R¥ a C'-map with | > 1. If y € R¥
is a reqular value, then f=1({y}) is a (n — k)-dimensional C'-manifold.

Proof. Let x € f~1({y}), then x is not a critical point of f. After rearranging the

& (x)),withi: 1,... kandj = n—k+1,...,n,

is invertible and so we get a chart around z as in the remark above. (I

coordinates, we can assume that

Remark. Note that points not in the image of f are regular values, but the empty-
set is a manifold of any dimension. After all, as there are no points in the emptyset,
the condition for being a manifold is vacuously satisfied.

Example. We have already seen that S™ is a manifold, but as S™ = f~({1}) with
f(x) = ||=||3, we get this also from Theorem 5.

Let M = {(z,y,2) € R¥| 2% +y3 + 2% = 2}, this is a manifold by Theorem 5, using
g(z,y,2) = 2% +y> + 23, which has only a critical point at (0,0,0) ¢ M.
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Define F : R" x R™ — R2? by F(z,y) = (||=]]3, [|y||3). Again (a,b) with a # 0 and
b # 0 are regular values, and F~1({(1,1)}) = S"~1 x §m~1,

Let f(x,y,z) = (e*z, (y — 1) sin z). We have seen that the critical points are of the
form (z,1,k7) with k € Z. Hence critical values are of the form (e*"x,0), and so
all (a,b) with b # 0 are regular. Then f~1({(a,b)}) is a 1-dimensional manifold.

5. TANGENT SPACES AND VECTOR FIELDS

Definition 5.1. Let M C R” be a k-dimensional C'-manifold with { > 1. A
tangent vector v at p € M is an element v € R™ of the form v = 4/(0), where
v :(—€,e) — M is a Cl-curve with € > 0 and v(0) = p. The set of tangent vectors,
denoted T, M, is called the tangent space of M at p.

Proposition 5.2. Let M C R™ be a C'-manifold of dimension k and p € M. Then
T,M is a k-dimensional sub-vector space of R™. In fact, if h: U — U’ C RF xR+
is a chart around p with h(p) =0, then

T,M = Dh7(0)(R* x {0})

Proof. Let h: U — U’ be a chart with p € U and h(p) =0. If y: (—e,e) > M is a
Cl-curve with v(0) = p, we can assume that v(g,¢) C U after possibly decreasing
e > 0. So horvisa Clcurve in R¥ x {0} with ho~(0) = 0. Note that w =
(hov)'(0) € R¥ x {0}. Now v =h"1to(ho~), and so

~'(0) Dh™*(ho~(0)) - (ho7)'(0)
Dh™1(0) - w.

So every element of T,M is in the image of the linear map Dh~!(0) restricted to
R* x {0}. Also, for w € R¥, the curve y(t) = h~!(tw) satisfies v'(0) = Dh~1(0)w, so
T,M = Dh=(0)(R* x {0}). As Dh~1(0) is injective, dimT,M = dimRF = k. O

Our way to obtain manifolds is to look at C!-functions g : U x V' — R™ with

U C R* and V C R™ open and det (gg; (u,v)) # 0 and take points with near

(u,v) with g(z,y) = g(u,v) =c.

The tangent space of a manifold resulting this way can be described by g¢:

Theorem 6. Let U C R" be open and g : U — R"* a Cl-function such that
c € R"% is a regular value of g. Let M = g=*({c}), a k-dimensional manifold.
Then

T,M = kerDg(p)
for every p € M.
Proof. Let v : (—e,e) — M be a Cl-curve with v(0) = p. Then g o v is a constant
map. So, for v = ~/(0) we get

Dg(p)v = Dg(p)y'(0) = D(goy)(0) = 0

which shows that T,,M C ker Dg(p). Now dim ker Dg(p) + rank(Dg(p)) = n. But
rank(Dg(p)) = n — k, so dimker Dg(p) = k and therefore T, M = ker Dg(p). O
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Example. Let M = {(z,y,2) € R® |23 + ¢y + 23 = 1}. Let p = (1,—1,1) € M.
Then T,M = ker Dg(p) with g(z,y, z) = 23+y>+23—1. Then Dg(p) = (3 3 3),
S0

.M = {(z,y,2) ER®|z+y+2=0}
With ¢ = (1,0,0) we get Dg(q) = (3 0 0), hence
.M = {(v,y,2) €R*|z =0}

We want to have differentiable functions f : M — R¥ on manifolds M. As M C R,
we can demand that f is defined on an open set U containing M and that this
function is differentiable. For the derivative we are only interested in the parts that
come from M. We are led to the following definition.

Definition 5.3. Let M C R” be a C'-manifold, let U C R™ be an open set
containing M and f : U — R a C!-function. Then p € M is called a critical point
of f|M, if for every Cl-curve 7 : (—e,e) — M with v(0) = p we get (f ov)’(0) = 0.

For example, if f has a local extremum on M, this gives a critical point, as f o~y
will have an extremum at such a point.

By the chain rule, D f(p)-+'(0) = 0, and +'(0) € T, M, so the condition of f having
a critical point at p € M is the same as saying Df(p)|T,M = 0.

Method of Lagrange Multipliers. Let U C R"™™ be open, g : U — R™ a C'-
function and 0 € R™ a regular value of g. Let f : U — R be a C'-function. Then
p € M = g=1({0}) is a critical point of f|M, if and only if there exist A1, ..., Ap € R
with D(f + X g1+ ...+ Amgm)(p) = 0.

Proof. Note that
D(f+Xgi+...+Amgm)(p) = 0

is the same as
Df(p) = Y_ —N\iDgi(p)
i=1

that is, the row vector D f(p) is a linear combination of the row vectors Dg;(p).

Now f|M is critical at p € M if and only if Df(p)|T,M = 0, and by Theorem 6
T,M = ker Dg(p). We can think of Df(p) and the Dg;(p) as linear maps from
R™™ to R, that is, as elements of the dual space (R"*™)*. Now the Dg;(p) vanish
on T,M, so if Df(p) is a linear combination of them, it also vanishes on T, M, so
p is a critical point.

On the other hand, the Dg;(p) are all linearly independent, as Dg(p) has rank n,
and the space of linear maps vanishing on 7, M has dimension n+m —dim M = n,
so the Dg;(p) form a basis of that space. If p is a critical point of f|M, Df(p)
vanishes on T, M and is therefore a linear combination of the Dg;(p). This finishes
the proof. O

If M is compact, then f will take the maximum and minimum on M and they are
critical points. The Method of Lagrange gives us a way to find the critical points:
If we define F: U x R® — R by

F(x7)\17'~-7)\n) = f(x)+)\lgl<x)++>\ngn(x)
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we get 2n + m equations

OF
= 0
8$i
fori=1,...,n+m and
OF
= =
O\
for j = 1,...,n, and we can try to solve them for x; and ;. We will often get

finitely many points in M, and by evaluating f at them we can find the maximum
and minimum. It should always be checked though that M is compact, which by
the Heine-Borel Theorem is equivalent to closed and bounded. To get a manifold
to be closed, the following purely topological criterion is useful.

Lemma 5.4. Let g : R" — R¥ be continuous and x € R¥. Then g=*({x}) is closed.

Proof. Let (yn)nen be a sequence in g~!({x}) with ¢, — y € R™. By continuity,
g(y) = lim, o0 g(yn) = lim, oo ® = 7, s0 y € g~ ({z}). So by Proposition 1.18,
g t({z}) is closed. O

One should keep in mind though, that often g is only defined on an open subset U
of R, and then g~ ({z}) is only closed in U, but not necessarily in R™. If g can be
extended continuously to a closed set containing U, or if restricting g to a closed
set does not change g~ ({x}), we still get g~!({z}) to be closed in R™.

Example. Find max{z + y|z* +y* = 1}.
We set f(z,y) =+ vy and g(z,y) = 2* +y* — 1. Then 0 is a regular value of g,
and we set F(z,y,\) = = +y + A(z* + y* — 1). This gives rise to three equations

1+4x® = 0
1+4\y® = 0
4yt -1 = 0.

Wl

Thus z =y = (—4)°, and

4 4
13\3 13\3
N N -1 =

1
This can be solved for A, and we get A\ = :l:%‘. So we get two critical points
+ (4%/57 4%/5)’ and the maximum is % Note that M is compact, so this has to be
the maximum.
Example. Find the extrema of f(z,y,2) = 5z + y — 3z on the intersection of the
plane = +y + z = 0 with S2.
Define g(z,y,2) = (x +y + z,2% + y?> + 22 — 1), then

11 1

Critical points satisfy =y = z, but g(z,x,z) # 0 for all z, so 0 is a regular value
of g. Define F(x,y,2, A\, 1) =52 +y—32+Nw+y+2)+pu(x? +y?+22—1), and
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we get five equations

S+ A+ 2uxr =
1+ A+2uy
-3+ A+ 2uz
T+y+z =
Pyt 41 =

I
o o o o o

Adding the first three equations, together with the fourth equation gives 3+3\ = 0,
so A = —1. Thus we get two equations
442ur = 0
2uy = 0
which gives p # 0 and y = 0. The fourth equation thus gives x = —z, and the fifth
222 =1, that is, z = i%. We get the points
1 1

.- (ﬂ’o’\/i)
- (o)

and with p = +21/2, these points are indeed critical for f|M. Also, M is compact

as a closed subset of S?, so f(a) = 4+/2 is the maximum, and fb) = —4+/2 is the
minimum.

Even if the manifold is not compact, we can sometimes find extremal points, for
example if we are looking for a point p € M which has minimum distance to a given
point z € R™.

Proposition 5.5. Let A C R™ be compact and B C R™ closed, and assume that
both sets are non-empty. Then there is a € A and b € B with

la =0 < llz -yl

forallz € A and y € B. Here || - || can be any norm on R™.

Proof. Let d = inf{||z —y|||z € A,y € B}, we have to find a € A and b € B with
|la —b|| = d. Because of the infimum property we can find a,, € A and b,, € B with
lan —bn|| < d+ % As A is compact, we can, by passing to a subsequence, assume
that a,, — a € A. Then, for large n, we get

o]l < llbn — anll + llan — all + o]l
< d+4+1+4]a.

As BND(0;d+ 1+ ||al|) is compact, and b, € BN D(0;d+ 1+ ||a||) for large n, we
can assume that b, — b€ BN D(0;d+ 1+ ||al|). Now

1b—all < [Ib="bnll + [Ibn = an[l + [lan — all

IN

1
d+ - + |6 = by + l|an — al|.

As ||b—by| and ||a,, — a|| can be arbitrarily small for large n, we get ||[b—al| < d+¢
for every € > 0, and therefore ||b — a|| = d. O
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Example. Find a point in M = {(z,y,2) € R3|222 + y? + z = 1} which has
minimal distance to p = (0,0, —5).

We see that M is a closed manifold, but it is not bounded, as z can take arbitrary
negative values. So M is not compact. By Proposition 5.5, with A = {p} and
B = M, there is b € M minimizing the distance. Such b is a critical point of the
squared distance function f(z,y,2) = 22 +y? + (2 + 5)% = ||(z,9, 2) — p||3. Define
F(z,y,2,\) =22 + y? + (2 + 5)® + A(222 + 4% + 2 — 1), then we get the equations

20+4dx = 0
20+2\y = 0
224+10+X = 0
202+ +2-1 = 0

From the first equation we either get A= —1/2, or . =0. If A\ = —1/2, then y =0
and z = —19/4, so x = £4/23/8. Then f(£./23/8,0,—19/4) = 23/8 + 1/16 =
47/16.

If = 0, the second equation gives y = 0 or A = —1. If y = 0, we get z =
1 and f(0,0, 1) 36. If A\ = —1, then z = —9/2 and y = +,/11/2. Then

£(0,+£4/11/2,—9/2) = 23/4.

The smallest values are taken at (+4/23/8,0, —19/4).

We will now generalize the notion of critical points/values to maps between man-
ifolds. Let M C R™ and N C R” be C'-manifolds with > 1. Assume we have a
continuous map f : M — N whih extends to a Cl-map f : U — R", where U C R™
is an open set containing M. Then we define
Tpof : TyM — Ty N

in the following way: If v € T,M, then v = +/(0) for some 7 : (—e,&e) — M with
7(0) = v. Then fo~y: (—¢,6) — N, so0 (fo7)'(0) € Ty N. Note that by the chain
rule

(fo)'(0) = Df(v(0))7'(0)
= Df(p)v,
so we can simply define T}, f(v) = D f(p)v, and therefore T),f : T,M — Ty, N is

linear.

Definition 5.6. We call f : M — N a C'-map, if f extends to a Cl-map f:U —
R™ as above. In this situation, if T}, f is not surjective for a p € M, we call p a
critical point of f, and f(p) € N a critical value. A regular point of fisap e M
with T}, F' surjective, and a regular value x € N is a point which is not a critical
value.

The following is a slight generalization of Theorem 5.

Theorem 7. Let M C R™ and N C R"™ be C'-manifolds, and f : M — N a
Cl-map. If x € N is a regular value, then f~'({x}) C M is a C'-manifold. The
dimension is dim M — dim N.

Proof. Let y € f~*({x}) C M. Assume that dim M = r and dim N = s. We need
to find a chart around vy, that is, a diffeomorphism ¢ : U — U’ C R"=% x Rm+s—"
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such that (U N f~1({z}) = U’ N (R"~* x {0}), and U is an open subset of R™
containing y. Let g : V. — V' C R®* Xx R™™* be a chart around = with g(z) = 0, and
h:W — W CR" x R™ " a chart around y with h(y) = 0. By possibly shrinking
W we can assume that f(W) C V. Let B C R" be a small open disc such that
B x {0} € W'. Define ¢ : B — R® be defined by

B—wn®x{0)"SwnMm Lvam LR x {0} =R®

Note that by Proposition 5.2, the tangent space T, M is spanned by Dh~'(0)(R?),
and since T f is surjective for every z € M with f(z) = z, and g is a chart, we
get that 0 € R® is a regular value of ¢. By Theorem 5, ¢~1({0}) is a manifold,
so there is a chart ¥ : O — O’ C R"™% x R® around 0 € R", with O ¢ B C R"
a small open subset around 0. Choose an open subset U C R™ containing y and
contained in W, with po h(U) C O, where p : R®* x R™% — R*® is projection. Then
= (xxid)oh:U — U CR"™% x R® x R™""~" is the required chart. O

Remark. The basic idea is to work locally, and working locally on a manifold is
the same as working in some R", via the charts. We will use this idea to discuss
differential equations defined on manifolds. First we need the definition of a vector
field on a manifold.

Definition 5.7. Let M C R"™ be a Cl-manifold, I > 1. A continuous map v :
M — R™ is called a vector field on M, if v(p) € T,M for all p € M. It is called a
C'-vector field, if there is an open set U C R™ containing M, such that v extends
to a Cl-function v : U — R™.

Example. Let S"7! = {(z1,...,2,) € R"|||z]]2 = 1} and p € S"~!. Then
7,8" ' = {zeR"|{(z,p) =0}

where (-, ) is the standard Euclidean inner product on R™. To see this, note that
Sn=t = g=1({1}) with g(z) = ||z||3, and by Theorem 6, 7,,S"~! = ker Dg(p). But
Dg(p)x = 2375, piwi = 2(p, ).
If n = 2m, define v : R — R™ by

O(T1,. . Tam) = (—T2, X1, —T4, T3, - -+, —T2m,s T2m—1)-
Clearly (z,v(z)) = 0 for all z € R", so v defines a C*-vector field on S"~1.

Furthermore, v(z) # 0 for all z € S"~1, so v is a non-vanishing vector field.

Remark. There are no non-vanishing vector fields on $?™, that is, for every vector
field v on an even-dimensional sphere, there is a point z with v(z) = 0. This may
be proven in the second half of the course.

Example. We want to describe a torus in cylindrical coordinates. Let 0 < e < 1
and define @ : (1 —¢,1+¢) x R?2 — R3 by
(2 + 7 cos¢)cos
O(r,¢,0) = (24 rcos¢)sind
rsin ¢
This function puts a ring ((1—¢,1+¢) x S') into the zz-plane, and rotates it around

the z-axis. The image, with fixed r = 1, is the 2-torus. Note that by restricting ®
to small angle values we get charts. So
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is a compact manifold (it is in fact the image of ® restricted to {1} x [0, 27| X [0, 27]).
We can get a non-vanishing vector field on 72 by choosing a constant vector field
on R?, and then push it onto 72 by ®. Let us make this more precise.

Let U,V C R™ be open and h : U — V a C*°-diffeomorphism. Let v : U — R" be
a C'-vector field, [ > 1. Then we can define a new vector field h,v on V by

(hw)(@) = Dh(h™(z))v(h™"(x))

for z € V. First we use h~! to get back to U, then we can apply the vector field v,
and then we use the derivative Dh to transform the vector. Since h is C*°, we get
that h,v is a Cl-vector field.

Example. Define a vector field on R? by v(z) = (0, c) with ¢ € R%. Now define a
vector field on T2 by ®.v, where ® is from the example above. Notice that & is only
locally invertible, but if z, y satisfy ®(z) = ®(y), we also have D®(xz) = D®(y), so
the vector field on T2 is well defined. If ¢ # 0, the vector field is non-vanishing.

We now want to solve differential equations on manifolds. Let us start by observing
how integral curves transform under diffeomorphisms.

Lemma 5.8. Let U,V C R" be open, h : U — V a C*°-diffeomorphism and v a
Cl-vector field on U. If v : I — U is an integral curve of v, then howy is an integral
curve of hyv.

Proof. We have /() = v((t)). Now

(hon)'(t) = Dh(y(t)'(t)
= Dh(y(t))v(~(1))
= Dh(h™ (h((®))))o(h™  (R(7(1))))
= hw(hon(t)),
which is the condition for being an integral curve. (Il

Now if v is a Cl-vector field on the C*°-manifold M C R"™, let h : U — U’ C
R™ x R"~™ be a chart. We can assume that v is defined on U and a C'-vector field
on U. Then h, is a vector field on U’, and when restricted to U’ N (R™ x {0}), the
values are in R™ x {0}. So we can think of h,v as a vector field defined on an open
set V' C R™. By the Picard-Lindelof Theorem, there exist integral curves for this

vector field. The diffeomorphism h~! then brings these integral curves back into
M. Notice that

h'how(z) = Dh™H(h(x))ho(h(z))
Dh~ (h(x)) DR(h™" (h(x)))u(h ™" (h(x)))
— DI (h(2)) Dh(x)o(x)

so we recover the original vector field. We collect this in the following Lemma.

Lemma 5.9. Let M be a C*-manifold, and v a C'-vector field on M, 1 > 1.
Then for any p € M there exists an open interval I C R containing 0 and a curve
v I — M with v(0) = p, and v/ (t) = v(v(t)) for allt € I. O
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Recall that the Picard-Lindelof Theorem also gives us uniqueness. We can use this
to look at maximal integral curves through a given point.

Lemma 5.10. Let M be a C*°-manifold, and v a C'-vector field on M, 1> 1. For
i=1,2 letv; : I; = M be integral curves of v with v1(0) = p = 72(0), where I
and I are open intervals containing 0. Then 1 (t) = v2(t) for allt € Iy N I5.

Proof. The two curves have to agree in a small open set around 0 by the uniqueness
statement of the Picard-Lindel6f Theorem. Let B = {t € I; N I, N [0,00) | y1(s) =
v2(s) for all 0 < s < t}. If B is unbounded, then ~;(t) = ~2(t) for all ¢ > 0.
Otherwise let T = supB. Then T ¢ I N I, for otherwise let ¢, < T be a
sequence in B converging to T. By continuity and the fact that the t,, € B, we get
M (T) =v(T) =2 € M As v, and ~y, are integral curves around z, they agree in
a small open set around T (recall that I; and I are open), but then T’ cannot be
the supremum of B.

Therefore T ¢ I) N Iz, and ; and 72 agree on Iy N I3 N [0,00). To see that they
agree on negative numbers, we use a symmetric argument. O

This means that v, and 2 can be combined to an integral curve on I; U Is. Given
a point p € M, we can now look at the maximal interval I, on which an integral
curve 7y : I — M with v(0) = p is defined. If M is compact, this interval is always
R.

Proposition 5.11. Let M be a compact C*-manifold, and v a C'-vector field on
M with Il > 1. Then for every p € M there is an integral curve v : R — M with

7(0) = p.

Proof. Let «v: I — M be the maximal integral curve through p € M, and assume
T = supl < oo. Choose a sequence t, € I converging to T. Then ~(t,) is a
sequence in M, and by compactness, there is a subsequence that converges to a point
x € M. By the Picard-Lindel6f Theorem we can find a continuous a: Uy x I; — U,
where U; C U are open sets containing = and I; is a small open interval containing
0, with a(y,0) = y for all y € U; and %a(y,t) = v(a(y,t)). Choose ng with
T —tn, € I and (t,,) € Uy. Define 5(t) = a(y(tn,),t — tn,). Then f is an
integral curve with 8(¢,,) = v(tn, ), so by Lemma 5.10 they agree on the intersection
of domains. Note that 3 is defined for T and some values bigger than 7. Therefore
the integral curve vy can be extended using 3, which contradicts maximality. It
follows that = is defined for all ¢ > 0. The argument for negative numbers is
completely analogous. (I

Recall that the Picard-Lindeloéf Theorem gave us even more than just existence
and uniqueness of integral curves, it also states that integral curves can be pieced
together along their starting points to yield a continuous map. We use this to define
a continuous action of R on a compact manifold M.

Let v be a C'-vector field on a compact C*-manifold M. Define
P MxR—M
P(z,1) = 72(t)
where v, : R — M is the unique maximal integral curve with ~,(0) = x for x € M.
This map is called the flow of v.
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Theorem 8. Let M be a compact C™®-manifold and v a C'-vector field with 1 > 1.
Then the flow of v is a continuous function satisfying

(1) ®(x,0) =z forallz e M.

(2) ®(P(x,t),s) =P(x,t+s) for allz € M and t,s € R.

Proof. To see that ® is continuous, let (z,t) € M x R. Near (z,t), the function ®
is just the collection of integral curves, by the uniqueness statement of the Picard-
Lindel6f Theorem it agrees with the function a : Uy x Iy — U provided by that
theorem. Here U is a chart neighborhood of x. As « is continuous, so is ®.

Statement (1) is clear by construction. To see (2), let y = ®(z,t), so v, (t) = y. If
we define y(u) = 7, (u + t), then « is an integral curve, and (0) = y, so we have
v = vy. In particular

O(P(x,t),s) = D(y,s)
Yy(s)
= Y(s+1)
O(x,s+1).
This finishes the proof. (I

Remark. If we write z -t = ®(z,t) for x € M and ¢t € R, then the properties of
the theorem are

(1) - 0=z for all z € M.
(2) (z-t)-s=x-(t+s)forall x € M and t,s € R.

These are exactly the conditions needed for an action of the abelian group R on
the set M. The fact that ® is continuous can be expressed by saying that the
topological group R acts on the topological space M.

In particular, every C'-vector field on a compact manifold gives rise to an action
of the real numbers on that manifold.

Remark. It is possible to define a flow on non-compact manifolds, but we do not
get integral curves to be defined for all times in general, so the domain will usually
be smaller than M x R. The conditions (1) and (2) still hold, if s,¢,s + ¢ fall into
the domain.

Remark. The flow ® is also as differentiable as the vector field v, but in order to
show this, we would have to put more effort into differential equations.
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