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Some Books

a) Mathematical Analysis, a straightforward approach, K. G. Bin-
more.

b) Calculus, Michael Spivak.

c) Limits, Limits Everywhere, The Tools of Mathematical Analysis,
David Applebaum.

d) Calculus, Schaum’s Outlines, F. Ayres and E. Mendelson.

)
e) Advanced Calculus, Schaum’s Outlines, R. Wrede and M. Spiegel.
f) How to Think Like a Mathematician, Kevin Houston.

)

g) How to Read and Do Proofs, Daniel Solow.

The books a)-c) are good introductions into material of Analysis.
Don’t be fooled by the title of b), this book is a highly recommendable
Analysis book. However, c) falls short on the concepts of continuity,
differentiation and integration. d) and e) contain a lot of solved prob-
lems and is a good exercise source. Finally, the books f) and g) cover
the logic as well as proof techniques which are important in the study
of Analysis.

This lecture notes are not meant to be complete, but they
are a useful additional source of information!

The symbol at the margin of the page informs you about pitfalls
to be avoided-

At the end of each chapter you find a box with important
points which are useful for you to check whether you un-
derstood the crucial concepts and can apply the methods
introduced in this chapter.




8 Differentiable functions

8.1 Basics on differentiable functions

Let us start with the definition of differentiability.

Definition 8.1. Let X C R and f : X — R be a function. f is dif-
ferentiable at ¢ € X if lim,_.. % exists. We denote this limit by
f'(c) and call f'(c) the derivative of f at c. f is called a differentiable
function if f us differentiable at all points c € X.

Remark. (a) The expression % has an important geometric in-

terpretation: It is the slope of the straight line passing through
the two points (¢, f(c)) € R* and (x, f(z)) € R? of the graph of
f. Asz — ¢, the second point (x, f(x)) approaches the first point
(¢, f(c)), and the limit describes the slope of the tangent of the
graph of f at the point (c, f(c)) € R2

(b) Differentiability at ¢ € X can also be described in the (e, d)-
formalism. f is differentiable at ¢ € X if there exists a number
L € R (the derivative f'(c¢)) such that there exists for every e > 0
a positive number § > 0 such that

fle) = f(x)

C—X

— L <e Vre X with |z — ¢| < 6.

(c) Another equivalent formulation for differentiability of f at ¢ € X
is the following: There exists a function f; : X — R such that

flz) = fle) + (x =) fi(x)
and f is continuous at c¢. Namely, we choose
f@)=fle)  sf . £ ¢
Ale) =9, .
f'(c) if v = c.

Ezxample. Let us prove differentiability of f(x) = 1/z on (0,00). Let
¢ € (0,00). Then we have

fle)=fle) c—= !

r—c  we(r—c)  ac
which implies that
limM — —limi — %
Tr—c Tr — C r—Cc ITC C

This shows that f'(c) = —1/c2.

differentiable
at ¢

derivative
f'(e)
differentiable
Sfunction



Differentiability is a stronger property than continuity:

Theorem 8.2. Let X C R and f: X — R. If f is differentiable at
c € X then f is also continuous at c.

Proof. We have
flx) = f(c)

r—=cC

f(z)— flc)=(x—c)- —0-f'(c)=0 asx—c
This shows that lim, .. f(x) = f(c), in other words, f is continuous
at c. []

Remark. There are continuous functions which are not differentiable.
The easiest example is the function f(z) = |z|, which is continuous
on R but not differentiable at ¢ = 0. However, the construction of
a function f : R — R which is everywhere continuous but nowhere
differentiable is a much more difficult task. Historically, there was
the longstanding belief that every continuous function should be dif-
ferentiable everywhere except for a set of isolated points. This mis-
conception was eradicated by KARL WEIERSTRASS, who published
in 1872 an everywhere continuous and nowhere differentiable function
(see also the Wikipedia article ” Weierstrass function”).

Theorem 8.3. (a) Let f,g be two functions which are differentiable
at c. Then their sum [+ g is also differentiable at ¢ and we have

(f +9)(c) = f'(e) +4'(c).
Similarly, their product fg is also differentiable at ¢ with
(f9)'(c) = fle)d'(c) + f'(e)g(e). (1)

(b) Let f,g be two functions such that g is differentiable at ¢ and
f s differentiable at g(c). Then the composition f o g is also
differentiable at ¢ and we have

(fog)(c)=f'(g(c) g'(c). (2)

(c) Let f be a function which is differentiable at ¢ and we have f(c) #
0. Then 1/f is also differentiable at ¢ and we have

()@=
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Proof. We only prove (1) and (2) of the Theorem via the equivalent
formulation given in (c) of the above remark.

(a) We have f(z) = f(c)+(z—c)fi(z) and g(x) = g(c) +(z —c)g1 ().
This implies that

(f9)(x) = (fg)(c) + (z — c)h(x).

with h(z) = f(c)gi(z) + fi(z)g(c) + (z — ) fi(z)gi(z). It is easy
to see that h is continuous at ¢ and, therefore, fg is differentiable
at ¢ with derivative

(f9)'(c) =lim h(z) = f(c)gi(c)+ fi(c)g(c) = f(c)g'(c)+ [ (c)g(c).

Tr—C

(b) We can write f(y) = f(g(c)) + (y — g(c)) f(y) and g(z) = g(c) +
(x — ¢)g1(x) with f; continuous at g(c) and g; continuous at c.
Then we have

(fog)(z) = f(g(x)) = flg(c)) + (g(x) — g(c)) fr(g(x)) =
f(g(c)) + (x — c)gi(c) fi(g(z)) = (f o 9)(c) + (z — c)h(x)

with h(x) = (f1 0 g)(x))g1(c). Since f; is continuous at g(c) and
g is continuous at ¢ by Theorem 8.2, the composition f; o g is
continuous at ¢ (see Theorem 7.8(iv)). Using again the equiv-
alent formulation for differentiability, we conclude that f o g is
differentiable in ¢ and we have

(feg)(c) =limh(z) = fi(g(c))gi(c) = f(g(c))g ().

Reader’s Task. Prove part (c) of Theorem 8.3.

8.2 All types of Mean Value Theorems

You have already seen the following fact and its proof in the Calculus
course:

Theorem 8.4. If f is differentiable at ¢ and has a local mazimum or
minimum at ¢ then f'(c) = 0.

You have also seen Rolle’s Theorem and the Mean Value Theorem and
their proofs in the Calculus course, so we just recall their statements:

bt



Theorem 8.5 (Rolle’s Theorem). Let f : [a,b] — R be continuous
and differentiable on (a,b) and suppose that f(a) = f(b). Then there
exists ¢ € (a,b) such that f'(c) = 0.

Theorem 8.6 (Mean Value Theorem). Let f : [a,b] — R be contin-
uous and differentiable on (a,b). Then there exists ¢ € (a,b) such

that )
f’(C) _ f( Z:g(a)

Rolle’s Theorem implies an even stronger mean value theorem:

Theorem 8.7 (Cauchy’s Generalised Mean Value Theorem). Let f, g :
la,b] — R be continuous and differentiable on (a,b). Assume that
g (x) #0 for all x € (a,b). Then there exists ¢ € (a,b) such that

Fe) _ f) = fla)

gc)  gb) —gla)
CAUTION. You may wonder why this is not a simple corollary of the
Mean Value Theorem. But applying Theorem 8.6 to both functions f
and g would lead to

f'(er) _ f(b) — f(a)

glc2)  g(b) —g(a)
The important point of Theorem 8.7 is that we can choose ¢; = ¢, on
the left hand side.

Proof. Consider the function

h(x) = (9(b) — g(a))f(x) = (f(b) = f(a))g(z).

Then we have

h(a) = g(b)f(a) = f(b)g(a) = h(D).
h is obviously continuous on [a, b] and differentiable on (a,b), and we
can apply Rolle’s Theorem to h. Therefore, there exists ¢ € (a,b) such
that
0=1(c) = (g(b) — g(a)) f'(c) = (f(b) = f(a))g'(c). (3)
Since ¢'(x) # 0 for all z € (a,b), we conclude from Theorem 8.6 that
g(b) — g(a) # 0, and we can rewrite (3) as

f'le) _ f(b) — f(a)
g'(c)  g(b) —gla)

Rolle’s

Theorem

Mean
Value
Theorem

Cauchy’s
Mean
Value
Theorem



Theorem 8.8 (L’Hopital’s Rule). Let f,g : (a,b) — R be differen-
tiable and ¢ € (a,b). Assume that f(c) = 0 and g(c) = 0. Assume
further that lim, .. f'(x)/g'(x) exists. Then also lim,_,. f(x)/g(x)

exists and we have /
lim @ = lim f/(c).
Tr—C g(x) Tr—C g (C)
There is a simple proof of L’Hopital’s Rule! in the special case that f’

and ¢’ are continuous at ¢, which you may have seen in the Calculus
course. The proof of the general case uses (3), which holds without
the assumption ¢'(z) # 0 for all x € (a, b) (see, e.g., Spivak’s Calculus
Book).

Reader’s Task. Prove Theorem 8.8.

2
—1
FErample. Show that lim M

x—0 562

cos?’(z) — 1 and g(x) = 2?. Then f and g are differentiable and we

have f(0) = ¢(0) = 0, so the first assumption of Theorem 8.8 is
satisfied. But we still do not know whether lim, o f'(z)/¢'(z) ex-

exists and calculate it. Let f(z) =

ists, since lim, .o f'(x) = lim, ,o¢ () = 0. But the first assump-
tion of Theorem 8.8 is still satisfied for the differentiable functions
f'(x) = —=2sin(zx) cos(x) and ¢'(x) = 2z, since f'(0) = 0 and ¢'(0) = 0,
and we see that

2
lim /() = lim sin?(z) — cos®(z) = —1
z—0 g”(]}) z—0
exists. Arguing backwards, this shows that lim, .o f'(x)/¢'(z) exists
and also that lim,_, f(x)/g(x) exists with

2
—1
lim % = lim = lim sin®(x) — cos®(z) = —1.
xz—0 X xz—0 X xz—0

CAUTION. Be careful that all conditions of L’Hopital’s Rule are sat-
isfied, in particular the condition that f, g are differentiable and that
f(c) = g(c) = 0. Without checking these conditions, L’Hopital’s Rule
may lead to absolutely wrong results, like the following:

— sin(x) cos(x)

o4 r—2 o 3x2+1 . bx
lim — = lim = lim — = 3.
z—1 I2—3$+2 x—=1 20— 3 x—1 2

'MaARQUIS GUILLAUME DE L'HOPITAL(1661-1704) was a French mathematician, who presented
this rule for the first time in his 1696 book on differential calculus. The discoverer of this rule is,
however, believed to be the mathematician JOHANN BERNOULLI(1667-1748), who was a member
of a family which produced a dynasty of many famous Swiss mathematicians.

7
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In fact, the correct limit is —4:

. P+ r—2 C (r-D@*+x+2) . 2P+ +2
lim ——— = lim = —
=122 =3 +2 2=1 (z—1)(x—2) =1 x— 2

8.3 The Newton method revisited
We begin with the following definition.

Definition 8.9. Let —0co < a < b < 00 and I = (a,b) or I = [a,}b].

Then C(I) stands for the set of all continuous functions f : I — R (in C((a,b))

the case I = |a,b], we only require one-sided continuity of f at v = a gn(c[lmb])

and x =b)*.

Let I = (a,b) or I = [a,b] and k > 1. Then C*(I) stands for the set C*((a,b))
of all functions f : I — R which have k continuous derivatives®, i.e., Eg}f}[a )
the k-th derwative f*) : I — R exists and is continuous®. ’
We recall the following fact (Taylor’s Theorem with Lagrange remain-
der) from the Calculus course for functions f € C?((a,b)) and for all
c,x € (a,b)

£ = F@) + Fla)fe— ) + L0 e - a)? ()

for a suitable point 1 between ¢ and x. This is crucial in the proof of

the following fact, which is a very effective and fundamental numerical
method to find the zeros of functions (already mentioned in Section

6.2).
Newton

Theorem 8.10 (Newton iteration). Let f € C?((a,b)) and f(c) = 0 iteration
for some ¢ € (a,b). Assume that f' > 0 (i.e., [ is strictly monotone
increasing’) and f” > 0 (i.e., [ is strictly convei®). Assume further

that f(x1) > 0 for some x1 € (a,b) and define the sequence (x,)nen
recursively by

Lyl = Tp — f/(xn) (5)

for all n € N. Then the sequence (x,) is convergent to c.

2In fact, C(I) is an abstract real vector space as introduced in Linear Algebra, since we can
multiply functions in C'(I) with scalars in R and add them to obtain new functions in C'(I).

3Also C*((a,b)) carries the additional structure of an abstract real vector space.

4If the boundary points a or b belong to I, then we have to take one-sided derivatives at these
points

5This means that f(x1) < f(x2) for all a < 21 < 22 < b.

6This means that f(ax; + Brs) < af(x1) + Bf(x2) for all a, 3 >0, a+B8=1and a < 21 <
x9 < b, in other words, f() lies strictly below the straight line segment connecting f(x1) and f(x2).
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Moreover, for every € > 0 there exists N € N such that for alln > N,

s =l < (J4 4 ¢) o = ol ®

Remark. (a) The geometric meaning of (5) is the following: Draw a
tangent to the graph of f at the point (x,, f(z,)). Since f' > 0,
this tangent is not horizontal and must, therefore, intersect with
the z-axis at a unique point. This unique point is x,, 1. In other
words, Newton’s method is based on the approximation of the
actual function f by a linear function with the same tangent.

(b) The estimate (6) provides important information about the con-
vergence speed of the Newton iteration, namely, that this iter-
ation converges quadratically near the zero c. This means in
practical terms that the number of correct decimals eventually
doubles with every iteration step.

Proof. Since f is strictly monotone increasing on (a,b) and f(c) = 0
and f(z1) > 0, we can conclude that z; > ¢. We show first that we
have

c<-- <y <y <wy <y, (7)

i.e., (z,) is monotone decreasing with lower bound ¢. Therefore we
only need to show the following fact: If ¢ < x,, and f(z,) > 0 then
also ¢ < x,.1 <, and f(z,41) > 0. Then (7) follows by induction.
Assume that ¢ < x,, and f(z,) > 0. Since f' > 0, we conclude that

f(xn) <

— n-

n
>0

Manipulating the recursion formula we obtain
f@n) = fl@n)en = —f/(2n)Tn. (8)
Employing (4) yields

" (1) 2
9 (¢ — )

for a suitable point 7, € [c, x,]. Plugging (8) into this Taylor formula
leads to

0= f(c) = f'(wn)e = f'(@n)zn +

fle) = f(an) + f'(2n)(c — zn) +

/" (1) 2
92 (C o ZCn) )

9



le.,

1
0= f(wn)(c— znr) + 2 (2””) (¢ — 24)". (9)
Since the second summand is > 0 by assumption, the first summand
must be < 0 and, using f’ > 0, we conclude that ¢ — z,,1 < 0, i.e.,
¢ < x,.1. So we proved that ¢ < x,, .1 < x,. Then strict monotonicity
of f implies that f(z,41) > f(c) =0, i.e., f(x,41) > 0, finishing the
induction proof of our first statement.

Then we conclude from (7) with Theorem 6.2 that (z,) is convergent.
Let x* = lim,, o x;, > ¢ be its limit. Taking the limit in the recursion
formula and using continuity of f and f’, we conclude that

@)
f'(ar)’
ie., f(x*) = 0. Strict monotonicity of f implies that f can have at

most one zero, leading to z* = ¢. This proves the convergence.
For the convergence rate (6), we revisit equation (9) above:

0= f'(x,)(c—2pi1) + f”(;n) (c —xn)2 (10)

Since x, — ¢ and [’ is continuous, we can find for every ¢ > 0 an
index N € N such that

S (1) < S ()
2f"(xn) = 2 (nn)

Plugging this into (10), we obtain for all n > N

o =l = gpiey(e = < (g + ) on ol

finishing the proof. []

+¢e¢ Vn>N.

10



Important concepts/typical problems in this chapter that you should
try without looking anything up:

o Let f: (a,b) = R, ¢ € (a,b) and f(z) = f(c) + (x — ¢) fi(z).
Which property of f; is equivalent to the differentiability of f at
¢? In case of differentiability of f at ¢, how can we express f'(c)
in terms of f1?

e Let f: R — R be defined by

) atsin(l/z) if x #0,
f(x)_{o if 2 = 0.

Show that f is differentiable at = = 0.

1
e Evaluate lim T costrr) COS(MU).
a—=1 22 — 2z +1

11




9 Infinite series

9.1 Fundamental notions and properties of series

An (infinite) series is based on summing the terms of a sequence (a,).
More precisely, we consider the new sequence of numbers

n
sn=Y ar=a1+ay+-+ay
k=1

and call (s,) a series.

Ezample (Geometric Series). A particularly important example is the
geometric series, where a;, = ¢*~! for some value ¢ € R. In an exercise, geometric
we have already seen that we have the identity seres

n n—1 1 qn
_ k=1 _ J_ -
S S L
k=1 7=0

which describes s, by an explicit formula. It is natural to ask for

convergence of this new sequence (s,). In the case of the geometric
series, we have convergence of (s,) if |¢| < 1, since in this case

, o 1—=q" 1
lim s, = lim =
n—o00 n—oo 1 —q 1 —q

and unboundedness of (s,,) if |¢| > 1, since in this case |¢|" — oco. In
the case ¢ = —1, we have

_J 1, ifnisodd,
0, if nis even,

Sn

so (s,) is bounded but not convergent. In the case ¢ = 1, we have

n
Sp = g 1=n,
k=1

so (s,) is, again, unbounded.

Here is the precise definition of this new notion.

Definition 9.1. Let (a,) be a sequence of numbers. Then the new
sequence (sy), defined by

n
Sp — E ag
k=1

12



is called an (infinite) series. The terms s, of this new sequence are (infinite)
called the partial sums of this series. If the sequence (s,) of partial 56”:51
sums is convergent, we say that the series 22021 aj 1S convergent, and fums

we write
o0
g ap = lim s,.
n—00
k=1
Otherwise we say that the series Y -, ai, is divergent.

A necessary condition for a series > ;- a; to converge is that the
summands a; converge to O:

Lemma 9.2. If Y ", a; is convergent, then a; — 0.

Proof. Let s, = Y ,_jar. Since the series is convergent, we have
s, — s*. Note that a;, = s, — s,_1. Then we have

lim a; = lim s, — sp_; = s —s* = 0.
k—o0 k—00

[

FEzample (Harmonic Series). It is important to know that the converse

of Lemma 9.2 is not true: ar — 0 does not imply that Zzozl aj 1s
convergent. Here is a fundamental explicit counterexample: The har-

monic series is given by > .-, ai with a; = 1/k. Here we obviously harmonic
have a; = 1/k — 0, but > ;- a; is divergent since series

81:1,
1
32281—|—§,
= +1+1> Lo bl !
ST 2T = 4= 2Ty
PR +41 +1
S8 = S4+ -+ - — =54+ =
s 175 T3 g ATy
C sl +1> NP SIS
S16 — S8 9 16 S8 16 S8 27

and it can be proved by induction that spn > 1+ 3 — oo,

We also have the following version of COLT for series. The proofs
are straightforward reductions to COLT for sequences and will not be

given here.
COLT for

Theorem 9.3 (COLT). Let > ;" ap = a, Y .,y br = b and ¢ € R. series
Then we have the following:

13



(a) > po i ap + by is convergent with limit a + b.
(b) > 2= cay is convergent with limit ca.

(c) If ap < by then a <b.

9.2 Convergence tests

Here is our first convergence criterion for series.

Comparison

Theorem 9.4 (Comparison Test). Let 0 < ay, < by, for all k € N. If Test

> oy by is convergent with limit b then Y -, ay is also convergent with
limit a < b. Equivalently, if >, ai is divergent then so is Y .- .

Proof. Let s, = > _;a; and t, = > ,_, by. By assumption, we have
0 < s, <t, <b, since (t,) is monotone increasing with limit b.
But (s,) is also monotone increasing and bounded above by b, so
convergent to a number a by Theorem 6.2. Moreover, s,, < t,, implies
that

a= lim s, < lim ¢, = 0.

n—0o0 n—o0
The equivalent statement about divergence follows via contraposition.
]
Ezamples. We investigate Y, | ai in each of the following cases.
VE2+1
(a) ap = T;_ Here we have a; > 1/k and >/~ a; diverges by
comparison with the harmonic series.
(b) L om have 0 < L 1
= —. Here we have a = — — =
T g = T )2 T kRt 1)
1 1
— — —— = b, and
R
k= el ———— — .
— — ko k+1 n+1

Therefore, > - | ax1 converges by comparison with > .~ | by, and,
consequently, > 7 ar = a1 + >, agp+1 converges as well. In
fact, the limit is very beautiful: > ;- 1/k* = 72 /6.

(©) a5 = (2% + 2k + 9)(k? + 4k + 3)
b (k3 + 6k + 1)2
k — oo and we can find C > 0 such that k%a;, < C for all k.

Then we have k?a;, — 2 as

14



Therefore, 0 < a;, < C/ k?, and the series 22021 aj converges by
comparison with Y 7~ C/k*.

= 1
(d) Claim: Let a@ > 0. Then Z ra converges if and only if o > 1.

k=1
This statement follows in the case a > 2 by comparison with

> o 1/k* and in the case @ < 1 by comparison with the har-
monic series. The proof in the case 1 < a < 2 follows from the
Integral Test given later in Theorem 9.8.

2k +7 : o0 -
(e) ar = Nk Then a; > \/% Since (2/v/3)>02,1/Vk di-

verges, the series >~ a; diverges as well, by comparison.
k3 + 2log(k

(f) a = - (k)
a constant C' > 0 such that 0 < ay < C/k* Hence, > ;7 ax
converges by comparison with Y, , C'/k?.

. Then k%a;, — 0 as k — oo and we can find

The above Comparison Test requires both series to have non-negative
summands. In the case that a series ;- ; a; has summands with pos-
itive and negative summands, it is often useful to consider the series
> o |ak|, where all summands are the absolute values of the sum-
mands of the original series. We will see that convergence of >~ ; |ag|
implies convergence of Y/~ a. To prepare this result, we first intro-
duce the notion of absolute convergence.

Definition 9.5. Let >/~ a; be a series. If the series Y - |ax| con-
verges, we say that the series Y ;_; ap converges absolutely. In the
case that Y o ay is convergent but not Y ;- |ax|, we say that the
series ;- aj converges conditionally.

Theorem 9.6 (Absolute Convergence Theorem). Every absolutely
convergent series Y oo, ay s also convergent.

Proof. Let > ;- | ax be absolutely convergent. Then Y/~ 2|ay| is con-
vergent and so is >~ |ax| + ag, by comparison, since 0 < |ay| + ax <
2]ag|. Since > 77 |ar| + ar and Y7, |ag| are both convergent, we
conclude with COLT that also

iak = (i [ +ak> - f: g

k=1 k=1 k=1

is convergent. ]
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o0 (0. ¢]
: (=1)% | : 1
FExample. The series ,;:1 SRR is absolutely convergent since ,;:1 m
is convergent by comparison with ) ;~, 5. Therefore kgl 2ok S

also convergent.

An example of a series which is only conditionally convergent is given
by > 22, (—1)%/k. This series is not absolutely convergent since the
harmonic series is divergent but it is convergent because of the follow-

ing Alternating Sign Test due to Leibniz’. P
ernating

Theorem 9.7 (Alternating Sign Test). Let (ar) be a monotone de- Sign Test
creasing sequence of positive numbers with a — 0. Then the alternat-
ing series Y ,_(—1)""ay is convergent.

Proof. Let s, = >_;_,(—=1)""a;. Then we have

Son42 = Son + Qopy1 — A2p42 = Sop

and

Son+1 = S2n—1 — G2p + G241 < S2p-1.
This implies that the subseqence (s9,) is monotone increasing and
that the subsequence (s2,_1) is monotone decreasing. Moreover, since
Sop = Sop—1 — Gop < So,—1, We have

S <8y <5< <89y S Sopmg Svvs <85 < s3 < s,

In particular, both subsequences (s9,,) and (s9,_1) are monotone and
bounded and, therefore, convergent. Since as, = S9,_1 — S2, — 0,
their limits are equal, and we denote this limit by

s* = lim 89, = lim $9,,_1.
n—o0 n—o0

Since both subsequences with even and with odd indices of (s,,) con-
verge to the same limit s*, it is easy to see that the full sequence (s,,)

must also be convergent to s*, finishing the proof. ]
Integral

Theorem 9.8 (Integral Test). Let f : [1,00) — [0,00) be monotone Test
decreasing. Let a = f(k) and F}, = flkf(:v)d:v for all k € N. Then
> ey ag is convergent if and only if the sequence (Fy) is convergent.

"GOTTFRIED WILHELM LEIBNIZ (1646-1716) was a German universal scholar with particular
important contributions in philosophy and mathematics. Along with SIR ISAAC NEWTON, he can
be considered as one the fathers of the differential and infinitesimal calculus, and many notions
used today like the differential df /dz and the integral sign | (which stems from the letter S for
sum) are his inventions. There was a priority controversy whether Leibniz had developed calculus
independently of Newton.
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Proof. Let b, = ,f“ f(x)dx. Then Fj,1 are the partial sums of the

series >~ bp. Note that we have
0 <app1 < b <ay (11)

by Monotonicity of the Integral (see the Calculus Script,p.60 (iii)) and
the fact that f is monotone decreasing. Then applying the Comparison
Test with both inequalities in (11) proves the theorem. O

1
FEramples. (a) Let 1 < a < 2 and f(z) = — for x > 1. Then f is
:EOé

monotone decreasing and > 0. Moreover,

—

g 1
Fr = / r dr = (k' —1)
1 1

1 1 1
= — -1) = as k — oo.
a—1\ ko1 a—1

This shows that the series Y ;- ; 1/k® is convergent, by the Inte-
gral Test.

1

(b) Let f(x) = for x > 2. Then f is monotone decreasing
xlog(x)

and > 0. Moreover,

k
1
Fy. = / dx = log(log k) — log(log 2)
s xlogx

is unbounded for £k — oo. Therefore, the series Y-, 1/(klog(k))
is divergent, by the Integral Test.

Ratio

Theorem 9.9 (Ratio Test). Let (ax) be a sequence with ay # 0 for all Test

ke N.

(a) If |ags1]/]ax] — a < 1 for k — oo, then > ;| ar converges abso-
lutely.

(b) If |aks1|/|ax| > 1 for all but finitely many k € N, then > ;- aj is
divergent.

Proof. Ad (a): Choose ¢ € (a,1). Then there exists K € N such that

|ak+1\
|ax|

<gq for all k > K.

17



This implies for all j € N,
laxj| < qlagij| < < ¢ ak].

Since a < ¢ < 1, the geometric series Zjo-io ¢’|ar| converges and,
therefore, also the series Z;io lar+;], by Comparison. Now we add
the terms |ay], ..., |ax_1| to conclude that also >~ |ax| is convergent.
This shows that >~ ay is absolutely convergent.

Ad (b): There exists K € N such that we have |ag1|/|ax] > 1 for
all £ > K. In other words, we have |ag;1| > |ag| > 0, but then (ay)
cannot converge to 0. Then > ;- | a; cannot be convergent, by Lemma
9.2. ]

Ezamples. We investigate Y~ ; a;, in the following cases.
(a) ap = ¢*/k! with a constant ¢ € R. Then

a eany c
k1]

— = 0 k — oo.
@ Fkr ) kg1 o WETee

Therefore Y, | ai converges absolutely, by the Ratio Test, for all
values of ¢ € R.

(b) aj = kc* with a constant ¢ € R. Then

ap1|  (K+1)F k+1
lar| kct -k

c—c ask — oo.
Therefore Y7 | a) converges absolutely for |¢| < 1 and diverges
for |c| > 1, by the Ratio Test.

(c) ap = k!c* with a constant ¢ # 0. Then

ar1] (k4 Dl
ap| Kk

= (k+1)c which is unbounded as k — oo.

Therefore, "/~ aj diverges by the Ratio Test.
(d) ap = ¢*/(k35%) with a constant ¢ # 0. Then

Ck+1k35k

‘akﬂl: - ! 58 ask - oo
|ag| cF(k+1)3k+1  5(14+1/k)3 5 '

Therefore, > - a; converges absolutely for |¢| < 5 and diverges
for |c| > 5, by the Ratio Test.

18



Finally, we present another useful test without proof. We would only
like to mention that the proof is, again, based on comparison with the

geometric series.
n*™" Root

Theorem 9.10 (n'™ Root Test). Let (az) be a sequence with Test
lap|Y* — a for k — oo.

(a) If a <1 then > ;| ai converges absolutely.
(b) If a > 1 then >~ ay is divergent.

Reader’s Task. Give a proof of Theorem 9.10.
Ezample. Let ¢ # 0 be a constant. We consider > 2~ (2 + (—1)%)c,
ie., ar = (2+ (—=1)%)c*. Then

[ = 2+ (=1)")¥e].
We know that 1 < 2+ (—1)¥ < 3 and lim;_ 3"/% = 1, so we conclude
with the Squeezing Theorem or directly with its Corollary 3.10,

|1/k:

lag|"'" — || as k — 0.

So the n'" Root Test tells us that >~ (2 + (=1)%)c* is absolutely
convergent for |c| < 1 and divergent for |¢| > 1.

9.3 Rearrangements of series

Given a finite sum Y ,_, ax, we can change the order of the summands
without changing its value, by the Law of Commutativity, i.e., if o :
{1,2,...,n} = {1,2,...,n} is an arbitrary permutation, then

Z ap — Z aa(k).
k=1 k=1

It is natural to ask whether the same holds true for infinite sums. It
turns out that, surprisingly, this is no longer true.

Ezample. We know that the sum > ;7 (—1)*"/k is (conditionally)
convergent, by the Alternating Sign Test. In fact, we have

ST (1R k = log(2) ~ 0.693147 ...

00
k=1
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Now, we rearrange the summands in the sum that every positive term
1,1/3,1/5,1/7, ... is followed by two negative ones and obtain

t11r 111 1 1 1 1 1 1 1 1 1

e e — — 4.
2 4+3 6 8+5 10 12+7 14 16+9 18 20Jr

(1_1)_1+(1_1)_ +(1_L)_i
2 4 3 6 5 10 12

11 1 11 1 B
+(?‘ﬂ>‘1—6+(§‘ﬁ)‘%+"'—

0| —

111 11 1111 1
5 46 810 1214 16 18 20 -
1, 1,1 1,1 1.1 1.1 1, 11(%
—(l—=4+=—-F - —=F=———F—-——+... | ==1og(2).
2 23 4 5 677 879 10 598

This shows that this rearrangement leads to a series which converges
to a limit which is only half the original limit.

CAUTION. The important message of the above example is that you
have to be very careful when permuting the summands of an infinite
series Y ay.

The above example is in agreement with the following hugely sur-
prising fact, due to the famous 19th-century German mathematician
Bernhard Riemann®. Even though the following results are of fun-
damental importance, we do not provide proofs for them for lack of
time.

Theorem 9.11 (Riemann Rearrangement Theorem). Let "7  aj a
conditionally convergent real series and ¢ € R be an arbitrary real
number. Then there exists a rearrangement’

o:N—N,

such that the rearranged sum Y -, ag(r) converges to this number c.
Moreover, the sum can also be rearranged that > ;- Ug() 18 divergent.

SBERNHARD RIEMANN(1826-1866) was a famous German mathematician who contributed to
many different mathematical areas like Real and Complex Analysis, Analytic Number Theory
and Differential Geometry. He developed a geometric foundation of Complex Analysis and the
fundamental notion of a Riemann Surface is named after him. He also introduced the basic notions
for important spaces with a very general intrinsic geometry (manifolds with a Riemannian Metric
and a Riemannian Curvature Tensor) which were also crucial in the later Theory of General
Relativity, due to ALBERT EINSTEIN(1879-1955). Riemann developed the Riemann Integral in
his Habilitation thesis. The famous Riemann Conjecture about the zeroes of the Riemann Zeta
Function is undoubtedly the most important open conjecture in mathematics with many important
implications like the asymptotic distribution of the prime numbers.

9This means that o is one-to-one (or bijective), which means that every natural number is in
the image of o (surjectivity) and that different natural numbers have different images (injectivity).
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But there is also good news in stock: Such a rearrangement phe-
nomenon can only occur for conditionally convergent series. If you
know that a series Y~ ay is absolutely convergent, every rearrange-
ment of it is, again, convergent to the same limit.

Theorem 9.12. Let )", ai an absolutely convergent real series and
0 : N = N a rearrangement. Then Y ;" | ay ) is also absolutely con-
vergent and we have

o0

S -

k=1

aa(k)-

00
k=1

Another important rearrangement fact about the Cauchy product

product of two series!?.

Theorem 9.13 (Cauchy Product Theorem). Let Y~ ar and Y - by,
be absolutely convergent series with limits a,b € R, respectively. For

n >0, let
Cp = Zakbn,k.
k=0

Then the series Y ¢k is called the Cauchy Product of > ay and
> bi. The series Y ¢y is also absolutely convergent and we have

o0
g c. = a-b.
k=0

Remark. Note that the all terms in the product (> ax) (D bx) can be
listed in the following square array:

agby aiby azby asby asby asby agbo
apby aiby asby asby asby asby aghy
agba a1by asby agby asby asby aghs
aobs aibs asbz azby asbs asbs aebs
agby aiby asby asby asby asby agby
agbs a1bs asbs agbs asbs asbs agbs
agbs a1bg asbg azbs asbs asbs agbs

The terms ¢, = ZZ:() apb,_j are then nothing but the finite sums in
this square array along the diagonals starting at agb,, and ending with

10See page 41 in the Analysis 1 (Michaelmas Term) Lecture Notes for short biographical facts
about Cauchy.
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anby. So we see that, by summing up all ¢,’s, we are taking every
term ayb; into account once, namely when we consider the (k 4 [)-th
diagonal in the above scheme.

FExample. Here is an important application of the Cauchy product. Let
z,y € R. We know from the Ratio Test that both series >~ z*/k!
and Y 7=, y* /k! are absolutely convergent. The terms ¢, in the Cauchy

product are then
n .T}k yn—k
Cn = —
kz% k! (n —k)!

Now we need an important fact which students in Discrete Mathemat-

ics have seen, the so called Binomzual Theorem: Binomial
Theorem
n
n
T+ n __ .T}k nfk’
=3 (1 )aty
k=0
with the binomial coefficients (Z) = (Tﬁk),. This implies that Binomial
’ ' Coeffi-

cient

_ - 1 k, n—k __ 1 n (¥)
Cn_kz;k!(n—k) ”'Z<> ”!(x+y)'

So the Cauchy product leads in this example to the important identity
of absolutely convergent series

() (55) -5

Recalling the Taylor series of e” from Calculus (see Section 6.1 in the
Calculus Lecture Notes), this identity proves that

ele¥ = 'Y,

9.4 Complex series

Let us briefly discuss the question whether results for real series ex-
tend to complex series. Complex series play an important role in the
2H Course Complex Analysis, so we only provide a brief sketch. We
introduced already earlier the notion of convergence of complex se-
quences and extensions of fundamental facts about real sequences like
Bolzano-Weierstrass to complex sequences. We now state the crucial
facts without proofs.
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Proposition 9.14. Let z; = x + iy € C. Then Zzozl Zr converges
if and only if > oy xk and Y., yr converge. In this case, we have

DT ST St
k=1 k=1 k=1
The following facts are still true for complex series:
(a) Convergence of > -, z; implies that z; — 0.

(b) COLT holds for complex series.

(¢) The complex series Y zj is said to converge absolutely if the real
sequence Y |z| converges. Every absolutely convergent complex
series is convergent.

(d) Ratio Test and n'™ Root Test hold also for complex series.

(e) Rearrangements of absolutely convergent complex series lead to
convergent series with the same limit.

(f) The Cauchy Product Theorem holds also for absolutely conver-
gent complex series.

Examples. (a) Let z = x + iy € C be arbitrary. Then we define e* as

e =y o (12)
k=0
Note that this sum is absolutely convergent since

< (V)
:;W: Ko

k=0

Zk

k!

2

0

(0. ¢]
k=

and the last sum is convergent by the Ratio Test. Therefore
e*, given in (12), is a well-defined complex number. Moreover,
the Cauchy Product Theorem for complex numbers yields for all
21,29 € C:

621+22 — 621 6'21.
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(b) Let z € C. Recall from above and the Calculus Course that the
Taylor series of e, sin z and cos z are

k=0

. — (D" e

sinz = Z—z : (14)
—~ (2k +1)!
0 1 k

cosz = Z ((2]{;! Pl (15)
k=0

Using COLT, we obtain Euler’s Identity

0 '2k 0 '2k
. o v 2% | - v 2%h+1
cosz—l—zsm,Z—gO(Qk)!z —l—zgo mz —

2k © Z‘2k+1

— i 2k k41 _
Z(Qk;)!z +Z(2k+1)!z -

=0

i i2k 2/<3_|_ Z'2k+1 2k+1 _
2R T2k +1)” -

>

(c¢) Let x,y € R. Then we conclude from (a) and (b):

" = e"e" = ¢"(cosy +isiny).
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Important concepts/typical problems in this chapter that you should
try without looking anything up:

e Decide whether the following series are convergent and absolutely
convergent:

WK

— (-1)"
; log(k)’

Ksin(k) <= 1
2 b

ko 11—l—z’k'

k=1
e Formulate the n'™ Root Test and the Alternating Sign Test.
e How do you show that Y7, 1/k* is convergent for 1 < o < 27

e For which values of a € Ris ) 7, a* absolutely convergent?

e In which case can you rearrange a convergent complex series?
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10 Integrals

You know the integral fab f(x)dx from School and the Calculus Course.
It describes the signed area between the graph of f and the z-axis on
the interval [a, b]. In fact, the integral can be defined in different ways
which all lead to the same result if f is “sufficiently nice”, e.g., if f is
continuous. The best known definitions of integrals are the Riemann
integral and the Lebesque integral. Whilst the Lebesgue integral is the
more general concept, it needs a lot more time to be introduced prop-
erly, and we restrict ourselves here to the definition of the Riemann
integral. The definition is based on the concepts of lower and upper
Riemann sums.

10.1 The Riemann Integral and its properties

Definition 10.1. A partition P of a compact interval [a,b] is a finite partition

set {xg, x1,...,2,} satisfying %tmal
a=Tg <11 <T9<---<x, =0

Let f : [a,b] — R be a bounded function and P be a partition of [a,b].

The lower Riemann sum of f relative to P s defined as Lower,/Upper
Riemann
sum

Zmz —x;-1), where m; =1inf{f(x) | x;01 <z <ux;},
and the upper Riemann sum of f relative to P is defined as
ZM —x;1), where M; =sup{f(z)|x,_1 <x < x;}.

Ezxamples. (a) We consider f(z) =

Then we have

n—1 .

1 i 1ln—1)n n-1
(£, Pn) né<Zn n on on

I<~i 1Inn+1) n+l
U n = — _ = —
(£, Pn) n n n 2n on



(b) This time, let f(x) = 2% on the same interval [0, 1] with the same
partition as in (a). Then we have

le~i® 1(n—Dn2n—-1) (n-1)2n-1)

LEP) = 02w =0 e = o
1=0
I~ 1nn+1)2n+1) (n+1)2n+1)
A D D

1=1

Lemma 10.2. Let f : [a,b] — R be bounded. If Py and Py are two
partitions of [a, b] with Py C Ps, then

L(f,P1) < L(f,P2) SU(f,P2) <U(f,Pr).
Proof. The inequality L(f,Py) < U(f,Py) follows directly from
inf{f(z) |u <z <v} <sup{f(z)|u <z <wv}
The inequality L(f, P1) < L(f,P») follows from
inf{f(z) [u <z <vi((w—u)+(v—-w)) <
inf{f(z) [v <z <wp(w—u)+inf{f(z) | w <z <viv—w)

for all @ < u < w < v < b. The inequality U(f,Ps) < U(f,Py) is
treated similarly. ]

Now we are in the position to introduce the Riemann integral.

Definition 10.3. Let f : [a,b] — R be bounded. Let

L(f) = sup{L(f,P)| P is a partition of |a,b]},
U(f) = inf{U(f,P)| P is a partition of a,b]},
where both sup and inf are taken over all possible partitions. Then

f is Riemann integrable on [a,b] if L(f) = U(f) and we define the Riemann

Riemann integral of f as integrable
Riemann

integral

b
| #arae = 2ip s
Remark. Note that we always have

L(f) <U(f). (16)
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We prove this indirectly: The assumption £(f) > U(f) would lead to
the existence of partitions Py, Py with

L(f,Pr) > U(f,Pu).

On the other hand, Lemma 10.2 would give for the partition P =
PrU Py,

in contradiction to the previous inequality.
Ezample. Let f:[0,1] — R be defined as follows

f) = 1, if x € [0, 1] rational,

10, ifz € 0,1] irrational.
Then we always have L(f,P) = 0 and U(f,P) = 1, and f is not
Riemann integrable. It turns out that f is Lebesgue integrable and

that the Lebesgue integral of f is 0. This is an example often used to
show that the Lebesgue integral is the stronger concept.

The following integrability criterion is very useful.

Theorem 10.4. Let f : [a,b] — R be bounded. Then f is Riemann
integrable if and only if, for every e > 0, there exists a partition P of
la, b] such that

U(f,P)— L(f,P) <e. (17)

Proof. We first assume that f is Riemann integrable, i.e., L(f) =
U(f). Let € > 0 be given. Then we find partitions Pr, Py of [a, D]
such that

L(f.Pr) < £(F) < L(f.Pr) +5

and

€
U(f,Pv) — 5 <U(f) <U(f, Po).
Now, consider the partition P = Py U Py. By Lemma 10.2, we have

L(f,Pr) < L(f,P) <U(f,P) < U(f,Pu),
which implies

U(f,P) o L(f,P) < U(fapU) - L(fvpL)

< U +5-(LH-3) =«
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since U(f) = L(f). This shows that we have (17).
Conversely, assume that we can find, for every ¢ > 0, a partition P
such that we have (17). This implies that we have, for every ¢ > 0,

U(f) = L(f) U, P) = L(f,P) <e.

Since U(f) — L(f) > 0, by (16), and € > 0 was arbitrary, we have
U(f) = L(f) and, therefore, [ is Riemann integrable. O

Ezample. We can now prove that f(z) = z? is Riemann integrable on
[0, 1]. Using the notation for partitions in the earlier example, we have

(n+1)2n+1) (n—1)2n—-1)
6n? a 6n?
24 3n+1—- (20 =3n+1) 1
B 6n? n’
Since 1/n — 0, we can find for every € > 0 a partition P such that (17)
holds and f is Riemann integrable, by Theorem 10.4. The integral can
be sandwiched between

_ _ 1
(n—1)(2n—1) < / Py < (n+1)(2n + 1),
6n2 0 6”2

for all n € N. Taking the limits on both sides, we find

1 2
2n 1
2
ey
/0”J YT 62T 3

Theorem 10.5. Every monotone increasing function f : [a,b] — R
1s Riemann integrable. The same holds for monotone decreasing func-
tions.

U(f7 Pn) - L(f7 Pn) -

Proof. We prove the statement for monotone increasing functions. We
first introduce the equidistant partition P, = {a = xg, x1, ..., 2z, = b}
of [a, b], defined by
b—a

-
Since f is monotone increasing, we have m; = f(z;_1) and M; = f(z;)
and

Ij:a+j

n

bh— a—
L(f,P,) = Zf(l‘i—ﬂ,

U(f. P = 23 S

n
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This implies that

D ) — fla)) = L

For every € > 0, we can therefore find n € N with

b—a

U(f7 Pn) o L(f7 Pn) -

(f(b) = f(a)).

n

U(f, Pn) = L(f, Pn) = (f(b) = fla)) <e

which implies that f is Riemann integrable, by Theorem 10.4. ]
The next result provides a large class of Riemann integrable functions.

Theorem 10.6. Fvery continuous function f : [a,b] — R is Riemann
integrable.

Reader’s Task. Theorem 10.6 can be proved with the help of the fol-

lowing fact: Every continuous function f : [a,b] — R on a compact

interval [a, b] is uniformly continuous, i.e., for every € > 0 there exists uniform
0 > 0 such that for all x,y € [a, b] with |y — x| < § we have continuity

[f(y) = fz)] <e

Note the subtle difference between continuity and uniform continuity:
In the latter case we can find, for a given € > 0, a 6 > 0 which works
simultaneously for every point x in the domain [a,b]. A continuous
function which is not uniformly continuous is, e.g., f(z) = 1/x over
(0, 1]. Give a proof of Theorem 10.6, using the fact that f is uniformly
continuous on [a, b|.

Theorem 10.7 (Properties of the Riemann Integral). Let f, g : [a, b] —
R be Riemann integrable functions. Then we have the following:

(a) Linearity: For c¢,d € R, cf + dg is also Riemann integrable and
b b b
/ cf(x) 4+ dg(x)dx = c/ f(z)dx + d/ g(x)dzx. (18)

(b) Monotonicity: If f(x) > g(x) then

[ 1warz [ gwa

In particular, if f(x) > 0 for all x € [a,b], then also fabf(x)dx >
0.
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(¢) The product fg: a,b] — R is also Riemann integrable.

(d) For any c € (a,b), f is also Riemann integrable on |a,c] and [c, ]

and we have
/abf(l’)dx = /acf(a:)da: + /cbf(az)daz. (19)

< [V

Proof. Ad (a): We only prove the case ¢ = d = 1. Let ¢ > 0. By
Theorem 10.4, we can find two partitions P and P’ of [a, b] such that

U(f,P)—L(f,P), U(Q,Pl)—L(g,Pl) < €.
Taking the refinement P” = P U P’, we obtain

(e) We have
b
f(x)dx

U(f+g,P")<Uf,P")+U(g,P") <U(f,P)+U(g,P") (20)
and
L(f+g9,P") > L(f,P") + L(g, P") = L(f,P) + L(g,P"),  (21)

ie.,

U(f+9.P") = L(f+9.P")
< (U(f,P)—L(f,P))+ (U(g,P") — L(g,P")) < 2e.

This shows that f 4 ¢ is Riemann integrable. For the identity (18),
note that

L(f,P)+ L(g,P /f da:—l—/ g(x)dx <U(f,P)+U(g,P)

and
b
L(f + ¢, P") < / f(x) + g(@)dz < U(f + g.P").

and therefore, using (20) and (21)

x)+ g(x dx—(/f d:z:+/
<U(f.P)+U(g,P') = (L(f,P) + L(g.P)) < 2e.
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Ad (b): The inequality follows directly from

milg) = nt{g(o) | 5y <3 <} < milf) = [{f() | i1 <o <)

and, analogously, M;(f) < M;(g).
Ad (c): We first assume that we have 0 < f,g < C. Let € > 0 be
given. Then we can find partitions Py and P, such that

U(f,Pr) — L(f,Ps) <e and U(g,Py) — L(g,Py) <e.

Choosing the joint refinement P = Py U P,, we have by Lemma 10.2
that

(f7 P) o L(fv P)? U(g77)) o L(g77)) <€
Let P = {a = zg,21,...,2, = b}. Using the notions m;(h) :=
inf,crp, )00 P(x) and M;(h) = inf,c, | ) h(x) for a bounded func-
tion h : [a,b] — R and the fact that m;(f), m;(g), mi(fg) > 0, we
have

M;(fg) —mi(fg) < M;(f)Mi(g) — mi(f)mi(g) =
M;(f)(Mi(g) —mi(g)) +mi(g)(M;(f) —
C(Mi(g) —mi(g))

+C(Mz(f) m;(f)).

This implies that

n

U(fg,P) — L(fg. P) = > (Mi(fg) — mi(f9))(x; — wi-1) <

=1
C’Z J(zi—xi1 +CZ ) (xi—zi_1) < 2Ce.

This shows that we can find partitions P of [a, b] to make the differ-
ence U(fg,P)— L(fg,P) arbitrarily small. Therefore, fg is Riemann
integrable by Theorem 10.4.

Now, we consider the general case of two arbitrary Riemann integrable
functions f, g with —C' < f,g < C. Since f +C >0 and g+ C > 0,
the above considerations show that the function (f + C)(g + C) is
Riemann integrable. Since, by Linearity,

/f

/af( )+ C)(g(x) +C)da— C/f Vdz— c/ _C2(b—a),



we conclude that fg is also Riemann integrable.
Ad (d): For € > 0, let P be a partition of [a, b] with

L(f,P)S/f(x)dng(f,P) and U(f,P)— L(f,P) <e

We can assume, without loss of generality, that ¢ € P (otherwise, we
add ¢ to the partition P and use Lemma 10.2). We assume that

P={a=uxp,21,...,¢ =Tk, Ths1,...,0 =12y}
and introduce the partitions

7Dl — {ZUO,...,ZUk},
Py = {xp,...,zn}

of [a, c] and [c, b], respectively. Then we have
c b
LUP)+LEP) < [ fayde s [ fla)de <UGPY + U Py

and

WS, P1) = L(f,P1))+ (U(f, P2) = L(f,P2)) = U(f, P)—=L(f,P) < e

>0 >0

i.e., f is Riemann integrable on [a, ¢] and [¢, b] and

/f d:c—(/f d:c+/f d:c)

This shows the identity (19).

Ad (e): Let f*(z) = max{f(x),0} and f~(x) = min{f(z),0}. Then
we have f = f*+ f~ and |f| = f* — f~. Assume we have shown
that f* is Riemann integrable. Then [~ = f — fT is also Riemann
integrable, by (a), and we conclude with the Triangle Inequality and

(a) and (b) that
/ f(z)dz| = / F()de + / £ (
/af+(x)dx 4 _ / f*(2)da| + ‘ /f 2)de
b (f v)da| = /f+<m+/<fxww=

x)dx| +
/Qf+(a:)—f(x)dx:/a | f(2)|d.

< €.




Now we show Riemann integrability of f™. Let € > 0 be given. Then
there exists a partition P of [a, b] with

n

U(f,P) = L(f,P)) = D (Ml f) = ma( f)) (@i — i) < e.

Note that -
M;i(f) —mi(f) it Mi(f) =2 mi(f) =0,
Mi(f7) = mi(f7) = Mi(f) it M;(f) = 0>m(f),
0 it 0> Mi(f) > mi(f).

This shows that we have always

0 < M;(f7) —mi(f7) < Mi(f) — ma(f),
and, therefore,

n

U(f*.P)— L(f*,P)) = Z(Mz-(fﬂ —mi(f 7)) (2 — vim1) <

i.e., fT is Riemann integrable. O

Remark. Let f : [a,b] — R be Riemann integrable. It is sometimes
useful to also introduce the integral fb x)dx. We define

/bf(x)dx:—/a f(x)dz

You have already seen the the following fact of fundamental impor-
tance and a sketch of its proof in the Calculus Course, connecting
differentiation and integration.

Fundamental

Theorem 10.8 (Fundamental Theorem of Calculus). Let f € C([a,b]). Theorem
Then F(c) = [7 f(z)dx lies also in C([a,b]), is differentiable on [a, b] Z@lwlus
(one—szded dzﬁerentzable at a and b), and we have F'(x) = f(x) for all

x € |a,b.

Remark. Another formulation of the Fundamental Theorem of Calcu-
lus reads as follows: If g € C([a,b]) and g = f’ for some function
f:]a,b] = R, then

fo = f@+ [ g(a)de. (22)
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Concrete rules for Riemann integrals like Integration by Parts or Sub-
stitution were discussed in the Calculus Course and will be omitted
here.

Theorem 10.9 (Mean Value Theorem for integrals). Let f € C([a, b])
and g > 0 be Riemann integrable on |a,b]. Then fg is also Riemann
integrable on [a,b] and there exists ¢ € [a,b] such that

[ = 1) [ ot (23)

Eramples. Let us briefly discuss that both conditions “g > 0”7 and
“f continuous” in the theorem are necessary. For this we present a
counterexample for each of the cases that f is not continuous or g
changes sign.

(a) Let f,g:10,1] - R with g(z) =1 for all € [0,1] and

~J0 ifxe]0,1/2],
f(x>{1 if ze(1/2,1].

Note that ¢ and fg are Riemann integrable, but f is not con-
tinuous. Then we have fol f(x)g(x)dx = 1/2 and fol g(z)dx = 1.
Observe that f takes only the values 0 and 1. On the other hand,
if the theorem were true, we could find ¢ € [0, 1] with

10 = 1) [ sz = [ p@gte)ds =

which is a contradiction.

(b) Let f,g : [-1,1] — R be defined by f(z) = g(z) = « for all
r € [—1,1]. Then f and g are continuous and therefore, Rie-
mann integrable, but we do not have g > 0. Moreover, note that

f_ll g(x)dzr = 0 and

1
2
2 J—
/f dx—/_l dx—g
1,1

If the theorem were true, we could find ¢ € [—

_ / Falgade = 1(0) [ glade= 1) -0 =0,

which is, again, a contradiction.
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Proof. Since f € C([a,b]), we know from Theorem 10.6 that f is
Riemann integrable. Riemann integrability of fg follows then from
Theorem 10.7(c).

Now we show the identity (23): By Theorem 7.12, there exist m
mingejq 5 f(2) and M = max,ep,p f(x). Since g > 0 and mg < g
Mg, we conclude from Theorem 10.7(a),(b) that

/ d:c</f dng/abg(x)dx

If fabg(x)dx = 0, this implies that also fab f(z)g(x)dz = 0 and there is
nothing to show. Therefore, we can assume that fab g(x)dz > 0 (the

IA

case f g(x)dzr < 0 is not possible since g > 0). So we can divide by
fa g(z)dx and obtain

- BAC ®
[} g(x
Since f is continuous, by the Intermediate Value Theorem (Theorem
7.10), we can find ¢ € [a, b] with

) f(@)g(x)de
fabg(x)dx

which shows (23). O

fle) =

Definition 10.10. Let us briefly introduce the Riemann Integral for a
complex valued function f : [a,b] — C. Then we can write f = fi+ify
with f1, fo @ [a,b] — R and we say that f is Riemann integrable on
la, b] if both fi and fs are Riemann integrable on |a,b] and we define
its Riemann Integral as

/abf(x)dx = /ab f1(x)dx+z’/ab folz)da

Then Theorems 10.6 and 10.7(a,c,d) hold also for the Riemann Integral
of a complex function. Integration of complex valued functions plays
an important role in the 2H Course Complex Analysis.

10.2 Improper Integrals

The definition of the Riemann integral of f requires that f is defined
on a compact interval and that f is bounded. A “nice” family of
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Riemann integrable functions are continuous functions. We extend
the definition of a Riemann integral of a continuous function to the
case that either the interval is unbounded (f is defined on (—o0, a] or
la, 00)) or that the interval is bounded but f may be unbounded, as
we approach one of the finite boundary points of the interval. In this
case we speak of an improper integral of f and give a definition via a
limit procedure. Here is the precise definition.

Definition 10.11. Let I = [a,b) with a < b (bounded domain) of
b= 0o (unbounded domain). Let f: 1 — R be continuous. For c € I,

let .
= / f(x)dx

If F(¢) — L if ¢ — b, we say that the integral fff(a:)da: converges
to L. If F(c) has no limit, we say that fabf(x)dx diverges. The
erpression fff(a:)da: is called an improper integral of f.

The improper integrals of a continuous function f over the bounded in-

tervals (a, b] and (a,b) with a < b and the unbounded intervals (—oo, b|
and R are defined similarly.

Remark. Let f € C([a,b]). Then we have both a ordinary Riemann
integral of f on [a,b] and the improper integral on [a,b). Then we
also have F' € C([a,b]) (see Theorem 10.8) and the improper integral
agrees with the ordinary Riemann integral:

3$/f M—/f

Ezxamples. (a) Let f(x) =z~ . If a =1, we have F(c) =
log(c) and the i 1mproper mtegral fl 1da: diverges. If a € (0, 0)
and o # 1, then F(c) = (¢! —1)/(1 — a) and the improper
integral [z~ “dx converges if and only if o € (1,00), in which

case we have -
dx 1
. e a—1

(b) Let f(z) =2"%on (0,1]. If @« = 1, we have F'(¢) = log(c) and the
improper integral folx_ldx diverges. If a € (0,00) and o # 1,
then F(c) = (1—¢'~*)/(1—a) and the improper integral [, @~ *dz
converges if and only if a € (0, 1), in which case we have

Vdx 1

0 ¢ 1—a
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(¢) We conclude from (a) and (b) that the improper integral [~ 2~ “dx
diverges for any choice of a € (0, 00).

(d) Let f(x) = cosz on [0,00). Then F(c¢) = sinx and the improper
integral [, cos(z)dz diverges.

(e) Let f(x) = e with v € R\{0} on [0,00). Then F(c) = ==

«
and the improper integral converges to 1/« if and only if o > 0.

(f) Let f(x) =logx on (0,1]. Then

F(c) = / log(x)dz = [zlog(z) — z]} = ¢ — 1 — clog(c).

Since (with ¢ = 1/t)

log(1/t log(t
lim clog(c) = lim log(1/t) = — lim oe(t) =0,
c—0+ t—o00 t t—o00 t
we have
lim F(c) = —1,
c—0+

and the improper integral fol log(x)dx converges to —1.

(g) Let f(z) =(3—2x)"“on [1,3) with &« > 0. Then we have

¢ dx 2 dt 1 1— -«
PO [ G e T e,

and the improper integral ff’ (dix converges if and only if 0 <

3—z)>
a < 1. In this case we have

3 11—«
/L:limF(c): 2 .
1 (3

— x)oz c—3 1 —«

For example, if o = 1/2, we have

3
1

3—x
: < dx . . :
(h) Consider / o Direct calculation of the integral leads to
0 e’
/C da = [-1o (1—|—e_$)}c—lo( ) — log(2) asc— oo
0 14+er & 0T OB e & '
So we have

>~ d
/ ‘ = log 2.
0 1+e”
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Linearity (see Theorem 10.7(a)) holds also for improper integrals. This
follows via a limit process directly from Theorem 10.7(a). Like in the
case of infinite series, we have a Comparison Test and an Absolute
Convergence Theorem for improper integrals.

Theorem 10.12 (Comparison Test). Let 0 < f < g be continuous
functions on |a,b) with b > a or b = oco. If the improper integral
f;g(a:)da: converges with limit L then fab f(x)dx is also convergent
with limit K < L. Equivalently, if the improper integral fab f(x)dx is
divergent then so is f;g(a:)da:

The proof of this fact is straightforward and will be omitted.

Definition 10.13. Let f be a continuous function on [a,b) with b > a
or b = o0o. If the improper integral ff |f(x)|dx converges, we say that
the improper integral fab f(x)dx converges absolutely. In the case that
fab f(x)dx is convergent but not fab |f(z)|dx, we say that the improper
integral ff f(x)dx converges conditionally.

Theorem 10.14 (Absolute Convergence Theorem). Let f be a con-
tinuous function on [a,b) withb > a orb = oco. If f; f(x)dx converges
absolutely, then it converges.

The proof follows very much the same lines as the proof of Theorem
9.6:

Proof. Let fab f(z)dx be absolutely convergent. Then f;2\ f(z)|dx is
convergent and so is f;(|f(a:)\ + f(x))dx, by comparison, since 0 <
Ifl + f < 2|f|]. Since ff(\f(xﬂ + f(z))dz and fab|f(:c)\dx are both

convergent, we conclude with Linearity that also
b b b
| r@de= s+ f@)de - [ 5@l
is convergent. ]

oo

Examples. (a) Consider/ exp(—a2?)dz. Then x?exp(—2?) — 0
0
as r — oo and there exists a constant C' > 0 such that 0 <

z?exp(—x?) < C for all 0 < z < co. This shows that we have
0 < exp(—2?) < Cz7? on [1,00) and, since [~ z~?dz converges,

39

Comparison
Test

absolute
conver-
gence

conditional
conver-
gence

Absolute
Conver-
gence
Theorem



(b)

()

the improper integral [ exp(—x?)dz is also convergent, by Com-
parison. Note that exp(—z?) is continuous and, therefore, Rie-
mann integrable on [0, 1]. This shows convergence of the improper
integral

00 1 00
/ exp(—a?)dx :/ exp(—a:Q)dJ:—l—/ exp(—2?)dz.
0 0 1

In fact, while F(c) = [ exp(—2?)dz cannot be expressed explic-
itly, one can prove that
o T
/ exp(—2?)dr = lim F(c) = \/—_
0 c—00 2
You may know from Statistics that the function % foc exp(—2%)dx  Gauss

is called the (Gauss) error function. error.
function

0
) COS T
Consider

s—dx. Since this improper integral is absolutely
.

convergent ([ xz~2dx converges), it must also be convergent.
g - g g

*sinx

The improper integral / dx is conditionally convergent.

x
We first show convergencg: Integration by Parts leads to

F(C):/Csinxdx:_[Cosxr_/ccoixdx.
- X a T T X
We have

cosx¢ cosc 1 1
= +—— — asc— 0Q,

X ™ C T T

and [ cos(z)/z*dx is convergent, as seen in (b). Therefore, the
improper integral is convergent.

sin x

Next we show that / dx is divergent. Let

(n+1)m
n- |

Since

X

T €int 1 T 2
dr = dt > ———— sintdt = —.
o t+nm (n+ 17 J, (n+ 17

Sin x

X

n

2
=2 o

1=1

(n+1)m sin

F(n+1)m) = /

™

X

the improper integral is not absolutely convergent since the har-
monic series Y >~ 1/(i 4+ 1) diverges.
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Sometimes, it is useful in the proof of convergence of an improper
integral fab f(x)dx to split up the interval, i.e., to choose ¢ € (a, b) and

to prove separately that f ‘ f(z)dz and f ’ f(x)dx are convergent.

Ezample. Consider [, f(x)dz with f(z) = log(z)/(1 + 2?).

On (0, 1], we have 0 < \f( )| < —log(z) and the integral fo x)dr is
absolutely convergent, by Comparison with the convergent improper
integral fol log(z)dzx.

Next, we look at [7" f(z)dz. Since log(z)/z — 0 as z — oo, we
can find C' > 0 such that 0 <logz/x < C for all x € [1,00), i.e.,
0 <logz < Cz. This implies that

Cux C

[f(z)] <

1423 T 22

for all x € [1,00). Then the integral [~ f(z)dz is also absolutely
convergent, by Comparison with the convergent improper integral

[ dx /2.

>1
Combining both facts shows that the improper integral / og(7) dx
0

+ 3

is convergent.

Important concepts/typical problems in this chapter that you should
try:

o Let f(z) =xifz € [0,1]NQ and f(z) = 0 for z € [0,1\Q
Compute L(f,P) for all partitions P of [0, 1] and U(f).

e Let f € C([a,b]) and g : [a Bl — [a b] be differentiable on («, ).
For v € (a, B), let F(y fg7 x)dx. Calculate F’(v). Show

that the integral fo 1+$2 + fl/T 1?2 is independent of T" > 0.

e Formulate the Mean Value Theorem for integrals.

e Show that the improper integral [* dz/(z'/3+ z?) is convergent.
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11 Sequences of functions and uniform conver-
gence

In this chapter, we consider sequences ( f;,) of functions and will discuss
different notions of convergence for these sequences.

11.1 Pointwise convergence of functions

Let I C R be an interval and (f,,) be a sequence in C(I). If, for every
x € I, the sequence of real numbers f,(x) € R converges, it is natural
to define the "limit function” f : I — R of such a sequence f, as

Ezxample. Let f, : [0,1] — R be defined as f,(z) = z". Then f, €
C([0,1]). For z € [0,1), we have

lim f,(z) = lim 2" = 0.

0.8
0.6
044

024

Figure 1: The functions fi, f2, f5 and fio defined by f,(x) = z".

Moreover,
lim f,(1) = lim 1 =1,

n—oo n—oo
This behaviour is illustrated in Figure 1. So the pointwise limit of (f,,)
is the function f: [0,1] — R,

_ o, ifzelo0,1),
f(x){l, ifr=1.

Note that the limit function f : [a,b] — R is discontinuous at x = 1,

so f & C([0,1]).
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Let us formalise the notion of a pointwise limit.

Definition 11.1. Let (f,) be a sequence of functions in C(I). We say

that this sequence has a pointwise limit if, for all x € I, lim,_,, f,,(x)
exists, and the limit function f : I — R is then defined as

11.2 Uniform convergence of functions

There is a stronger notion of convergence of continuous functions f,,
the so called uniform convergence. We say that f,, converges uniformly
to fin I C R if, for every € > 0, there exists N € N such that the
graph of f,, stays within the graphs of f —e and f + ¢, foralln > N
or, in other words, |f — f,| < €. In Figure 2, the graphs of f — ¢ and
f + € are blue and while f7 stays within both graphs, the function fy
clearly does not.

Figure 2: The function f; satisfies |f — f7| < € while the function f, does not.

Definition 11.2. Let (f,,) be a sequence of functions in C(I). We say
that f, converges uniformly to f : I — R if, for every e > 0 we can
find N € N such that for alln > N and all x € I, we have

[f () = ful2)] <€

114

n — [ uniformly”.

Ezample. Let f,(z) = % + 222 on [ = [—m,w]. Then f, — f with
f(z) = 2% uniformly since, for every ¢ > 0 there exists N € N with
1/N < e and we have for all n > N and x € I:

[fn(2) = f(2)]

If f,, converges uniformly to f, we write

|Sinx|< 1 _
= — <e.
- N

n
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Uniform convergence is a stronger property than pointwise conver-
gence:

Proposition 11.3. Let f,, € C(I) be converging uniformly to f : I —
R. Then f, converges also pointwise to f.

Proof. For every fixed x € I, uniform convergence implies directly
that lim,, . fn(z) = f(2). O

In contrast to pointwise convergence, uniform convergence has the
important property that it preserves continuity, which is formulated
in the following theorem.

Theorem 11.4. Let f, € C(I). If f,, — f uniformly, then the limit
function f is also continuous, i.e., f € C(I).

Proof. We show that f is continuous, using the (e, d)-formalism. Let
c € I and € > 0 be given. Since f, — f uniformly, we can find N € N
such that for all n > N:

@)~ fa@l <5 Veel (24)

Now we use continuity of the function fy: Since fy is continuous at
c € I, we find § > 0 such that for all x € I with |z — ¢| < ¢:

€

|fn(z) = fa(e)] < 3 (25)

Combining (24) and (25) via the triangle inequality implies that we
have for all x € I with |z — ¢| < d:

[f(z) = f(O) < |f(x) = (@) + [fn(x) = ()| + [fnle) = fle)] <

€ €

Tt T5=6
3 3 3
which shows that f is continuous at c¢. Since ¢ € I was arbitrary, f is

continuous. ]

Remark. Theorem 11.4 implies that the pointwise convergence f, — f
in the example in Section 11.1 cannot be a uniform convergence, since
the limit function is discontinuous at x = 1.

Finally, we mention further important properties of uniform conver-
gence.
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Theorem 11.5. Let [ = [a,b] and (f,) be a sequence in C(I). If
fn — f uniformly, then we have for all ¢ € |a, b]

/: fo(z)de — /:f(a:)daz

Reader’s Task. Give a proof of Theorem 11.5.

Theorem 11.6. Let I = [a,b] and (f,) be a sequence in CH(I). As-
sume that

e the sequence f, converges pointwise to a limit function f.
e the sequence f converges uniformly in I.

Then f € CY(I), i.e., the limit function f has also a continuous deriva-
tive, and we have at every c € I:

F'(e) = lim fie).

Proof. Let f, € CY(I) be as in the theorem. Let f, — ¢ uniformly.
Then we have g € C(I), by Theorem 11.4. Since f] € C(I), (22) tells
us that

ule) = fla) + [ f(@)de. (26)

We know from Theorem 11.5 that [ f/(z)dz — [7 g(z)dz, and taking
limits in (26), as n — oo, leads to

Differentiating both sides w.r.t. ¢ and using the Fundamental Theorem
of Calculus yields

f(¢) = g(¢) = lim f;(c).

Note that f € C*(I), since f' =g € C(I). O
Ezxample. Let f, € C([0,2]) be defined by (see Figure 3)

An=2p, if 0 <z <1/2"1
folz) =< 23 —4n2(x — 1/2771), if1/2" <2 < 1/2772
0, if 1/2772 <o < 2.

Then we have

/0 (e = 1/4
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for all n € N, but f, converges pointwise to the zero function f €
C([0,2]), f(z) = 0, since for = € (0,2] we can find N € N such that
1/2872 < g and therefore f,(z) = 0 for all n > N and for x = 0 we
have f,(0) = 0 for all n € N. The convergence f, — [ cannot be
uniform, since in this case Theorem 11.5 would imply that

/2 f(z)dx = lim 2fn(:c)d:c = 1/4,
0 0

n—oo

which is a contradiction to f02 f(x)dz = 0.

3

0.5 f2

f1

Figure 3: The functions fi, fs, f3,... converging pointwise to zero.

Remark. The Definitions 11.1 and 11.2 of pointwise and uniform con-
vergence extend canonically to complex-valued functions f, : I — C.
Then Proposition 11.3 and Theorems 11.4 and 11.5 hold also without
change for complex-valued functions.
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Important concepts/typical problems in this chapter that you should
try:

e Let f, : R — R be defined by f,(z) = sin(nx)/n. Show that f,
converges uniformly to the zero function but that f/ is not even

pointwise convergent.
e Calculate the pointwise limit of the sequence f,(z) = < on the
interval (1,00) and decide whether the convergence is uniform.

e Let f,,f : [a,b] — R. Pointwise convergence f, — f can be
expressed as follows with the help of quantifiers and the (e, d)-
formalism:

Veea,bVe>0INeNVn>N: |fu(x)—f(x)| <e (27)

Give a corresponding formulation for “f,, — f uniformly”.
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12 Power series and Taylor series

A very useful method to describe functions is via power series. A
power series is an expression of the form >~ apx®. The coefficients
a; can be real or complex and, choosing an explicit real or complex
value for x, we obtain an infinite series in the sense of Chapter 9
which might converge or not. To understand the convergence domain
of a power series it is better to consider it as a complex power series
S gapz” with z € C. It turns out that there is a special number
R € [0,00], the so called radius of convergence of the power series,
such that the power series converges for all complex values z € C with
|z| < R and diverges for all complex values |z| > R. Note that the set
{z € C| |z| < R} describes the interior of a circle of radius R around
the origin (see Figure 4). This is the reason for the name radius of
convergence.

convergence within
this disk

divergence out here

Figure 4: Radius of convergence of a complex power series Y o a;2".

Here are some examples.

Ezamples. (a) Every polynomial >} arz" is a power series with
ap = 0 for £k > n 4+ 1. In this case the radius of convergence
is R = oo, since the sum is a finite value for every choice of
z e C.

(b) Recall that the geometric seriesis Y -, 2*. Here we have a; = 1
for all k € NU {0}. Note that we have for |z| < 1 the identity




and divergence for |z| > 1. So the radius of convergence here is
R = 1. The power series represents the function f(z) =1/(1—z)
on {z € C | |z| < 1}, but note that, while the power series
diverges for |z| > 1, the function f is well defined on the whole
complex plane except for z = 1.

(¢) Recall from the Calculus Course that the exponential function
can be represented via the power series (Taylor series)

1
C=2

In this case we have a; = 1/k! and the power series converges for
all z € C, so the radius of convergence is here, again, R = oo.

(d) Consider the power series >~ k*1zF. In this case we have
aj, = k"1 and it turns out that the power series diverges for any
complex number z # 0. So the radius of convergence is R = 0 in

this case.

Remark. In many cases we have R € (0,00) and the domain {z €
C | |z| < R} is called the disk of convergence. While we know what
happens for complex numbers z € C with |z| < R (convergence) and
with |z| > R (divergence), convergence/divergence behaviour of the
power series for points on the circle |z| = R is a subtle question.

12.1 Radius of convergence and absolute convergence

Definition 12.1. A complex power series s an expression of the form
ZEOZO apz® with a;, € C. Given such a power series and a number
R > 0 or R = oo such that the series converges for |z| < R and
diverges for |z| > R, then R is called the radius of convergence of the
power series.

The Ratio Test and the n'™ Root Test provide tools to calculate the
radius of convergence for particular power series Y -, apz*. For z # 0,
we have |agi1/ar| — L as k — oo if and only if

k+1
ap 12"

e !

and the Ratio Test tells us that we have convergence for |z| < 1/L and
divergence for |z| > 1/L. Similarly, for z # 0, we have |a;|"/* — L as
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k — oo if and only if
k‘l/k

‘akz — Llz|,

and the n'™ Root Test tells us that we have convergence for |z| < 1/L
and divergence for |z| > 1/L. In both cases, the radius of convergence

is, therefore R = 1/L.

Examples. We calculate the radius of convergence for the following
power series Y oo, ag2".

(a) ay = 2¥/k. Then we have

2k

Ak+1
= —
k+1

ay

2,

so the radius of convergence is R = 1/2.

(b) ap = 1 and a; = k*/k! for k > 1. Then we have for k > 1:

GRS S A L1 ’“%
RN A K “

so the radius of convergence is R = 1/e.

Ak+1
ag

Lemma 12.2. Let Y -, aic® be convergent for some ¢ € C\{0}. Then
S e g axz® converges absolutely for all |z| < |c|.

Proof. Since Y 77 arc” converges, we have apc® — 0 as k — oo,

Therefore, there exists M > 0 such that |azc*| < M. This implies
that

janz"] = lagc™| - (|2]/]e])" < M]z/cl".
Since |z/c| < 1, The geometric series >~ M|z/c|* is convergent and,
therefore, >"p  Aay.z"| is also convergent, by Comparison. []

A similar proof yields the following fact for the term by term derivative
of a power series.

Lemma 12.3. Let Y -, axc” be convergent for some c € C\{0}. Then
S e ok 4+ 1ag12" converges absolutely for all |z| < |c|.

Reader’s Task. Modify the proof of Lemma 12.2 in such a way that
you obtain a proof of Lemma 12.3.

Theorem 12.4. Consider >, ,arz". Then we must have one of the
following cases:
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(a) > apz® converges only for z = 0, i.e., the radius of convergence
15 R = 0.

(b) There exists a number R € (0,00) (radius of convergence) such
that > apz® converges absolutely for |z| < R and diverges for
1z| > R.

(c) 3" apz® converges absolutely for all z € C, i.e., the radius of
convergence is R = oc.

Proof. Let
X ={re|0,00) | Zakzk converges for some z € C with |z| = r}.

Note that 0 € X, so X is not empty. Then X is either unbounded
from above or it has a supremum, by the Completeness Axiom of R.
In the first case, we must have case (c¢), by Lemma 12.2. In the case
X = {0}, we must have case (a). It remains to consider the case that
X is bounded and R = sup(X) € (0,00). Then Lemma 12.2 tells us
that > ap2® converges absolutely for all |z| < R, since then we can
find ¢ € X with |z| < ¢. Now let |z| > R. If Y azz" were convergent,
then R < |z|] € X and we would have a contradiction to the fact
R = sup(X). So we must be in case (b). O

Of course, real power series > apx® with a; € R can be considered
as restrictions of complex power series Y az2". In this case, if R > 0
is the radius of convergence, then > azz* is absolutely convergent for
all x € (—R, R) and divergent for all real x with |z| > R. In the next
section, we return to real power series and consider another type of
convergence, namely, uniform convergence.

12.2 Uniform convergence and the Weierstrass M-Test

After considerations about absolute convergence we will focus in this
section on wuniform convergence. The precise facts about the differ-
ent types of convergence (conditional /absolute convergence and point-
wise/uniform convergence) might be a bit confusing when seeing them
for the first time, but they are important and will play, again, an im-
portant role in the 2H Course Complex Analysis. To make things a
bit easier, we restrict ourselves to uniform convergence of real power
series, even though the concepts can be also extended naturally to the
complex case.

o1



Note that the partial sums of a real power series > .-, apx® are the
polynomials f,(x) = Y__,axz" and that the polynomials f,(x) can
be written as the finite sums f,(z) = > /_,gx(x) with monomials
gr(x) = apz®. In this way, we can consider the power series as a limit
of the functions f,, in the sense of Chapter 11 and we may ask whether
the sequence ( f,,) converges uniformly in a suitable domain D C R. In
this case we can apply results like Proposition 11.3 or Theorems 11.4,
11.6 and 11.5 to make statements about the functions represented by
power series, since they can then be viewed as the uniform limits of
the partial sums of these power series. A useful tool to prove uniform

convergence in a domain D C R is the so-called Weierstrass M -Test:
Weierstrass

Theorem 12.5 (Weierstrass M-Test). Let D C R and (gi) be a se- M-Test
quence of functions gr : D — R satisfying

\gp(z)| < My for all x € D.

Let f, : D — R be defined as f,, = > _ogr. Assume that >~ M, is
convergent. Then there exists a function f : D — R such that “f, — f
uniformly in D7,

Proof. For each x € D, the series > gr(x) converges absolutely, by
Comparison with the series > Mj. Therefore Y gi(z) is also conver-
gent and we define f(z) = > gr(x) € R. Now we need to show uniform
convergence f, — f on D. Let € > 0. Since ) M is convergent, i.e.,

n
ZMk—>L as n — 0o,
k=0

we can find N € N such that

00 N
Y My=IL-) M<e
k=0

k=N+1

But this implies for all x € D and all n > N that

f@) = fu@) =1 ) a(@)] < ) |gel@)| < Y Mp<e

k=n+1 k=n+1 k=N+1

This shows that f,, converges uniformly to f in D. [

Using the Weierstrass M-Test, we can now prove the following impor-
tant fact.
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Theorem 12.6. Let Y apz® be a real power series and R € (0, 0]
be its radius of convergence. Let 0 < r < R. Then the partial sums
converge uniformly to > apx® in [—r,7].

Proof. Let gi(z) = apa®, M) = |apr*| and D = [—r,7]. Since 0 <
r < R, we know from Theorem 12.4 that Y a;r* converges absolutely.
Therefore, Y © Mj is convergent. Moreover, we have for all z € D (i.e.,
—r <z <r) that

k:l _

g(@)| = |ara®| = Jag| - 2" < Jag| - r" = Japr®| = M.

This shows that the requirements of the Weierstrass M-Test are sat-
isfied and we have uniform convergence of

n

=S ) = 3t
k=0

k=0
to f(x) = azz® in D. O

The next result shows that we can differentiate real power series term
by term.

Corollary 12.7. Let f(x) = Y oo, arz® be a real power series and
R € (0, 00] be its radius of convergence. Then f is differentiable at all
points x € (—R, R) and we have

oo
E ak+1$

k=0

Proof. Let f,(x) = >_}_,axx™ be a sequence of real functions de-
fined on the interval (=R, R). Then their derivatives are given by
gn(x) = Z;(l)(k;—l— 1)ay, 12" and the radius of convergence of the power
series g(x) = Y72 (k + Dag12” is at least R, by Lemma 12.3. Let

€ (=R, R) and r = |z|. Then both sequences f, and g, converge
uniformly in [—7,7] to f and g, respectively, by Theorem 12.6. Note
that f,, € CY([—r,r]). Then we can apply Theorem 11.6 and find that
f is differentiable at x and we have

n—1 00
/ . / I k
file) = lim fo(z) = lim g,(z) = lim ,; O (k+1)aga" = ;—O(kﬂ)akﬂx .

[
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Repeated application of the above corollary shows that a power series
is an infinitely many times differentiable function within its radius of
convergence.

Corollary 12.8. Let f(x) = Y oo, arz® be a real power series and
R € (0,00] be its radius of convergence. Then f is infinitely many
times differentiable at x at all points x € (—R, R) and we have for all
n e NU{0}:

FM0) = n! - ay,. (28)

Proof. Applying Corollary 12.7 repeatedly, we see that f is infinitely
many times differentiable at all points z € (=R, R) and that we have

Z (k+1)(k+2)- (k4 n)apnz®.
k=0

Evaluation at x = 0 yields
F(0) = n! - a,.
]

(28) can be used to show that power series representing a function
within its radius of convergence are unique.

Theorem 12.9 (Identity Theorem for Power Series). Let Y -, apx®
and > 5, bpx® be two real power series with positive radii of conver-
gence R,, Ry > 0, respectively. If both series agree as functions on an
interval (—r,r) with 0 < r < min{R,, Ry}, then we have a, = by for
all k e NU{0}.

Proof. Let f(z) = > 1o apx® and g(x) = > 77, bpa®. Since f = g on
(—r,7), we have

n!-a, = f™0) = g™ (0) =n!-b,,
i.e., a, = b, after division by n! € N, ]

Remark. In fact, an even stronger identity result holds for complex
power series f(z) = > ap2z" with positive radius of convergence. If
there exists a sequence z, € C within the circl of convergence with
zp, — 0and f(z,) = 0 for all n, then we have a; = 0 for all & € NU{0},

i.e., the power series is trivial.
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12.3 Taylor Series

Recall from the Calculus Course that, for a given function f: R — R
with arbitrarily high derivatives at * = 0, we can define its Taylor

series!! as N
Zf (O)xk
k!
k=0

Given such a Taylor series, we can use the Ratio Test or the n'™ Root
Test to calculate its radius of convergence R. But even though we
know for |z| < R that the power series is convergent, its value may
not agree with the original function f. Here is such an example.

Example. Let f: R — R be defined as

e VT if x40,
f(x)_{o if 2 = 0.

In this case, it can be checked that f is infinitely many times differ-
entiable and that there are polynomials p; such that

(k) () — lf?/rf(l/x)e_l/f”2 if x # 0,
o {0 if = 0.

Since f*)(0) = 0 for all k > 0, the Taylor series of fis Y ;- 0-2F, i.e.,
the zero function and, therefore, has radius of convergence R = oo.
But the Taylor series of f agrees with f only at the origin z = 0.

In order to check whether the Taylor series represents the function f
at a point x, we need to consider the remainder term, given in the
Calculus Course, and need to show that this remainder term, at a
given point x € R, converges to 0.

We will not delve further into this subtle topic. In many cases, we have
agreement of a function and its Taylor series, and we can manipulate
these power series in a straightforward manner. Here are examples.

Ezxample. (a) A polynomial f(z) = a,z" + ...a1x + ag is its own
Taylor series since f*)(0) = k! - a;, for all k.

HThis kind of series was formally introduced by the English mathematician BROOK TAYLOR
(1685-1731) in 1715. Taylor studied at Cambridge University and became a fellow of the Royal
Society in 1712. He was also a member of the committee dealing the priority dispute between Sir
IsAACc NEWTON (1685-1731) and GOTTFRIED LEIBNIZ (1646-1716) on the invention of calculus.
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(b)

(¢)

Let f(z) = sinz. Then we have f4)(z) = sinz, fU+Y(z) =
cosz, fUH2)(z) = —sinx and fU*3)(z) = —cosx, which leads
to
FE0) = f42(0) =0

and

f(4l+1)(0) _ _f(4l+3)(0) — 1
This shows that only the higher derivatives of f of odd orders at
x = 0 are non-vanishing and the Taylor series of sin x is

f: ) Z 2kt
— k! 2k + '

Here, the radius of convergence is R = oo and the Taylor series
agrees with sinz on all of R.

Similarly as in (b), we could also calculate the Taylor series of
cos x directly. Another way to obtain a power series to represent
cos x is to use Corollary 12.7 and to differentiate the power series
of (b) term by term. Doing so leads to

(=D o _ N~ (EDF
cosx:kz%m(ZkJrl)x —kz% (2k)!x :

By Lemma 12.3 and the Identity Theorem 12.9 we conclude that
this power series represents cos x on all of R and agrees with the
Taylor series of cos .

Two other important functions are sinh(z) = €=~ and cosh(x) =

2
—ezgeﬂ, represented by their Taylor series on all of R:

1
sinh(z) = Y ———2?* and cosh(x
!
AT

(0. ¢]

o= 0
The Taylor series of log(1 + x) is given by
> (_1)k+1xk

. .

k=1
Its radius of convergence is R = 1 and the power series represents
log(1 4+ x) on —1 < z < 1. Choosing, in particular, x = 1, leads
to the identity

Z(

1

0 —1)k+1
= log(2).
=



Finally, let us mention the general Binomial Expansion, derived via

the Taylor series. Binomial

Ezample (Binomial Expansion). For |z| < 1 and ¢ € R, we have Ezpan-
o ) s10M
1 c_—1 k
(=143 ()

(Z) - c(c—l)(c—QIl!---(c—k—l—l).

Here are some special cases:

where

(a) If ¢ € N, then (7)) = 0 for k& > ¢ and the power series is the

(1+2) = 1+§; (;)xk

(b) Since (') = (—1)*, we recover the geometric series

polynomial

1 (0.]
SICOE
14+ —
(¢) We have for ¢ = 1/2
1 1 3
\/1+$:1+§$—§$2+E$3— fOI'|£E|<1

Important concepts/typical problems in this chapter that you should
try without looking anything up:

e Calculate the radius of convergence of Y 77, z*/(k3F).

e Using the Weierstrass M-Test, show that Y ;- 1/(k* + 2?) con-
verges uniformly in the whole real line R.

o Let >~ apa® be the Taylor series of a function f. How are a; and
derivatives of f related? Let the radius of convergence of the
Taylor series be R = oo. Does this imply that the Taylor series
represents the function on the whole real line?

e Calculate the Taylor series of f(x) = e*. Derive from it a power

series representing the function g(z) = e
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