MOCK MODULAR FORMS AND GEOMETRIC THETA
FUNCTIONS FOR INDEFINITE QUADRATIC FORMS

JENS FUNKE AND STEPHEN S. KUDLA

ABSTRACT. Mock modular forms are central objects in the recent discoveries of
new instances of Moonshine. In this paper, we discuss the construction of Mock
modular forms via integrals of theta series associated to indefinite quadratic forms.
As an example, we obtain Zwegers’ Mock theta function for hyperbolic space in this
geometric setting.

1. INTRODUCTION

Theta series are a very important tool for the construction of automorphic forms
with many and significant applications ranging from number theory to physics. While
positive theta series are well understood, the scope and possibilities of indefinite theta
series are still developing. As an example we mention Borcherds’ celebrated construc-
tion of automorphic products for Hermitian domains arising from a regularized theta
lift for an indefinite quadratic space of signature (p,2) [4]. These ideas also play a
central role for the proof of the umbral moonshine conjecture given in [6].

Indefinite theta functions play an important role in the construction of Mock mod-
ular forms and their completions. In 2002, Zwegers [35] constructed a Mock theta
function of weight (p 4 1)/2 associated to a quadratic space of signature (p, 1) whose
non-holomorphic completion involves the error function. In recent months, [2] (signa-
ture (p,2)) and then [27] (general signature (p, q), already indicated in [2]) extended
Zwegers’ construction to arbitrary signature. Now the completion involves general-
ized error functions. For a related result, see [34]. Of course, Mock modular forms
are central objects in the recent discoveries of instances of Moonshine, for example
via the elliptic genus of K3 surfaces.

Throughout the 1980’s [22, 23, 24|, the second author in joint work with J. Millson
employed the Weil representation and the theta correspondence to systematically con-
struct holomorphic (Siegel) modular forms associated to indefinite quadratic forms.
More precisely, they obtain a lift from the (co)homology of the underlying locally
symmetric space to the space of modular forms. The first author jointly with Millson
[9, 10, 12, 13] has since studied the non-compact situation and also considered local
coefficient systems to construct modular forms of higher weight. The second author
[21] employed this machinery to recover the results of [2] from a more geometric point
of view. For the relationship to cycles on moduli spaces of K3 surfaces, see [19].

In this note, we first outline the representation theoretic background in the con-
struction of theta series stressing the role of the Weil representation. We then give an
introduction to the theory developed in [22, 23, 24]. The key object is the indefinite
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theta function (7, z, @k r),which as a function of 7 € H, the upper half plane, is a
modular form of weight (p + ¢)/2, while as function of z € D, the symmetric space
associated to V', defines a closed differential ¢g-form. For a compact g-chain C' in D
and 7 a (not necessarily closed) differential (p — 1)g-form on D with compact support,
we consider the theta integrals

I(1,C) ::/CH(T,Z,QOKM) and I(1,n) ::/Dn/\é’(T,z,ngM),

which, by construction, are then (non-holomorphic) modular forms of weight (p+¢)/2
for a certain level. For those forms we then give a natural splitting into a holomorphic
‘Mock theta’ part with a geometric interpretation and its non-holomorphic modular
completion. We then discuss the hyperbolic case explicitly and recover Zwegers’ theta
series in this setting.

In a separate paper [8] (following [20]), we will explain in detail how the results of
[27] can also be obtained in this setting.

Some of the new results in this paper stem from stimulating discussions during the
LMS-EPSRC Durham Symposium on New Moonshines, Mock Modular Forms and
String Theory in August 2015.

2. THE WEIL REPRESENTATION AND THETA SERIES

In this section, we recall the (Segal-Shale)-Weil or oscillator representation over R
and explain how it provides a representation-theoretic framework for the construction
and properties of theta series. A good reference is Shintani’s treatment [30].

2.1. Weil representation. Let V' be a rational vector space over Q with a non-
degenerate bilinear form (, ) of signature (p, ¢) and dimension m = p+q. We pick an
ordered orthogonal basis {v;} of V(R) = V®gR such that (v,,v,) = 1fora=1,...,p
and (v,,v,) = —1for u=p+1,...,p+q. We denote the corresponding coordinates
for a vector x by x;.

We let Mp,(R) be the metaplectic cover of SLy(R) and let w = wy,, be the Weil
representation of Mpy(R) x O(V(R)) associated to the additive character ¥(t) =
e*™ acting on S(V(R)), the space of Schwartz functions on V(R). For m even, the
representation factors through SLy(R). The orthogonal group acts linearly, that is,
w(g)e(x) = p(g~ x). For matrices in SLy(R), there are preimages in Mp,(RR) so that

uf((é )¢ (x)— ”(“”x)%(x),
w(( % g ))90(90) W@(ﬂﬁ)-

omi P=4

q .
Here v = e 8 and ¢(z) := fV(R) o(y)e~ 2@ dy is the Fourier transform.
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On the Lie algebra level, the actions of the standard basis elements H = (9 /),

R=1(}1),and L=1(" 1) of sI5(C) are given by

1
H)=—mr? 4+ —A
w(H) o +47T ,

T 1 1 m
L)=—r*+ — -F
w(L) 57 A+ S T
1
WR)= -S4 A4 -4+

2 _ \P 2 _ \m 2 : _NY 92 xm 9%
Here r® = 3 0 _ 2, — > _ 11 2, is the metric of V, A =370, 5 >t 927 15

the Laplace operator, and E =" xi% is the Euler operator.
We let K’ be the inverse image of SO(2) ~ U(1) in Mp,(R) under the covering
map. Then K’ admits a one-dimensional character yi,» whose square descends to

the map (lesr(l?z) :g;%) — cos(f) + isin(f) = ¢ on SO(2). We say ¢ € S(V(R))

has weight $r € 17 if w(k')p = X1 o(k)p for k" € K'. Note that in terms of the Lie
algebra action this is equivalent to

r
(2.1) w(—H)p = 9%

In particular, ¢ is an eigenfunction under the Fourier transform. Given ¢ € S(V(R)),
it will be convenient to set

P(z) = "D p(z).
Then a quick calculation shows that (2.1) is equivalent to
1 r—m
2.2 E——A)’ = 0
(2:2) - a1 = (S52)
see also [32]. For example, the standard Gaussian ¢ on V(R) given by
po(r) = e T

with (z,7)o = Y77 22 has weight (p — ¢)/2 under the action of K’

Remark 2.1. Roughly speaking, the local theta correspondence or Howe duality cor-
respondence for SLy(R) x O(V(R)) is concerned with the question which irreducible
representations m @ 7 of Mp,y(R) x O(V(R)) occur as quotients of the Weil repre-
sentation, that is, Homequiv(wyy, ™ ® 7') is non-zero (as (g, K)-modules or unitary
representations), see [17] or also [1]. The main result is that the space of intertwining
homomorphisms is always at most one-dimensional and hence one obtains a bijection
between certain irreducible representations of Mp,(R) and of O(V(R)). This bijection
is called the Howe duality correspondence.

For V positive definite so that O(V(R)) is compact, an explicit description of the
correspondence is given by the theory of spherical harmonics. In that case, let H,(V)
be the space of homogenous harmonic polynomials p(z) on V' of degree ¢, that is,
Ap(z) = 0. Then H,(V) is an irreducible representation of O(V(R)) of highest
weight (1,0,...,0). On the other hand, for n € %Z, let Dt | be the holomorphic



4 JENS FUNKE AND STEPHEN S. KUDLA

(limit of) discrete series representation for Mp,(R) with holomorphic/lowest vector

of weight n for K’. Then, as a unitary representation of Mp,(R) x O(V(R)), L*(V(R))

is a Hilbert direct sum of the representations H,(V) ® DZM - The irreducible
2

summands are generated by the vectors p(z)po(z) € S(V(R)) for p(z) € Ho(V).
Note that p(z)go(z) is holomorphic (w(L)p(z)po(z) = 0) and has weight £ + ¢:
w(—H)p(z)po(z) = (24 ¢) p(x)po(x). This completely describes the theta corre-
spondence for the dual pair SLy(R) x O(V(R)) in the positive definite case.

In the indefinite case when O(V(R)) is non-compact, the situation is more com-
plicated. The space L?*(V(R)) then has both a discrete and a continuous spectrum
and it is necessary to formulate the correspondence in terms of quotients, as above.
Duality was proved in full generality in terms of Harish-Chandra modules, [17]. For
a detailed description, see e.g. [16, 29, 28] (or also [1]).

Remark 2.2. The Weil representation exists in a much larger context, see Weil’s
original paper [33]. For example, the corresponding p-adic groups O(V(Q,)) and
SLy(Q,) act on S(V(Q,)), the space of Bruhat-Schwartz functions on V(Q,), which
consists of the locally constant functions on V(Q,)). For us (see below), such a
function arises by the choice of (a coset of) a lattice L on V(Q), which is associated
to the characteristic function of a translate of L, = L ®z Z,, indeed locally constant.
The local theta or local Howe correspondence can be studied in this setting as well.

2.2. Theta Series. Let ¢ € S(V(R)) be an eigenfunction of weight $r € 17 under
the action of K’. We then set

90(51777_, Z) = j(gi)z)T/Qw(g/T%p(;}j) = U—T/4+m/4so0(\/ax)em‘(az,x)’r‘

Here ¢/ is any element in SLy(R) moving the basepoint i of the upper half plane H

vl/2 0
0 1)_1/2

a coset h € L# /L we define the associated theta series by

(23) 0(7’, QO) = 0(7’, ©, L7 h) = Z QO(ZE, T, Z) — ,U—T/4+m/4 Z 900(\/51‘)67ri(x’$)7—.

x€L+h r€L+h

to 7 = u + v € H; for example, g, = (§¥) ( ) Given an even lattice' L and

Then, by Poisson summation, one shows that 6(7, ¢) transforms like a modular form
of weight r/2 for the principal congruence subgroup I'(N) and for T'o(N) if b = 0.
For an outline of the argument, see for example p99-100 in [15]. Here N is the level
of the lattice L; that is, the smallest positive integer N such that N(z,z) € 27Z for
all z € L7,

For example, if V' is positive definite and p(z) € H,(V') harmonic of degree ¢, then
0(7,pp0) = > peron P(x)e™ @)™ is a holomorphic modular form of weight £ + ¢, and
is cuspidal if £ > 0.

Even means that (z,z) € 2Z for all z € L. In particular, L C L#, where L# is the dual lattice
L#*={zecV|(z,L) CZ}
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However, in general, 0(7, ¢) is not holomorphic. We let L, = —2iv28% be the
Maass lowering operator which lowers the weight of forms by 2. Then a little calcu-
lation shows that the action of L, , on theta series corresponds to the Weil represen-
tation action of L € sly(C) on S(V(R)), that is,

(2.4) Lyyo0(1, ) = 0(1,w(L)p).

In particular, this ‘explains’ the holomorphicity of the theta series with harmonic
coefficients from a representation-theoretic perspective.

Note that the Weil representation extends to the Hilbert space L?(V(R)) and hence
L?-eigenfunctions under the Fourier transform can be also used to construct modular
objects. However, in order to obtain modularity one needs to ensure that Poisson
summation holds (which is automatic for Schwartz functions but not for square inte-
grable functions). We can summarize our discussion with the following theorem (see

e.g. [32)):

Theorem 2.3. Let p(z) be a function on V(R) such that o(x) := p(z)e™™®%) and its
first and second partial derivatives are in L*(V(R)) N LY(V(R)). Assume (2.2), that
is, (£ — ﬁA)p = \p for some X\ € Z. Then

) = S o)
zeL+h

transforms like a modular form of weight r/2 + X of level N as above.

We give now one example where Theorem 2.3 can be applied. This often amounts
to the clever choice of a function p(z) which (partially) restricts the summation of
the theta series to the positive cone. For the general philosophy of this approach, see
also section 2.3 in [15].

Example 2.4. [Zwegers’ Mock theta function, [35]]

Let V' be of signature (p,1) and let ¢, ¢y € V(R) be two non-collinear vectors of
negative length with (¢, ce) < 0. For simplicity, we assume (c1,¢;) = (c2,c2) = —1.
We let

t
E(t) =2 / e ™ du
0

be the (modified) error function. We then set

p(@) = 5 (B2, ) — B2, )

= % (sgn(l‘, Cl) - Sgn(% 02))
1
+’2V@;

Here T'(s,a) = [ e"t*~'dt is the incomplete I-function, and we use the convention
sgn(0) = 0. Then p(x) satisfies the hypothesis of Theorem 2.3 with A = 0, and we

[sgn(z, o)L (1, 27(z, ¢2)%) — sgn(z, 1)L (3, 27(z, ¢1)%)] .
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conclude

0z7(7,c1,¢2) == % Z (E(\/%(x,cl)) — E(\/ﬂ(%@)o i)

zeL+h

is a non-holomorphic modular form of level N of weight m/2. Now (sgn(z,c;) —
sgn(x, cz) = 0 for all  of non-positive length. Hence we can view

sgn(z, )T (L, 2m0(x, ¢0)?) — sgn(w, e)T (3, 27v(w, ¢1)?)] e =07
2ﬁm€;h[g( )T (3, 2m0(w, ¢2)%) — sgn(z, o)) (3, 2m0(z, ¢1)?)]

as the non-holomorphic modular completion of the Mock theta function

1 )
B Z (sgn(z, cy) — sgn(x, cg)) e @7,
x€L+h
(z,2)>0
obtained by summation over the positive cone. Furthermore, for the shadow, we
easily compute the action of the lowering operator L,,» and obtain

3/2 .
Lm/20Z<T; 1, 02) = % Z ((ZE, 62)6—27r(x,c2)2v . (:E, Cl)e—Qﬂ(x,cl)%) em(ac,:c)T7

zeL+h

which defines a non-holomorphic form weight m/2 — 2.

2.2.1. Siegel’s theta series. Indefinite theta series go back to Siegel [31] (and of course
Hecke)) and originally arose in a more geometric setting which we now describe.

We let G = SO(V(R)) be the special orthogonal group, and let K be the compact
subgroup of G stabilizing the oriented negative g-plane 2z := span{v,; p+1 < pu <
p+q}. Then the symmetric space D = D(V) associated to V' is given by D ~ G/K.
Note that D = D[] D~ has two connected components and has dimension pg. We
can realize D as the Grassmannian of oriented negative g-planes in V(R):

D ~ {z C V(R); z oriented; dimz =¢; (, )|. <0}.

Indeed, by Witt’s theorem G acts transitively on this Grassmannian, and the stabilizer
of the base point z; is by definition K. We let I' C G be a congruence subgroup
stabilizing L + h (or even acting trivially on L#/L). Then X = Xp = I'\D is a
locally symmetric space of finite volume.

Example 2.5. (i) For signature (p,1), D is hyperbolic p-space. Then the con-
nected component of the base point is given by

Dt ~{z € V(R);(z,2) = —1;(z,v,) < 0}.

We will make this identification henceforth.

(ii) For signature (p,2), D has a Hermitian structure and X is a quasi-projective
variety. For (1,2), we have D* ~ H and X is a modular or Shimura curve;
for (2,2), we have D ~ H x H and X is a Hilbert modular curve; for (3,2),
we have Dt ~ Hl, the Siegel upper half space of genus 2.
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For z € D, we associate the standard majorant (, ), given by
($,£E)Z = (szwsz-) - (l’z,l'z),

where z = z, + 2,1 € V(R) is given by the orthogonal decomposition V(R) = 2+ @ z.
The standard Gaussian on V(R) is given by

(,00(1’, Z) _ e*ﬂ'(x,f!?)z.
In particular, at the base point zy € D we have @g(x,z0) = @o(z) = e~ @i
as already mentioned above. Note that og(x,2) = @o(g;1x), where g, € G is any

element moving 2y to z. In this way, we can view
(2.5) o € S(V(R))® ~ [S(V(R)) ® C*(D)]°.

Here G acts diagonally and the inverse map is given by restriction at the base point
2p. Since the action of SLy(R) and O(V(R)) commute, we also see immediately that
wo(z, z) is an eigenfunction for K’ of weight (p — ¢)/2 as well. Hence

9(7—7 z, 900) — /2 Z e~ 2mR(z.2)v ri(z,e)T o NOTLhOlM(p,q)/Q(F(N)) ® Coo(D)F
x€L+h

defines a non-holomorphic modular form of weight (p — ¢)/2 and level N, taking
values in the C*-functions on X. Here R(z, z) := —(2.,x.) = 3((z, ). — (z,)), so
that ©)(z, 2) = e 27#(@2) Note that R(z, z) is non-negative and zero if and only = is
perpendicular to the negative g-plane z.

One can then use 0(7, z, ¢y) as an integral kernel to lift objects (automorphic forms)
for SLy to the orthogonal group for V and vice versa. The celebrated Siegel-Weil

formula (classically and its extensions) asserts that

E(T7900) Z:/XQ(T,Z,QDQ)d,u(Z),

(in an adelic setting up) gives an Eisenstein series for SLy. Here du(z) is the G-
invariant measure on D. For an overview, see e.g. [18].

Conversely, the equally celebrated singular Borcherds lift arises by considering, for
signature (p,2), the appropriately regularized theta integral

Bz f) = / Y b(r, 2, p0) f(P)d(r).

(N\H
where f € M 1!7p /o(I'(V)) is a weakly holomorphic modular form (or more generally a
weak Maass form) of weight 1 —p/2, see [4, 14, 5|. The associated Borcherds product
is roughly given by exponentiating ®(z, f).

As another example, the Shimura-Shintani correspondence between holomorphic
modular forms of weight 2k and k£ + 1/2 can be realized via integration against a
certain theta series (7, z, ) for signature (2, 1), see [26, 30].

These theta liftings exist in much greater generality. For the general case, one
considers the general theta series

09,90, L,h) == Y wlghe(g'x) (g€ O(V(R)), g € Mpy(R))
xz€L+h
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as integral kernel. As one varies ¢ (and L and h) one obtains the theta correspondence
between automorphic forms/representations of the two groups involved.

Remark 2.6. The global Weil representation acts on S(V(A)) = ®;§oo S(V(Qy)).
Then the global Howe correspondence is concerned with a correspondence between
automorphic representations in a similar fashion as in the local case, and typically this
correspondence can be realized by the above theta liftings/integrals. For example,
the Shimura correspondence was studied from a representation-theoretic perspective

by Waldspurger in the early 1980’s.

3. SPECIAL SCHWARTZ FORMS

3.1. More on the orthogonal symmetric space. Let g be the Lie algebra of G
and g = p @ ¢ its Cartan decomposition. Then p ~ g/ is isomorphic to the tangent
space T,,(D) at the base point of D, and with respect to the above basis of V(R) we
have

(3.1) p = Hom(z0, &) ~ {(& )0() X € MM(R)} |

We let X, (1 <a<p, p+1<p<p+q) denote the elements of the obvious basis

of p in (3.1), and let w,,, be the elements of the dual basis which pick out the ap-th

coordinate of p. For any point z € D we have T,(D) ~ Hom(z, z+). We orient z*

such that its orientation followed by the given one of z gives the orientation of V.

This then gives an orientation for Hom(z, 2*) and thus for D as in [24], p. 130/131.
For x € V(R) with (x,z) > 0, we let

D,={z€D; z Lz}

Note that D, is a subsymmetric space of type D,_;, attached to the orthogonal
group G, the stabilizer of z in G. Note that R(x,z) = 0 exactly when z € D,.
Again following [24], page 130/131, we orient the cycles D,. Namely, we first orient
the subspace x+ in V(R) such that z followed by an oriented basis of z+ gives an
oriented basis of V(R) and then follow the procedure for D. Note that with these
conventions we obtain D_, = (—1)?D,. We let I', be the stabilizer of z in I'. Then
we define the special cycle C, as the image of I',\D, in X =T'\D.

Example 3.1. If D is hyperbolic and (z, ) > 0, the cycle D} = {z € D*;(z,2) = 0}
divides DT into two components defined by the sign of (z,z). On the other hand if
(z,z) < 0, then (by definition) (z, z) doesn’t change signs on each of the components
D% and D~. The same holds for x isotropic.

3.2. Special Schwartz forms. The second author and Millson (see [22, 23, 24])
constructed (in much more generality) Schwartz forms ¢y on V(R) taking values
in A%(D), the differential g-forms on D. More precisely,

(3.2) e € [SVR) @ A" (07" = [S(V(R) @ AY(D))°.

The isomorphism in (3.2) generalizes the one indicated in (2.5) and can be described
explicitly as follows. Let g, € G be any element moving the base point zy to z. Then
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g. defines an isomorphism from 7,(D) = Hom(z, 2%) to p = T,, (D) = Hom(zo, 25)
in the usual way, that is, for T € Hom(z, 21) we have (¢;'7T)(v) := g7 'T(g.)v). We
denote the dual map by (¢;!)*. We (initially) view gy as a map from V(R) to
A?Hom(z, 25 )* =~ A%*. Then

wrom(r,2) = (02 1) prum(gs ).
By K-invariance this is independent of the choice of g, € G.

We define a differential operator acting on S(V(R)) by D; = x; — %%. Then prm
is given by

1 p
ok =575 O [Pa+ Dag0o @ Waypr1 A+ AWaypig.

(This is 2%/2 times the corresponding quantity in [24].) A bit more explicitly, we have

(33) @?(M Z o(zq 727FR (m:20) ® Wayp+1 ARERRA wo‘qp+(b

where Pg(q) (x) is a polynomial of degree ¢ and a = (av,...,0a4) € {1,...,p} de-
notes a multi index. In fact, for a = (a,... ) PP(z) is given by P¥(z) =
(47)~92H, (V27z,), where H,(t) = (—1)%e" j:q ~* is the g-th Hermite polynomial.
For ‘mixed’ «, Pg(q) (x) is a product of Hermite polynomials in the xz,.

It is easy to see that ¢y is K-invariant. Its key (non-triviall) properties are

(1) ¢xm(z,2) is a closed I',-invariant differential form on D for all x € V(R).
(2) prm(z,2) is an eigenfunction of K’ of weight
(3) % s(z,2) is a ‘Thom form’ for the cycle C,

that is,
/ nA Qe (,2) =/ n
I \D .

for any closed differential (p — 1)g-form n on I',\ D with compact support.

RS

[, \D, on the ‘tube’ I';\D,

We also define another form

Vi =1 € | Jo N\ [S(V(R)) ® A}(D))“

wKM = _W Z Z (_1)j71[D0¢1 T Daq—lperj](po

—_—
® Waip+1 VANRRIVAY wajp+j VANCIEIVAY waq71p+q.
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We can write

(3.5)
7 Z S (1Y Ly P () 2 R)
Q@ Warpt1 Ao A w/ajp?rj A ANWag aptay
where the sum extends over all multi-indices & = (a1, . .., og—1). The key relationship

between g and 1, see [24], is given by
(4) v is an eigenfunction of K’ with weight 3 — 2.
(5) Let L, = —2iv?Z be the Maass lowering operator and let d denotes the
exterior differential in A*(D). Then
LHSDKM(Ia T, Z) = dw(l‘a T, Z)
Explicitly, this means
0

(3.6) vl (Viw) = U (/o).
3.3. A singular Schwartz form. For x # 0, we set
(3.7) Pz, 2) == — / VO (zVt, 2) dt

Note that ¢° has singularities when R(x,z) = 0, that is, exactly along the cycles D,.
In particular, for (z,z) < 0, ¢° it is smooth. More precisely, a little calculation gives
(at the base point)

(38)  W(x,20) =Y Qulw) Y Py (@) (2nR(w, ) VT (5L, 2w R(x, 20))
a /=0
with
R~ 4
Qa(z) = B D (1 @ Waprt A+ Alapis A Aoy ipig:
j=1

Here Pg(?e (z) denotes the homogeneous component of degree ¢ of Py (4= 1)( ). In

particular, R(z, z)?/2¢%(x, z) extends to a smooth form on D.
In line with our conventions for Schwartz functions we also define

Y(,2) = 0z, 2)e ),
While ¢ is not a Schwartz function on V(R), we can still define
(T, 2) = O(Vux, 2)em @)

for 7 € H as if it was an eigenfunction under K’ of weight m/2 (which it is not). Note

1;(15 T, 2) </ VY( \/_x dt) i)
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From the definition (3.7) of the singular form we immediately obtain

Proposition 3.2. Outside the singularities we have
(i)
dip(z,7,2) = oxm(, T, 2).
(i)
Lob(z,7,2) = (x,T, 2).
Note that N(ii) motivates to consider ¢ as if it had weight . The key geometric
property of v is given as follows.

Theorem 3.3. The singular differential form @/N)(x) 15 a differential character for the
cycle D,,. That is, 1 (x) is locally integrable, and we have

/D 0 A Gens (i, 2) = / e (e /D dn A3z, 2).

for any (not necessarily closed) n € A&pil)q(D), the space of (p — 1)q-forms D with
compact support. Here we set D, = 0 if (x,z) <0.

The theorem will be proved in Section 5 using the general Lie theoretic setting
explained above.

Remark 3.4. Note that the theorem also implies a ‘dual’ statement for the integral
fc 0% (7, 2) over a compact g-chain C' in D with piecewise smooth boundary. For
example, if C' and D, intersect transversely in the interior of C', we have

/@%M(% 2) = [0, Do) + (=)0 [0z, 2).
c ac

Here [C, D,] is the appropriately defined (local) intersection number of C' and D,.
For ¢ = 2, such a statement can be found in [21] for a particular geodesic square in
D.

Example 3.5. For D hyperbolic p-space, all this can be seen explicitly, Namely, we
naturally have T,(D) ~ z*. Unraveling the definitions and basic formulas we see

(PKM(x7 Z) P \/5(:[;7 .)e*W(CE,I)z
as functional on 2+ and

1 2 -
POz, 2) = —=(x, 2)e” (@) and %z, 2) =

1
V2 2/m

In particular, ¢°(xz, z) has a singularity of type s sgn(z, z) along the cycle D,, that

sgn(z, z)I' (%, 27 (x, 2)2) )

is, &O(x, z) — 3 sgn(z, z) extends to a smooth function on D. From that Theorem 3.3
is quite straightforward, see also Section 4.3 below.
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4. GEOMETRIC THETA INTEGRALS

In this section, we consider the theta series

01,2, 0x0m) = D Sren(Vor)e™ @I =% N ooy (Va) | ¢

x€L+h neQ xeL+h
(z,2)=2n

associated to @gys and use this theta series as an integral kernel. By the above
discussion we immediately see

(7, z, oxamr) € NonholM,,»(T(N)) @ AY(D)",

that is, (7, z, pxar) is @ non-holomorphic modular forms of weight (p — ¢)/2) and
level N taking values in the closed differential ¢-forms on X.

4.1. The cohomological lift. For n a (p — 1)¢g-form on X with compact support
and C' a compact ¢g-chain on X, we set

](7',77):/){77/\9<7'72,§0KM) and I(T,C):/CQ(T,Z,QOKM).

Then the n-th Fourier coefficient I(7,7n) for n # 0 given by

/F\DU/\ Z Prn(Voz, 2) = Z /F A eV, z).

zeL+h ;BEL—l—h
(w,2)=2n (22
rnod F

Here in the last step we unfolded the integral and used the fact that I' acts for n # 0
on the set {x € L + h; (x,z) = 2n} with finitely orbits. Then we set

Co= Y Cy€Hy1)(X,0X,Z).
z€L+h

(z,2)=2n
mod T

By the Thom property of ¢%,, (Key property (3) above, or also by Theorem 3.3) one
then obtains (in much greater generality)

Theorem 4.1 ([24]). Let n as above be a closed (p — 1)q-form and C' be q-cycle on
X. Then

I(T,n):/n/\eq—l—;(/ ) and  I(r, /eq+§00

Here e, = prnm(0) is the Euler form for D, a certain closed G-invariant q-form on
D (which is zero for q odd) and [C,C,,] is the cohomological intersection numbers of
the cycles C' and C,.

In particular, these two geometric theta integrals define holomorphic modular forms
of weight m/2. In particular, we obtain (co)homological maps

Hy(X,Z) = M,,o(T(N)) and  HP DX, R) — M, s(T(N)),

where the Fourier coefficients are given by periods respectively intersection numbers.
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Results of this kind were first famously found by Hirzebruch-Zagier [15] for Hilbert
modular surfaces.

Remark 4.2. (i) Note that after integration all Fourier coefficients of negative
index vanish. Hence after integration the resulting theta function is given by
summation over the positive cone in the indefinite space V. However, in this
construction one obtains these series very differently by employing some kind
of ‘universal” theta kernel arising from a Schwartz function, which simplifies
some of the analytical considerations.

(ii) The holomorphicity of the (co)homological theta integral can be seen directly
by the following amusing calculation: Using Lypgy = dip and Stokes’ theorem
we see

Lo I(1,C) = /

Lo, 2, orcar) = / do(r, 2, 0) = [ O(r.20) =0.
C C

oC

Here in the last step we used that C'is a closed cycle. This highlights the role
of the ‘auxiliary” Schwartz form ¢ for the theory.

Remark 4.3. In joint work with Millson, the first author has been studying gener-
alizations of the theory. We mention two main aspects.

(i) Tt is a natural question to investigate the case when 7 is no longer of compact
support respectively C' is no longer compact. This natural question is partic-
ularly motivated by the original Hirzebruch-Zagier paper where this was also
considered. This has been studied extensively in [9, 12, 11, 13].

(ii) In [10], the theory is extended to cycles and (co)homology with local coefti-
cients in large generality. In the setting of this paper, the coefficient system
involved is H*(V), the harmonic polynomials of degree £. This can be viewed
as the analogue to the positive definite theta series with harmonic coefficients.
The generating series of intersection numbers then gives rise to modular forms
of higher weight m /2 + ¢. In particular, in [11] Section 6, the classical Eisen-
stein series

Ek(T) _ C(l _ k’) + Z nk—1g2minmr

n,m>0

is explicitly realized as a theta series for signature (1, 1).

Remark 4.4. We mention one significant application of the theory. In [3], the authors
use the above construction to establish new cases of the Hodge conjecture when X
arises from a space of signature (p, 2).

4.2. The general theta integral. We now consider the theta integral for more
general input. We work on the symmetric space D itself. We first note that for
n > 0, the ‘infinite cycle’ [[ zer+n D, is locally finite in D, that is, the intersection

(z,z)=2n

with any compact set involves only finite many cycles D,.
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Theorem 4.5. Letn € .A((;p_l)q(D) be a compactly supported differential form on D.
Then

I<T777) :/ n/\e(7—72790KM)
D

/Meﬁz > /77 q"

n>0 xzeL+h
(z,2)=2n

e ([ g i) e

zeL+h
x#0

is a non-holomorphic modular form of weight m/2. In particular, if n is a closed
form, then I(7,n) is a holomorphic modular form of weight m/2. Finally,

Lm/QI(T,n):/Dn/\Q(T,z,z/)).

Proof. By the compact support of n we can compute the integral termwise

/nAHTZsoKM > (/UMO%M(W_J:U,Z)>61

neQ xz€L-+h
(z,2)=2n

Now for 2 = 0, we have ¢Y,, = e,. For all the other terms we use Theorem 3.3. [

Remark 4.6. Let C' be a compact ¢-chain in the symmetric space D with piecewise
smooth boundary. Then

J(T,C)Z/CQTWKM >y (/ngfoz))

neQ .’L’€L+h
,T)=2n

defines a non-holomorphic form of weight m/2. If the image of C' in X defines a
closed cycle in C, then I(7,C) is holomorphic. In general, we have

Lo I(1,C) = O(t, z,1).
ac
Of course, Theorem 3.4 and Remark 3.4 again provide a geometric formula.
In [8], we consider I(7,C) for certain g-cubes in D in detail to recover the results
of [27] in the same way as in [21]. We consider the case ¢ = 1 in the next section.

4.3. Hyperbolic Space. We now explain how one can recover Zwegers’ Mock theta
function in this setting.

So let V' be of signature (p,1) and let ¢1,co € V(R) be non-collinear as in Exam-
ple 2.4, that is (c1,¢1) = (c2,¢2) = —1 and (¢,¢3) < 0. Then ¢; and ¢y define two
different points in the same component of D, say D', which by abuse of notation we
also denote by ¢; and ¢y. Let D, ., be the geodesic arc segment in D connecting
c1 with ¢;. One can interpret D,, ., also as follows. The span of ¢; and ¢, defines
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a subspace U of signature (1,1) of V. Let Ut be its orthogonal complement in V'
which is positive definite of dimension p — 1. Then D}, := {z € D*;z € U} defines
the infinite geodesic in D passing through ¢; and ¢, and

D., , = {span(tc; + (1 — t)cs);t € [0,1]} C D;}.

Consider z # 0in V. If (z,2) < O or if (z,z) > 0 with D,ND,, ., = 0, then ©%,,(z, 2)
is an exact form on D, .,, and we see by Stokes’ theorem

| e =) - P a)

DCI!CQ

The hyperplane D, intersects D, ., transversely (in the interior of the arc) if and only
if (x,¢1) and (z, c3) have opposite signs. In that case the (local) intersection number
of D, and D, ., is given by 1 (sgn(z,c;) —sgn(z, c2)). (This actually gives another
characterization of D,, ., in terms the hyperplanes D,). Assume D, N D,, ., = ¢ and
let ¢.- and c.-, be points on the arc with distance € > 0, say sgn(c, ¢1) = sgn(c, c.-)
and sgn(c, c2) = sgn(c, c+). We then compute

@ [ e = 9ea) = 0e) + T o) - e a)

= @Zo(x, c2) — 1/;0(% )+ % (sgn(z,cq) —sgn(z, cz)) .

Now this also holds if ¢ is equal to ¢; or ¢y if we use the usual convention sgn(0) =0

and set ¢°(z,c) = 0. Finally, if Dyr C D,, that is 2 € U*, then x € z* for all

z € Dy Hence the pullback of ¢ () to Dy is zero and thus [, ¢% (2, 2) = 0.
€1.€2

In summary, (4.1) holds for all z # 0. We have shown
Theorem 4.7. The theta integral [,  0(7,z,0xum) is given by
c1,c9

/D 9(7‘, Z,QOKM) = Z Z % (sgn(m,cl) - Sgn({L’,Cg)) qn

1,¢2 n>0 | z€L+h
(z,x)=2n

£ Y0 (8, e0) = (o)) emie
xeL+h
x#0
and coincides with Zwegers’ theta series 0,(T,c1,c2). Moreover, the “holomorphic
coefficients” Y zern 3 (sgn(z, c1) — sgn(z, c)) can be interpreted as the intersection

number of Dq, ¢, ‘with the infinite cycle || zer+n De.
(z,2)=2n

Furthermore, assume (for simplicity) L+h = (LNU +hy) @ (LNU*+hy1). Then
we have the natural splitting

[ o =060 [ o ek

U
c1,c9 Dc1,02
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Here 0(1,U*+) = EyELﬂUlJrhUJ_ e™WIT s the usual theta series of weight (p — 1)/2
for the positive definite space U+ and fDU O(,2,0%,,) is the indefinite theta series
1,62

of signature (1,1) for the space U = span(cy,c2) and LNU + hy.

Remark 4.8. (i) The second part of the theorem follows from the pullback for-
mula ;0% = o8 @Y., where 1y : Dy < Dy is the natural embedding of
the symmetric space for U into the one for V. The splitting of course also
follows directly from considering the formula for Zwegers’ theta series.

(ii) One doesn’t have to pick D, . to be the connecting geodesic. Since D¥
is simply connected and (7, z, ¢k ) is closed, any other piecewise smooth
curve connecting ¢; and c; would do. Hence we have computed the integral
fc O(7, z, o p) over any compact piecewise smooth curve in D.

(iii) Assume ¢; and ¢y are rational vectors. Then the geodesic Dy connects two
rational cusps of D, represented by two isotropic vectors u; and us in V. In
this case, the pointwise stabilizer of I'yy of U in I is either trivial or infinitely
cyclic. We let Cyy be the image of I'y\ Dy in X, which then either is an infinite
geodesic in X connecting the two cusps or a closed geodesic defining a class
in H1 (X, Z)

In the latter case, ¢; and ¢y could be I'-equivalent, in which case we have
erfﬂ U(x,7,c1) = Sowerin (z, 7, ¢z). Furthermore, the image of D, ., in
z#0 z#0

X is an integral multiple of Cy, say kCy. Hence

1 .
I(7, D, e,) = I(7,kCy) = 2 Z (sgn(z, cy) — sgn(x, cg)) e @7,

xeL+h
(z,2)>0

In the first case, if Cy is infinite, then we can consider the limit case ¢; = uy
and ¢y = uy isotropic. This was done in [9], see also Example 4.3 (i) above.
One again obtains a holomorphic modular form and

1

I(r,Cy) = Jim I(7, Dey ) = 9 Z (sen(z, ur) — sgn(w, up)) €™,
(550

(One now computes lim, ., Seerin ¥(z, 7, ¢;) = 0).
x#0

(iv) Following [10, 11}, one can also equip the geodesic arc segment D., ., with
coefficients, see Example 4.3 (ii) above. This then yields higher weight ana-
logues of Zwegers’ theta function. for V' = U of signature (1,1), one then
obtains in the limit as ¢; — u; isotropic, the classical holomorphic Eisenstein
series.

Remark 4.9. The px); also exist for higher Siegel genus n in which case the asso-
ciated theta series define differential ng-forms on X. One can then consider integrals
over compact ng-chains in D. For hyperbolic space this was done in the recent Toronto
Ph.D. thesis of 1. Livinskyi [25]. It can be then viewed as a higher genus analogue of
Zwegers’ construction.
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5. THE SINGULAR SCHWARTZ FORM AS A CURRENT

In this section, we prove Theorem 3.3. This result is already implicit in [5], Section
7, where the corresponding statement for the singular theta lift of Borcherds type for
the Schwartz form 1 is given. We follow the line of reasoning given there. Since ¢ =1
was already discussed in the previous section we assume q > 2.

Consider a top degree form ¢ € AP?(D). We then have

J 0= ([ twis) 0

where ¢ on the right hand side is considered as an element in [C®(G) ® AP p*]¥
(We will frequently use this identification without further comment.) Here 1, is a
properly oriented basis vector for AP’ p ~ R of length one with respect to the Killing
form. Moreover, dg = dz dk, where dz is the measure on D coming from the Killing
form and vol(K,dk) =1

We now pick appropriate coordinates for D. We set H = G,,, the stabilizer in G of
the first basis vector vy of V. Let a; = exp(tXy,44) for t € R, and let A = {a;; t € R}
be the associated one-parameter subgroup of G We write A, = {a;; t > }. We
have a decomposition G = HAK and, with a positive constant C' depending on the
normalizations of the invariant measures, the integral formula (see [7], section 2)

/G¢(g)dg=C/AO/ngﬁ(hatﬂsinh(t)P_ cosh ()P~ dh dt.

We first show that ¢°(z) is locally integrable, i.e., Jon A Y0(z) < oo for any
compactly supported differential form 1 on D of degree (p — 1)q+ 1. We can assume
x = Kky/mu; for some m > 0 and k = +1. We have

(5.1) /G n(g) A D (g" Vior) dg

= C'/ / n(ha;) A °(ka; *h=ty/muy) sinh(t)7* cosh(¢)P~ dt dh.
HJo

We have

a; 'h'/mu; = cosh(t)v/mu; — sinh(t)v/mu,.,
so that, see (3.8),
(5.2) P°(ka;h/mu,) =

—1)¢ a1 -
K(qu) v/m sinh(t) Z (2rm sinh?®(t)) D2 p (4L, 2rmsinh?(t))

X Z P m/_ cosh(t )vl) ® Wapt1 N+ A Way_1ptq1-

Therefore the integrand in (5.1) is bounded as t — 0. On the other hand, ¢°(ka; 'h ™ v;)
is exponentially decreasing in e’ (uniformly in ). Since  has compact support, we
conclude that (5.1) converges.
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Now let n € A¥™D(D). Using dy® = %, we have

nA Q) = (-1)"Vd (77 A 1;0(:(;)> + (=1 A g0 ().

Hence we only need to show

(1)1 /D d(nh i) = /D K

Again, we assume x = k+/mu;. For € > 0, we let U, be the open neighborhood of the
cycle D,, defined in terms of the HAK-coordinates by {a;;t < €}. Then by Stokes’
theorem we obtain

(5.3) / d (77 A 1;0(,%\/%1}1)> = lim n AP (ky/muy).

D =0 Jon-u)
By the analogue for (5.1) (which follows from the considerations in [7], section 2), we
see that (5.3) is equal to

(54) C 1ir%/ n(has) AY°(ka_-h™v/mvy) sinh(e)?" cosh(e)* "' dh (1y/rx,,., ) -
E— H

for some universal constant C' # 0. We consider (5.2) (with t = ¢). For (5.4) only
the terms with £ = ¢ — 1 can contribute. But

(m/%cosh(e))q_l ., a=(1,1,...,1),

0, otherwise.

Pg(?;jl)(fi\/ﬁcosh(g)vl) = {

We obtain
C'lim n(has) A Y°(ka_.h~ ' /muy) sinh(e)? ! cosh(e)P ! dh = C//iq/ n(h) dh
E— H H

with a constant C’. Therefore, the theorem holds with a certain constant C” in-
dependent of 7. (The factor 7 arises from the orientation of D,). We conclude
that the constant is equal to 1 by noting that this is the case for n closed, since

then [, A orar = [ 1 by KM-theory.
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