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Abstract

We give an explicit construction of a family of lattices in PU(1, 2) originally constructed by Livné.
Following Thurston, we construct these lattices as the modular group of certain Euclidean cone
metrics on the sphere. We give connections between these groups and other groups of complex
hyperbolic isometries.

1 Introduction

In his thesis [12] Ron Livné constructed an interesting family of lattices in PU(1,2). To do this,
Livné used techniques from algebraic geometry; see also Section 3.2 of Hirzebruch [9]. Livné’s
lattices are contained in Mostow’s list [15] of monodromy groups of hypergeometric functions; see
Chapter 16 of Deligne and Mostow [3]. An alternative construction of these monodromy groups
was given by Thurston [21] who described them as the modular group of certain Euclidean cone-
metrics on the sphere; see also Weber [22]. Livné’s groups have many remarkable properties. For
example, Kapovich has shown [11] that certain (well chosen) subgroups of Livné’s groups are finitely
generated but infinitely presented. Also, Livné’s groups give equality in the version of Jgrgensen’s
inequality for groups with boundary elliptic elements; see Section 5 of [10]. This indicates that the
quotient of complex hyperbolic 2-space by Livné’s groups are orbifolds of small volume; see [18]
where Sauter computes volumes of these orbifolds.

In this paper we use Thurston’s method to give a geometrical construction of Livné’s lattices.
Namely, we consider Euclidean cone metrics on the sphere with five cone points and certain pre-
scribed cone angles, Section 2. These cone angles correspond to Mostow’s ball 5-tuples. We may
cut our sphere along a piecewise linear path running through the cone points to obtain a Euclidean
polygon with a certain set of side identifications. The key observation of Thurston is that the
Euclidean area of such a polygon (that is the area of the sphere with the cone metric) gives rise to
a Hermitian form of signature (1,2). Thus such a polygon corresponds to a positive vector in C2,
Also, any automorphism of the cone metric (or the polygon) gives rise to a unitary matrix in U(1, 2).
Each similarity class of cone metrics corresponds to a positive point in P(C%2), that is a point in
complex hyperbolic space. Automorphisms of similarity classes correspond to complex hyperbolic
isometries in PU(1,2). We construct two kinds of automorphism. The first arises from changing
the piecewise linear cut to obtain different polygons corresponding to the same cone metric. This
is done by interchanging two cone points with the same cone angle. Such an automorphism could



be realised by performing a Dehn twist along a simple closed curve through our two cone points
and which does not separate the other three cone points. The second automorphism is an example
of one of Thurston’s butterfly moves. As described in [21], the moduli space of cone metrics does
not form a complete subset of complex hyperbolic space. To get around this, Thurston uses formal
automorphisms, which he calls butterfly moves, to extend the moduli space to points corresponding
to non-simple polygons which are not fundamental polygons for a cone metric. We consider the
group generated by these automorphisms which, a priori, are only subgroups of Livné’s groups.

We go on to consider how the automorphisms described above act on complex hyperbolic space.
In particular, we construct a complex hyperbolic polyhedron D, Section 3, and use Poincaré’s
polyhedron theorem to show that our automorphisms generate a lattice with fundamental domain
D, Section 4. Poincaré’s theorem also gives a presentation for the groups and we show that this
presentation is the same as that given by Livné in Lemma 3 on page 108 of [12]. Thus the groups are
isomorphic and so, by Mostow rigidity, they are conjugate. As is well known, there are no totally
geodesic real hypersurfaces in complex hyperbolic space and so, when constructing polyhedra, one
has to make a choice of hypersurfaces containing the sides. Our polyhedron D has eight sides, each
of which is contained in a bisector. Thus it is remarkably simple (compare [4], [7], [19]).

In the final sections we give further links between Livné’s groups and other interesting groups,
namely the Eisenstein-Picard modular group [7], Mostow groups [13], [4] and triangle groups [20],
[17]. In particular, Livné groups have (non-faithful) triangle groups as normal subgroups. These
are either a lattice (compare [5]) or geometrically infinite, Corollary 7.4. Moreover, these triangle
groups give a counterexample to a conjecture of Schwartz [20], Proposition 7.5. The corresponding
quotient groups are faithful triangle groups.

There are two major aspects of this paper that are new. First, Thurston’s construction of
complex hyperbolic lattices has not previously been combined with Poincaré’s polyhedron theorem
in a completely explicit way, although this is what is going on behind the scenes in Thurston’s
work. It should be possible to extend the construction of this paper to many, possibly to all,
the groups on the Mostow-Thurston list. Secondly, no fundamental domain for the Livné groups
was known previously, and hence no explicit analysis of the geometry of their action on complex
hyperbolic space was possible. This is important for two reasons. First, they are a particularly
interesting family of lattices and, secondly, they provide a family of lattices with fairly simple explicit
fundamental polyhedra. Since there are very few examples of complex hyperbolic lattices known,
and even fewer that have be analysed geometrically, this will aid the formulation of general results
about complex hyperbolic lattices. Furthermore, calculations in complex hyperbolic geometry have
a tendency to become extremely complicated, which means explicit constructions are rather difficult
to obtain. Thus it is quite remarkable that the polyhedra we construct are so simple.

Part of the novelty of this paper is to provide new proofs of results that were known previously.
Therefore we keep our treatment as self contained as possible. We choose to give simple, explicit
geometrical arguments wherever possible, and we are able to make a good choice of coordinates
in order to do so. However, sometimes we are forced to resort to algebraic manipulation and this
somewhat obscures the geometry. We also try to emphasise the connection with and the links
between earlier results. There are further links that we could have explored, for example from our
description we can demonstrate that all the Livné groups are arithmetic except the one with n =9
which is not arithmetic. We shall give the details elsewhere and not discuss arithmeticity here.
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thank the referee for his/her many helpful and insightful comments.
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Figure 1: The doubled pentagon. Cutting along the heavy line gives the octagon in Figure 2.

2 Cone metrics on the sphere

A cone singularity of a manifold is an isolated point where the total angle is different from 27. This
angle is called the cone angle. A Euclidean cone metric on the sphere is a metric that is locally
isometric to the standard metric on R? but with finitely many cone singularities. For example, a
cube is a Euclidean cone metric on the sphere with eight cone singularities, each with cone angle
37 /2. A simple family of examples of Euclidean cone metrics on the sphere is obtained by taking
two copies of the same plane Euclidean polygon and identifying them along their boundary. This is
called the double of the polygon. The cone angles are then twice the corresponding internal angles
of the polygon. We will be interested in what happens when we fix certain cone angles, but allow
the cone singularities to move around the sphere. For example, the double of a square (a “pillow
case”) and a regular tetrahedron both have four cone singularities, each with cone angle 7. By
moving the cone singularities around, one may transform one of these into the other.

2.1 A family of Euclidean cone metrics

In this section we take a Euclidean cone metric on the sphere with five cone points with cone angles
2r—60, m+0,7+0, 7+ 0, 7 —20) where § = 27/n. By cutting the sphere open along a path
through the five cone points we obtain a Euclidean polygon II. Conversely, after gluing the sides of
IT together, we can reconstruct our cone metric on the sphere. We give an explicit parametrisation
of such polygons by three complex numbers and we show that, in terms of these parameters, the
area of the polygon gives a Hermitian form of signature (1,2). Different ways of doing this are
described in Thurston [21] and Weber [22]. Our method is different from theirs.

For simplicity, we first consider the situation where the cone manifold is the double of a
Fuclidean pentagon. We cut this pentagon open along four of its sides; see Figure 1. The first point
on our cut is the cone point 0 with angle m — 26, then we go around the boundary of the pentagon
through the three cone points v3, v9 and v; with cone angle m 4+ # and finish at the cone point vg
with cone angle 2 — 6. Cutting the doubled pentagon open in this way yields an octagon, which we
call IT. This octagon has a reflection symmetry. Using this symmetry to identify boundary points
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Figure 2: The polygon I1 with real parameters x1, x2, v3. Here ¢ = (m —0)/2.

exactly reconstructs the doubled pentagon with which we began.

We now show how to construct Il geometrically in terms of three real parameters x1, x5 and
x3; see Figure 2 which should be compare to Figure 2 of [21]. Let =1, x3 and x3 be positive real
numbers. Let T7, T5 and T3 be three isosceles triangles. The triangle 77 has base length 2z; and
apex angle 0; T has two sides of length x2 and apex angle 8 and T3 has base length 2z3 and two
internal angles . We form an octagon II by first removing from T3 a copy of 77 whose base is
centred on the base of T3 and then removing two copies of T5 whose apexes lie in the base corners
of T3; see Figure 2. The octagon is simple (that is the interiors of its edges are disjoint) provided T4
and T5 are disjoint and their interiors are contained in the interior of T5. In other words, provided
1+ w2 < x3 and 1 < x3(1 — cos )/ cos @ = x3tan O tan(0/2).

We now make this precise by adopting coordinates as follows. We place T3 in the complex plane
so that its apex is at the origin and its base is parallel to the real axis. The vertices of the triangles
are given in the following table (where T} is the second copy of Ts):

Triangle | Vertices

Ty : x1icot(0/2) — x3itan(d) x1 — x3itand —x1 — x3ttand

Ts : —x9(cos@ —isinf) + x3(1 —itanf) | z3(1 —itand) | —xo + x3(1 —itanh)
Ty : xo(cosh +isinf) —x3(l +itanf) | —z3(1+itand) | zo — x3(1 + itand)
Ts: 0 x3(l —itanf) | —x3(1+itan@)

The resulting octagon is preserved by reflection in the imaginary axis and we label its vertices
so that this reflection interchanges v; and v_;. Moreover, gluing points of the boundary of 1I to
their image under this reflection reconstructs the doubled pentagon we started with. The vertices
are given in the following table; see Figure 2:

vg = x1icot(f/2) — xgitan, 0,

v1 = 1 — x3itanb, v_1 = —x1 — r3itan,

vy = —x9 + x3(1 — i tanh), v_g = x9 — x3(1 +itanh),

vy = —xg(cosf — isinf) + x3(1 —itanf), | v_g = za(cosd + isinh) — x3(1 + itanf).
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Figure 3: The polygon II with complex parameters z1, z2, z3. Again ¢ = (7 — 0)/2.

The area of Il may be obtained by subtracting the area of T and twice the area of T from the
area of T3 (compare equation (1) of [21]). The areas of the triangles are

sin 6
Area(Ty) = mlxlcot(0/2):mx12,
in 6
Area(Ty) = m9c08(8/2)zsin(0/2) = 2o 2,2,
Area(T3) = mgxgtan0281n0x32.
cos
Hence ) )
Area(IT) = sin | ——— 212 — 2% + —— 257 ) .
rea(1I) Sm&(l—cosexl T2 +cos9x3>

We may now allow the variables x; to be complex and we write them as z;. We still have
triangles T, T5 and T3 but now 2z; and 223 are vectors along the bases of T7 and T3 respectively,
and 29 is a vector along a side of T5. Once again, we place the centre of the base of T} in the centre
of the base of T3 and the apexes of T, and T4 at the base vertices of T3. However, when z; and
zo are not real multiples of z3 then the corresponding edges no longer line up. The vertices of the
resulting octagon are the corresponding vertices of the triangles and are still labelled v;, but in
general there will no longer be any edges contained in edges of T3; see Figure 3. The vertices are

now:
vg = z11cot(0/2) — zzitan 6, 0,
v] = 21 — z3itan(0), v_1 = —z — z3itané,
vy = —z9 + 23(1 —itan), v_g = z9 — 23(1 + i tan h),
vy = —2(cosf —isinf) + z3(1 —itan6), | v_g = z2(cos§ + isinh) — z3(1 + i tan 9).

We can use cut and paste on this octagon (see Figure 3) to see that it has the same area as the



Figure 4: The doubled pentagon from Figure 1 with the new cut associated to the move R.

triangle T3 less the area of one copy of T and two copies of T5. Thus it has area

-1

Area(Il) = sinf | ——
rea(Il) = sin <1—cost9

1l = a4 —gleal). )
The area gives a Hermitian form of signature (1,2) on C3. This is the key observation that leads
to a complex hyperbolic structure on the moduli space of such polygons. This is a special case of
Proposition 3.3 of Thurston [21] (see also Lemma 4.3 of [22]).

There is a natural way to construct a particular Euclidean cone manifold from II. Consider
the following edge pairing maps of II. These maps o; will be orientation preserving Euclidean

isometries and so are completely determined on each edge by their value on the vertices v;, vj;1.
The maps are

01(0) =0, o1(v3) = v_3; o2(v3) = v_3, o1(v2) = v_g;

03(?12) = V-2, 03(7)1) = V-1, 04(?11) =v-1, 04(7)0) = Vo-

Let M be the Euclidean cone manifold given by identifying the edges of II using the maps
oj. It is clear that M is homeomorphic to a sphere and has five cone points corresponding to
0, vg, U+1, V12, v+3 with cone angles m — 26, 2r — 0, m + 0, m + 0, 7w + 0 respectively. These are
examples of the cone manifolds studied by Thurston in [21] and the cone angles correspond to the
ball 5-tuples studied by Mostow [15].

2.2 Moves on the cone structure

In the spirit of [21], we define various “moves” on such polygons. First, observe that complex
conjugating all three of z1, z9 and z3 is the same as reflecting in the imaginary axis. (If z3 is real,
this line passes through 0 and the midpoint of the base of Ts.) Thus complex conjugation is an
automorphism.

Other automorphisms may be defined as follows. The cone manifold has five cone points, one
each with cone angle m—26 and 27 — 60, corresponding to the vertex 0 and the vertex v( respectively,



Figure 5: The move corresponding to R applied to the polygon from Figure 2.

and three with cone angle m + 0, corresponding to identifying v41, v4o, vi3 respectively. When
we make our cut in the cone manifold there is no canonical ordering of the three cone points with
angle m + 6 and so our first moves on the cone structure correspond to taking these cone points in
a different order when making the cut.

First, there is a move R; fixing 0, vg and v4; and interchanging the vertices vis and v43. From
the mapping class point of view, this is a Dehn twist about a simple closed curve on the sphere
that passes through these two cone points and does not separate the others. When cutting open
the cone manifold to form the polygon II one must now cut from 0 directly to vis, then to vis, and
then on to v4; and vy as before; see Figure 4. After we make this cut we can open the pentagon
out to make the octagon, shown in Figure 5.

We now show how to construct the new octagon from the old one by cut and paste. First, the
cut goes from 0 directly to vo. Hence the triangle 0, vo, v3 must be glued back on along the edge
0, v_3 according to the side identification o;. Likewise, the triangle v_1, v_s, v_3 must be glued
by o3 ! to the side vy, vo. This is illustrated in Figure 5.

Having found the new polygon we must find the new parameters wi, ws, ws. It is not hard
to see that the large triangle T3 corresponding to z3 is unchanged, as is the small central triangle
Ty corresponding to z;. However, the triangles T and T4 have each been rotated anti-clockwise
through an angle # about their apex. Therefore the new coordinates are zq, z2€? and z3. The new
variables are given in terms of the old by the matrix

1 0 0
Ri= |0 € 0 (2)
0 0 1

Observe that complex conjugation followed by R; is an involution.
We now demonstrate an alternative way to find these new coordinates by analysing the vertices.



Figure 6: The doubled pentagon from Figure 1 with the new cut associated to the move Rs.

We write the new vertices as v;-. Then:

wyicot(0/2) —wsgitan® = v, = vy = z1icot(0/2) — zzitan,
w; —wzitanf = v] = wv; = 21 — 23itan0,
—wa(cosf —isinf) + w3(l —itanh) = vy = vy = —z0+ 23(1 —itané).

These equations may be solved to give:

w1, = 21, w9 = eiQZQ, w3 = z3.

Secondly, there is a move Ry fixing 0, vg and v3 but interchanging v4; and v4s. Again this
corresponds to a Dehn twist along a simple closed curve through v1; and vio that does not separate
the other cone points. This time we obtain the octagon II by cutting from 0 to vys3, then to vy,
v4o and finally to vg; see Figure 6.

The cut and paste procedure is similar to that giving R1. The slit now goes from 0 to v3 and
then directly to v1. Hence the triangle vy, vo, v3 must be glued by o9 to v_o, v_3. Likewise, the
triangle vg, v_1, v_o is glued using 04_1 to vg, v1. This is illustrated in Figure 7. It can be seen
that all three triangles have been changed and we must be careful when finding w1, weo, ws.

The easiest way to find the new coordinates is to analyse the vertices:

wricot(0/2) —wszitan® = v, = vy = z1icot(f/2) — zzitand,
—we +ws(l —itanf) = vy = vy = 21 — zzitan0,
—wo(cos —isinf) +wz(l —itanh) = v = w3 = —29(cos@ —isinf) + z3(1 — itanh).

Solving for wy, wy and ws we find that

(1 —cosf+isinf)w; = isinfz; — (1 —cosh)za+ (1 — cosh)zs,
(1 —cosf+isinf)wy = —z; — (cosf —isinh)zy + 23,
(1 —cosf+isinf)ws = —cosbhzy —cosfzy+ (1+isinh)zs.



Figure 7: The move corresponding to Ry applied to the polygon from Figure 2.

The new variables are given in terms of the old by the matrix

3sin@ —1-+cosf 1—cos@
-1 —e™ 1 . (3)
—cos 0 —cos 6 1+ 4sind

1
"~ 1——cosf+isind

Ry

Note that det(Rs) = ¢ and that complex conjugation followed by Rs is an involution.

We remark that Ry and Rs each correspond to interchanging a pair of cone points and so the
corresponding mapping class on the five times punctured sphere is a Dehn twist along a curve
through these two points. This leads us to expect that Ry and Re should satisfy the braid relation
Ri1RyRy = RaR1Rs, and in Theorem 5.1 (iii) we verify that this is indeed the case.

We show in the next section that, after projectivising, the points (21, 22, 23) € C3 corresponding
to simple polygons form a non-complete region inside complex hyperbolic space; compare Thurston
[21]. In order to extend this region to the whole of complex hyperbolic space we must consider
triples (z1, 22, z3) that do not correspond to simple polygons, but which formally share many
properties with those that do. Following Thurston, we allow the boundary of II to intersect itself
and keep track of a signed area. It turns out that we only need to consider one more move on the
cone structure, denoted I7, and following Thurston we call it a butterfly move; see Figure 5 of [21]
for an explanation of the name. Specifically, the automorphism I; is constructed by rotating the
triangle 77 through angle 7. This is equivalent to sending z; to —z; while keeping zo and z3 the
same. That is I; is given by applying the matrix:

~1.0 0
L =0 1 0. (4)
0 0 1

Observe that I; is an involution as is complex conjugation followed by 1. Moreover, I; commutes
with R;. This may be seen either by considering the matrices or by the geometrical action on the
polygons.



Figure 8: The butterfly move corresponding to I applied to the polygon from Figure 2.

As indicated in Figure 8, making z; real and negative forces the triangle T to points downwards
and makes the boundary of II intersect itself. When traversing the boundary of Il we must now go
around 077 with the opposite orientation from that which we use on 075. Hence the area of T} is
now negative. Therefore the area of the new polygon is still given by (1).

All three of these moves preserve the (signed) area of II. In other words, from (1) the matrices
are unitary with respect to the Hermitian form given by (z, w) = w*Hz where w* is the Hermitian
conjugate of w and H is given by

1/(1 —cosf) 0 0
H = —sinf 0 1 o . (5)
0 0 —1/cosf

We are going to consider the group of unitary matrices I' generated by these three moves, namely
I'= <R17 R27 Il>

where § = 27/n for n = 5,6, 7, 8,9, 10, 12 and 18. For these values of n we will show that
the group I' is discrete and is isomorphic to one of the Livné groups. When n = 4 the group
is elementary and for all other values of n > 5 not on this list the cone angles violate Mostow’s
criterion, hence these groups are not discrete. In fact, for all such n the group I' may be shown
to be non-discrete using Jgrgensen’s inequality; see [10]. We will give the details elsewhere. Also
observe that, since complex conjugation followed by any of Ry, Ra, I; is an involution, I' is an
index two subgroup of a group containing antiholomorphic automorphisms.

Finally, we remark that by examining the cone angles, we see that I' is in the list of 94 groups
constructed by Mostow, pages 584-586 of [15], and Thurston, pages 548-549 of [21]. For reference
we give the corresponding numbers in their respective lists
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n 5 6 7 8 9 10 12 18
Mostow |58 49 76 53 80 57 62 79
Thurston | 52 40 76 45 80 49 57 79

3 The polyhedron D

In this section we show how that collection of cone metrics on the sphere, or equivalently polygons
II, may be parametrised by a subset of complex hyperbolic space. It will immediately follow that
the automorphisms act as complex hyperbolic isometries. It is really the geometry of the action
of these isometries that will be of most interest to us. We construct a polyhedron D in complex
hyperbolic space whose sides are contained in bisectors and whose vertices correspond to certain
degenerate cone metrics obtained either from the collision of three cone points or from the collision
of two pairs of cone points. Once we have constructed D we will cease to be interested in the
cone metrics but, rather, will concentrate on the complex hyperbolic geometry of the polyhedron.
Specifically, we will analyse how the sides of D intersect. Some of the more routine calculations
involved in this are relegated to the appendices. There is a difference between the three cases n = 5,
n =06 and n > 7. In this section we concentrate on the case n > 7 and in Section 6 we discuss the
other two cases.

3.1 Complex hyperbolic space

From now on we concentrate on those points z1, zo, z3 for which the area of II is positive. Since
the area (1) is given in terms of the Hermitian form H from (5), the area of II being positive is
equivalent to:

1/(1 —cosf) 0 0 21
—sinf [z1 Z» 73] 0 1 0 2| =z"Hz = (z,2) > 0.
0 0 —1/cosf] |23

Multiplying each z; by a non-zero complex number u preserves the the polygon up to similarity
and scales the area by |u|? > 0. Thus it is natural to consider similarity classes of polygons by
applying the canonical projection from C? to CP2. Since the area is positive we must have z3 # 0
and we may take a section by restricting to the affine plane where z3 = 1.

Thus, in what follows we consider complex hyperbolic space to be those points in CPP? for which
the Hermitian form H given by (5) is positive. That is:

2 1 (2.2) = 2" H —|z1|%sin 6 2l sinf + sin @ -0 (6)
=<z= 2| : {(z,2)=2"Hz = —————— — |25]°sin .
c 12 ’ 1 —cosf 2 cos 6

We have already seen that the moves on the the cone structure I, Ry, Rs and their products
correspond to unitary matrices with respect to the Hermitian form H. These act projectively on
H2, and so lie in PU(1,2), the holomorphic isometry group of H%. Likewise complex conjugation
is an antiholomorphic isometry of H(QC

It will be convenient to introduce a second set of coordinates on H(QC. Just as for the groups
considered in [7] and [19], there is a particular element of the group, which we call P, that will
play an important role in our construction (it is also called P in [7] and is called K in [19]). In
particular P is a side pairing of our fundamental domain D and images of D under powers of P
form a cylinder or a torus with a repeating pattern of faces. Algebraically, this corresponds to the

11



fact that Iy and its conjugates by powers of P generate a triangle group; see Section 7 and, in
particular compare Lemma 7.1 with Lemma 3.1 of [19]. Our second set of coordinates will be the
preimage of the first under P. To this end we define P = R1Rs, and we write it as a matrix:

isinf —(1—cosf) 1—cosb

—et? —1 et? . (7)
—cosf —cosf 1+i¢sinf

1

P=
1—cosf +isinf

We will want to keep track of coordinates, which we denote by w, given by

w1y 1 —isinf —(1—cosf)e™™ 1—cosf] [z
w= |wy| = [P_l(z)] = — -1 -1 1 z2| . (8)
1 1 —cosf —isinG —cos 6 — cos e~ 1—1esind| |1

In other words

—z1isin 0 — z0e 7 (1 — cos 0) 4 (1 — cos f)

= : 9
w —z1co80 — z9e~Wcosh +1 —isinh ' 9)
—z1—29+1
= - . 10
w2 —21c0860 — z9e 9 cosf +1 —isinf (10)
Likewise
21 1 isind —(1—cosf) 1—cos | |w;
z=|z| =[Pw)] = — —et? -1 et wa
1 1—cosf +isind —cos —cosf 1+isinf 1
Hence

~wyisin® —wy(1 —cos ) + (1 —cosh) (1)
S —wycos —wgcos +1+isinf

_ 0 _ 6
2 = e _—whte (12)
—wicosf —wycosf +1+isinf

The reason for keeping track of two sets of coordinates is that it gives a simple description of the
polyhedron D in terms of the arguments of z1, z9, w1 and we; see (17) below.

3.2 The vertices of D

We identify some distinguished points of H% which will be the vertices of our polyhedron. Writing
w = P~!(z) as in (8), it will be useful to have our points in w-coordinates as well as z-coordinates.
In all cases these distinguished cone structures are obtained by letting some of the cone points
approach each other until in the limit they coalesce, and hence result in a new cone point. The
complementary angle of this new cone point (that is 27 minus the cone angle) is the sum of the
complementary angles of the cone points that have coalesced. See Thurston’s discussion in [21]
Section 3, in particular Figure 11, for a more detailed discussion of this process. From the point
of view of the octagon II discussed in Section 2, this process is the same as either expanding or
contracting the triangles 77 and 75 until some of the vertices become the same point. If such
vertices are adjacent then the edge between them has degenerated to a point.

In Propositions 3.5 of [21] Thurston discusses what happens when two cone points collide. He
shows that this occurs along a stratum S of codimension 1 and gives a formula for v(S), the cone
angle around this stratum. In our setting the moduli space is an orbifold and so in each case

12



AN .S}
ININA.
ZAGAA

Figure 9: Polygons corresponding to vertices of D.

Zg

27 /~(S) is an integer. The stabiliser of the stratum S is then a subgroup of T of order 27 /7(S).
Suppose that the two cone points have cone angles ¢; and ¢9 then Proposition 3.5 of [21] shows
that if ¢1 # @9 then v(S) = ¢1 + ¢2 — 2w and if 1 = @2 then (S) = ¢ — 7. We now indicate the
strata associated to various collisions of pairs cone points and give the appropriate subgroups of I'.

Cone points | Stratum S ~(.S5) Subgroup
Vo, Vi1 21=0 T=02r—0)+(m+6)—2n (I)

vo, v+3 | w; =0 T=02r—0)+ (n+6)—2n (PI,P~1)
V49, V13 |20 =0 0=(n+0)—7 (Rq)
V41, V49 Wwo = 0 0= (7‘(’ + 0) — T <R2>
0, vo z1=(1—cosf)/cosf | m—30 = (m—20)+ (27 — 0) — 27 | (P3)

We can check that in each case the generator of the group in the last column is a complex reflection of
order 27 /~(.S). This indicates, but does not prove, that our group is indeed the same as Thurston’s
group.

We now discuss the cone structures that will be the vertices of our polyhedron. The point z;
will be fixed by Ry and I;. It is the origin in the z coordinates. Since z; and zo are both zero,
the triangles T and 75 discussed in Section 2 have both degenerated to a point. Thus the octagon
II has degenerated to become the simply the triangle 753. In terms of the cone manifolds, z; = 0
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corresponds to the cone points corresponding to vg and v4; coalescing to give a new cone point with
cone angle 7; and zo = 0 corresponds to the cone points corresponding to vio and vi3 coalescing
to give a new cone point with cone angle 2. The polygon II corresponding to z; is given in the
top row of Figure 9. The corresponding point where w; = wo = 0, which is fixed by Ra, is denoted
Z3. This is the origin in the w coordinates. Here the cone points vg and vis coalesce as do v4; and
v+9. Hence the base of Ty has become one of the sides of T7.

There are three points zs, z4, z5 with 23 = (1 — cos#)/ cos§. This condition corresponds to T}
and T3 having their bases parallel (recall that we have taken z3 = 1 and in this case z; is real) and
the apex of T at 0, which is also the apex of T3. This configuration only works in the cases where
n > 7. The cone points corresponding to 0 and vy have coalesced to give a new cone point with
cone angle m — 36. For z3 we have zo = 0, and so, as above, v4o and vi3 have coalesced to give a
new cone point with cone angle 26. This is shown on the left of the middle row of Figure 9. For
z4 we have 29 real and z; + 29 = 1. This means that the cone points v4+; and vio have coalesced
to give a new cone point with cone angle 20. As shown in the middle of the middle row of Figure
9, the corresponding polygon can be obtained from Figure 2 by first allowing T to be as large as
possible, but with its interior still inside T3, and then allowing T and T to be as large as possible,
but with their interiors inside T3 but outside T7. The vertex zs is the image of z4 under R;. This
means that the cone points v1; and vis have coalesced to give a new cone point with cone angle
260. As shown on the right of the middle row of Figure 9, this is the limit of Figure 5 as Ty, T> and
T} each become as large as possible.

In this section we are only interested in the cases where n > 7, but for completeness we now
indicated what happens when n = 5 and n = 6; see Section 6 for more details. When n =5 or 6
the three vertices zs, z4 and z5 are replaced with a single vertex where z; = 1 and 2z, = 0 (and so
also w; = 1 and we = 0). When n = 6 the angles m — 26 and 6 are the same. In this case, when z;
is real, the sides (vg,v1) and (0, v3) are parallel. Thus as vy tends to 0 we must also have vy, ve, v3
coalescing and likewise v_1, v_9 and v_3g. Hence the polygon degenerates to a figure with zero area.
This limiting configuration corresponds to a point on the boundary of complex hyperbolic space,
which is a cusp of the lattice. When n = 5, the configuration with z; = 1 and 23 = 0 corresponds
to a point in the interior of complex hyperbolic space and involves the cone points corresponding
to vi1, v4o and vyg all coalescing to give a new cone point with cone angle 30 — = = 7/5.

Finally, we will discuss the vertices zg, z7 and zg. First, zg has z; purely imaginary. This means
that the base of T} is orthogonal to the base of T5. Furthermore the apex of T is one of the base
vertices of T3 and also, as zo = 0, the triangle T5 has degenerated to a point. In this configuration
the cone points corresponding to vg, vie and vis have all coalesced to give a new cone point with
cone angle 6. Next for z7 the cone points corresponding to vg, v+1 and v4o have coalesced to give
a new cone point with cone angle 6. As shown in the middle of the bottom row of Figure 9, this is
the limit of the polygon from Figure 2 as T} shrinks to a point and T and T become as large as
possible, but with disjoint interiors. Finally, zg is the image of z7 under R;. Here the cone points
v, v+1 and vy3 have all coalesced, again giving a new cone point with cone angle 6. This polygon
is again the limit of that shown in Figure 5.

We summarise the above discussion with the following table relating the points z; and the cone
points that have coalesced.
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Point | Cone points | Angle | Cone points | Angle

z1 | Vo, Vi1 m Vg2, V43 260
Zy | Vo, Vi3 @ Vi1, V42 20
z3 0, Vo T — 30 V42, V43 20
Zy 0, Vo T — 30 V41, V42 20
Zs 0, Vo T — 30 V41, V43 20

Z6 | Vo, V42, V43 | 0
zZ7 | Vo, V41, U2 | 0
Zg | Vo, V41, V43 | 0

In Proposition 3.6 of [21] Thurston shows that j cone points with cone angles ¢1, ..., ¢;
collide in a stratum S of codimension j — 1. The resulting cone angle of the moduli space is
v(S) = (¢1+ -+ ¢; — 2m(j — 1)). Furthermore the order of the stabiliser of S is N(27r/’y(S))]_1
where N is the order of the subgroup of the symmetric group preserving the angles. By combining
this information we can also find the stabiliser of each vertex and compute the corresponding cone
angles. We again see that our group is consistent with Thurston. For example, the vertex z7 is
stabilised by the group (I;, Rg). We claim that it will follow from results of Section 7 that this
group has order 2n2. We now sketch a proof of this claim. Cyclically permuting the indices in (36)
we see that R2I1R2_1 = I3 and R2I3R2_1 = I311I3 (where I3 is as defined as in Section 7). Thus
(11, I3) is a normal subgroup of (I1, R2) with quotient group (R2). Since (I3, I3) is dihedral group
of order 2n (see Proposition 7.3) and (R2) is cyclic of order n we immediately see that (1, Ra) has
order 2n? as claimed. The fact that these orbifold singularities have the same order as Thurston’s is
a strong indication that these groups are indeed isomorphic to Livné’s lattices. In Theorem 5.1 we
show the two groups have the same presentation and hence, by Mostow rigidity, they are conjugate.

The table below gives both the z and w coordinates of the eight vertices z1, ..., zg. This enables
us to transform our geometrical problem concerning cone structures into an algebraic problem about
the action of a certain matrix group. From now on, we shall not consider cone metrics any more,
but will concentrate on the action of this matrix group on complex hyperbolic space. We analyse
this with a combination of geometry (bisectors) and linear algebra.

Point Z1 29 w1 w9
71 0 0|1—e¥/(1—isinf) 1/(1 —isin6)
zo | 1—¢e?/(1+isinf) e /(1 + isin6) 0 0
Z3 (1 —cosf)/cosb 0 (1 —cosf)/cosf | e®(2cosf —1)/cos
Z (1 —cosf)/cosb (2cosf — 1)/ cos@ (1 —cosf)/cosb 0
Zs (1 —cosf)/cosf | e?(2cos@ —1)/cos b (1 —cos®)/cosb (2cos@ — 1)/ cos@
zg | —i(1 —cosf)/sind 0 0 et
Z7 0 1 i(1 —cosf)/sind 0
zg 0 e’ 0 1

Before we finish this section we show that the collection of vertices described above is sym-
metrical with respect to an involution. The polyhedron D will also have this symmetry which will
simplify matters later on. Consider the antiholomorphic isometry ¢ given by ¢(z) = R1Ro R (Z) In

other words
21 isind —e?(1—cosf) 1—cosf] [z Wy
Lz = ! —et? —et et Zo| ~ |Waeet?| . (13)
1 1-cosf +isind —cos 6 —e' cos @ 1+ 4sind 1 1

(Here ~ denotes projective equality.) The following lemma is easy to verify using (13) and the
table above.
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Lemma 3.1 The isometry v has order 2 and acts on the z; by

1(z1) = 22, 1(z3) = 24, u(z5) = zs, 1(z¢) = z7, L(zg) = zs.

3.3 The polyhedron D

The faces of the polyhedron D will be contained in bisectors. We now give a brief summary of the
properties of bisectors that we will need; see [8] or [13] for more details. A bisector is the locus of
points in complex hyperbolic space equidistant from a given, pair of points in complex hyperbolic
space, say z; and zj. Using the standard formula for the distance function (see (3.4) of Goldman
for example) we see that z € D if and only if

)08 _ o (MED) oz (M) _ el

(z,2)(z;,2;) 2 (z,2) (21, 2¢)

If z; and zj, have the same norm, that is (z;,2z;) = (2j,2x), then this is equivalent to

B:{zeH?C : |<z,zj>|:|<z,zk>\.} (14)

In Lemma 4.6 we will use this characterisation of bisectors. In fact, this definition of a bisector
only depends on (zj,2z;) = (zj,2;) and not on whether this quantity is positive, negative or zero.
That is, the points z; and z; may be on the boundary of complex hyperbolic space or outside; see
Lemma 4.4.

The points z; and z, lie in a unique complex line L, called the complex spine of the bisector B.
There is a geodesic v in L that is equidistant from our pair of points with respect to the natural
Poincaré metric on L. This geodesic is called the spine. This still makes sense when z; and z; lie
on the boundary of H% or lie outside: For any anti-holomorphic involution interchanging z; and z
we may define the spine as the locus of points in L fixed by this involution. It is easy to check that
this definition of the spine is independent of the chosen antiholomorphic involution. Bisectors are
not totally geodesic (there are no totally geodesic real hypersurfaces in complex hyperbolic space),
but are foliated by totally geodesic subspaces in two different ways. First there are the slices; see
[13]. Let II;, denote orthogonal projection onto L, then the bisector is the pre-image of v under
II;. Each fibre of this map, that is each complex line that is the pre-image of a point of v, is a slice
of our bisector. Secondly, there are the meridians; see [8]. Each meridian is a Lagrangian plane
that contains the spine -, and is the fixed point set of one of the antiholomorphic involutions that
swaps z; and z,. Every Lagrangian plane containing 7 is a meridian and the bisector is the union
of all its meridians.

We now define the bisectors containing the sides of our polyhedron D. The spine of each bisector
will be the geodesic passing through a pair of the points defined in Section 3.2. By inspection this
leads to a definition in terms of the argument of one of z1, zo, w1 or wo. In Lemmas 4.4 and 4.6
we will also characterise the bisectors using (14), that is as the locus of points equidistant from a
given pair of points. We now define the eight bisectors in question. Their label reflects the pair of
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vertices in the spine.

Bisector Definition | Points on spine | Other points
Blg Im (2’1) = Z, Z3 Z4, Z5, Z7, zg
324 Im (wl) = Zy, Z4 z3, Zs, Zg, zg
BlG Re (21) =0 zy, Zg Z7, zg
BQ7 Re (wl) =0 Z9, VArd Zg, zg (15)
317 Im ZQ) =0 zy, VArd z3, Zy4, Zg
Bog Im (wge_w) =0 Z9, Zg Z3, Z4, Z7
Big Im (deiie) =0 Z1, Zg Z3, Zs, Zg
ng Im (wg) =0 Zy, zg Z4, Z5, V/Ard

The following lemma follows immediately from this table and Lemma 3.1.
Lemma 3.2 Let ¢ be the involution defined by (13). Then
(Bi3) = Baa, (Big) = Bor, (Bi7) = Bag, t(Bis) = Bos.

The spines of Bi3, Big, B17 and Big all pass through the point z;, which is the origin in the
z coordinates. Observe that I; maps each of the bisectors By; to itself. Similarly, Ry preserves
B3 and Bjg and sends Bi7 to Big. The four bisectors Bis, Big, Bi7 and Big bound a wedge Wj.
Writing z as in (6), this wedge is given by

Wy = {z :arg(z1) € (—7/2,0), arg(zq) € (0,9)}. (16)

Lemma 3.3 The wedge W is homeomorphic to a half space in R* and this homeomorphism extends
to a homeomorphism from OW; to R3.

PROOF: In order to see this, first apply the conformal homeomorphism ® : (21, z2) — (27, 25 / 2).
Using 6 = 27 /n, we see that ® (W) is the product of two half planes:

o(W) = {(901 +iy1, x2 +iy2) Y1 <0, y2 > 0}

The boundary of this set comprises those points where y1 = 0 or y2 = 0 (or both).
Secondly, apply the following homeomorphism from ® (W) to a halfspace in R*:

U (21 + y1, x2 + 1y2) — (21, 22, Y1 + Y2, Y1Y2)-

The restriction of ¥ to ®(0W7) is

(xlu 2, Y1, 0) if Yz = 07

U (21 +iy1, x2 + iy2) — .
(w1, 22, y2,0) if y1 = 0.

The image of the boundary W®(9W}) is clearly the whole of R? as claimed. 0

Similarly, the spines of Bay, Bog, Bo7 and Bag all pass through zs, the origin in the w coordinates;
see (8) . Moreover, Ry preserves Bgy and By7 and sends Bag to Bag. The four bisectors bound a
wedge Wy = P(W7), where P is given by (7). Writing w as in (8) this wedge is given by
Wy = {w : arg(wy) € (0,7/2), arg(ws) € (0,9)}.
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Zg Zs

Zg Z3

Z4
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Zs Zg

Z3 Zg

7y Z7

Figure 10: The sides in each wedge W1 and Ws.

Since P is a homeomorphism, using Lemma 3.3 we immediately see that W is homeomorphic to a
half-space in R* and this homeomorphism extends to a homeomorphism from W5 to R3.
We define the polyhedron D to be the intersection of the wedges Wi and Wy (compare [4]):

_ _ _ . arg(zl) € (—7T/2,0), arg(ZQ) € (079)1
D=WinWz= {Z = Pw) arg(wy) € (0,7/2), arg(ws) € (0,0) } (17)

We define the side S1; or Sy; of D to be the intersection of D with the bisector By or Bsj,
respectively. Below we give each side in terms of z and w, in particular the arguments of their

entries.
Side | arg(z1) |arg(ze) | arg(wy) | arg(ws)
S13 —7/2 [0,0] | [0,7/2] [0, 0]
Soq | [=7/2,0] | [0,0] /2 [0, 6]
S1e 0 [0,0] | [0,7/2] [0, 0]
So7 | [=7/2,0] | [0,0] 0 [0, 0] (18)
Sl? [_7['/27 0} 0 [07 7T/2] [07 9]
Sae | [—m/2,0] [0, 0] [0,7/2]
518 [_7['/27 0} 0 [07 7T/2] [07 9]
Sas | [=m/2,0] [0, 0] [0, 7/2] 0

The vertices of each side are precisely the points listed in the table of bisectors (15). In Figure 10
the sides containing z; and those containing zs are shown. These collections of sides form open
subsets of W7 and 0Ws respectively. Below we show that each two dimensional face of each side
is homeomorphic to a disc. Gluing these discs together, we can see that the outer boundary of the
collection of sides containing II;, respectively zo, is homeomorphic to a sphere. There is a obvious
contraction of this sphere down to z; or z and so we see, using Lemma 3.3, the collection of sides
containing z; and those containing z, are each homeomorphic to a 3-ball. Gluing the boundaries
together gives a 3-sphere, which is dD.

We now consider the 1-skeleton of D. This consists of arcs joining pairs of vertices of D, called
edges. Let 7,r = ~y; denote the edge of D with endpoints the vertices z; and z;. We claim that
each «j; is a geodesic arc. The reason for this is because each pair of vertices is in the common
intersection of either a slice of one bisector and a meridian of another or in the intersection of
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meridians of two bisectors. We now list each edge, the pair of bisectors and the slices (S) or
meridians (M).

Edge | Bisectors Coordinates Bisectors Coordinates
13 | BisNBir M Im(z) =Im(z) =0 BizNBig M Im(z1) =Im (20 %) =0
Y16 | BisNBir M Re (21) =Im (Zg) =0 BigNBig M Re (21) =Im (defie) =0
Y17 | BirNBigs M Im (Zl) =Im (22) =0 Bim-NBig M Re (2’1) =Im (22) =0
Y18 B18 N 313 M Im (Zl) =Im (defie) =0 Blg N B16 M Re (21) =Im (defie) =0
Vo4 | BaaNBag M Im(w;) =Im(wee @) =0 | ByyNBag M Im(w;) = Im(ws) =0
y27 | Bar N Byg M Re(wp) = Im (wee ) =0 | ByyN By M Re(w;) =Im(wy) =0
Yo6 | Bag N Bag M Im(wy) =Im (wee™) =0 | BygN By M Re(w;) = Im (woe %) =0
Y28 B28 N BQ4 M Im (U)l) =Im (wg) =0 ng N B27 M Re (wl) =Im (wg) =0
Y34 | BisN By M Im(z;) =Im (22) =0 BoyN By M Im (wl) =Im (wge i9) =0
Ya5 | BisNBoy S 2z =w; = (1 — COS 0)/C089 BoyNByg M Im (U)l) =Im (U)Q) =0
Y53 | Bi3NBay S zp=w; = (1 — COS 9)/008 0| BisNBig M Im (Z1 =Im (226720) =0
36 | BlrNBig S 2= BoyN By M Im(wg) = Im (wee ) =0
Yar | BagMBag S we =0 BisNBiz M Im (Z1 =Im (Zg) =
Y58 | BisNBig M Im(z1) =Im(22e7®) =0 | ByyNBag M Im(w;)=Im(ws)=0
Y67 | BisNBir M Re (21) =Im (Zg) =0 Bos N By M Re (wl) =Im (’LUgefw) =0
v | BisNBig S 21=0 Bor N Byg M Re (wl) =Im (wg) =0
Y86 | BaaNBay S w; =0 BigNBigs M Re (21 =Im (2267 ) =0

The combinatorics of these edges can be seen in Figure 10. Namely, there are nine edges not
involving z; or z9 arranged in a graph that is the boundary of a triangular prism. The other eight
edges are obtained by joining four of the vertices of the prism to z; and four to zs.

The following lemma follows immediately from Lemma 3.1 and the fact that the edges are
geodesic arcs.

Lemma 3.4 Let ¢ be the involution defined by (13). Then

v(n3) = v24,  tlvie) = vor,  (17) = ve6,  (y18) = Yes,  (Y34) = V34,
t(y45) = 735, L(y36) = Yar, t(y58) = 758, t(v67) = Yo7, t(y78) = Ye8-

3.4 The faces of D

We have now defined the zero, one, and three-dimensional cells in the boundary of D. It remains to
consider the two-dimensional cells. In this section we discuss all the two dimensional intersections
among pairs of sides of D. We call these two-dimensional cells the faces of D and we denote them
by Fj;, or Fyj, where ¢, j, k, | are the indices of the vertices of the face. First we need to examine
how pairs of bisectors intersect. It is clear that for each choice of distinct j, k € {3, 6, 7, 8} the
bisectors Bi; and By, either have a common slice or a common meridian. Likewise for By; and
By, for j, k € {4, 6, 7, 8}. In Appendix A we give the general form for points in the intersection of
pairs of bisectors By; and Bgy. Here we will find exactly which pairs of bisectors give faces of D.
In Appendix B we will show that the remaining intersections among pairs of sides intersect D only
in its 1-skeleton, that is along the edges. As a consequence of our analysis, we prove the following
result, which is the major goal of this section:

Proposition 3.5 The interior of each face F' of D is homeomorphic to an open ball in R? and the
boundary of F' is made up of edges on the list above.
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By construction, complex hyperbolic space, as defined by (6), is a bounded subset of C2. We
now give explicit bounds for the coordinates (6) or (8).

Lemma 3.6 Ifz is in HZ as given in (6), and w is written in terms of z by (8), then

| |<sin9 2] < 1 | |<sin9 s <
z —— z —_— w —— w .
! cos @’ 2 cosf’ ! cos @’ 2 cos @
Furthermore, when n > 7 we also have
‘Zl| <1, ]w1| < 1.
Proor: We have
=l e Lo
1—cosf 2 cos 0
Thus
M < 1—cosf - sin? 6
Z M
! cos 6 cos? 6
| ‘2 - 1 - 1
z .
2 cos 6 cos2 6
Also, when n > 7,
9 1—-cosd 2cosf —1
lz < ———— <1 - ——— < 1.
cos 0 cos 6
Similarly for w; and ws. O

First we discuss faces of D contained in S1; N Sy or Sa; N Soi. These are all contained in
complex lines or Lagrangian planes. For example, the face Fiyg = S13 N Sig with vertices z1, z7,
zg is contained in the complex line z; = 0; or Figy7 = S13 N S17 with vertices zi, z3, z4 and
z7 is contained in the Lagrangian plane with Im (21) = Im (22) = 0. These faces are each plane
hyperbolic polygons (either triangles or quadrilaterals) whose boundary comprises the geodesic arcs
joining the vertices. As these geodesic arcs only intersect in their endpoints, each face is obviously
homeomorphic to a disc.

Similarly, for n > 7, there is the face F345 = S13 N S24 contained in the complex line where
z1 = (1 — cosf)/cosf. With its natural (Poincaré) hyperbolic metric, this face is the geodesic
triangle with vertices zs, z4, z5 and internal angles (6,6, 0).

These faces are given in the following table

Face | Vertices Sides Coordinates

Firs | z1, 27, 78 S13, S16 | 21 =10

Faes | 22, z6, 2z So4, Sor | w1 =0

Fiss | 21, 23, Z¢ S17, S18 | 22 =10

Fosr | 22, 24, 27 S, Sog | w2 =0

F345 Z3, Z4, Zs 513, 524 21 =W = (1 —cos 6 /COSH

Fi347 | 21, 23, 24, 27 | S13, S17 | Im(21) = Im (22) =0
Faze | 22, 24, 23, %6 | Saa, Sog | Im (w1) = Im (wze” ) =0
Fisss | z1, 23, 25, 23 | S13, S1s | Im(21) = Im (227%) = 0
F2458 Zo, Z4, Z5, Z§ 524, Sgg Im (’LUl) =Im (’LUQ) =0
F167 Z1, Z¢, Z7 5167 517 Re (2’1) = Im (2’2) =

Fyre | 22, 27, 76 Sa7, Sa6 | Re (wy) = Im (wae™ ) =0
Figs | 21, Z6, Zg Si6, Sis | Re(z1) = Im (22¢7) =0
Fyrg | 22, 77, 73 Soz, Sag | Re(wy) =Im (wp) =0

20



We now discuss the other faces one by one.

Proposition 3.7 The point z lies in S13N.Sog if and only if z1 = x and wy = u where 0 <u < 1—x
and 0 < x < (1 —cosf)/cosf. Furthermore, if z € S13 N Sag then Re (w1) < (1 — cosf)/ cos .

PRrooOF: Using table (18) we see that, by definition, z € S13 N Syg if and only if arg(z1) = 0,
arg(z2) € [0,0], arg(wy) € [0,7/2] and arg(w2) = 0. Thus we can write z; = z and wy = u where
x>0 and v > 0. From Lemma 3.6 we also have u < 1/cos §. We can use Proposition A.6 to write
zo and wi in terms of x and wu:

i 1 —x—u+zucost + uisinf
zZ9 = € . . ’
cosf —ucosf +isind
1—cosf —x—u(l—cos)+ zucosh — :msmG

w1 =
—isin@ — x cos 0

In order to guarantee that z € S13 N Seg we must find conditions on z and wu so that arg(z2) € [0, 0]
and arg(w;) € [0,7/2], or equivalently so that Im (z9) > 0, Im (22¢7%) < 0, Re(w;) > 0 and
Im (wy) > 0.

First we have

I () usind((1 — cos ) (1 + ucosf) + z cos (1 — ucos b))
m =

= (1 —u)2cos?6 +sin? 0 ’
z((1 = cos8)(1+ucos) + zcos (1 — ucosh))

22 cos? 0 + sin’ 0

Re (wy) =

Since £ > 0, v > 0 and 1 — ucosf > 0 we have
(1 —cos@)(1+wucosf)+ xzcosf(l—wucosf) >0

This implies Im (z2) > 0 and Re (w1) > 0 and so these two conditions require no extra hypotheses
on z and u.

Secondly,
—sinf(1 —x —u)(1 —ucosh)

(1 —u)2cos?6 +sin0

Im (zpe~ %) =

Thus Im (29e*) < 0 if and only if 1 — 2 — u > 0 (we have again used 1 — ucosf > 0). Likewise

sinf(1 —x —u)(1 — cos @ — x cosh)
22 cos? 0 + sin? 6

Im (w;) =

Therefore when Im (z2e=%) < 0 we also have Im (w;) > 0 if and only if # < (1 — cos 6)/ cos §. This
gives the first part of the result.
Finally, we must show that Re (w;) — (1 — cos )/ cosf < 0.

1—cosf  —(1—cosf—zcosf)(sin?6 + z(1 — u) cos? §)
cosf cos 0(22 cos? 0 + sin? 0) '

Re (wy) —

Since sin? §+x(1—u) cos? § > 0 we see that z < (1—cos )/ cos § implies Re (wy) < (1—cos )/ cos .
g
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Corollary 3.8 The intersection of Si13 and Sag is a face Fyss7 homeomorphic to a disc. The
boundary of Fysg7 s Va5 U Y58 U yrg U Y47.

PRrROOF: It is clear that the region in the (x,u)-plane where 0 < x < (1 — cosf)/cosf < 1
and 0 < u < 1 — z is a quadrilateral. From Proposition 3.7 there is a homeomorphism from this
quadrilateral to S13 M Sog.

This homeomorphism extends to the boundary. We now show that its image is the union of the
four edges claimed. When z = 0 we have z; = 0 and Re (w;) = 0. Thus z € Bjg N Bgy and so it is
in y7s. When v = 0 we have Im (22) = 0 and wy = 0. Thus z € By7 N Byg and so is in y47. When
x = (1 —cosf)/cosf we have wy = 0. Thus z € By and so is in v45. Finally, when x +u =1 we
have Im (z9e™%) = Im (w;) = 0. Hence z € Big N Boy and so is in ysg. O

Applying ¢ gives:

Corollary 3.9 The intersection of Sig and Saq is a face F3sgg homeomorphic to a disc. The
boundary of Fssse s Y35 U Y58 U v86 U Y36.

Next, we have

Proposition 3.10 The point z lies in Si1g N Sao7 if and only if z1 = iy and wy; = v where y < 0,
v >0 and
(1 —cos0)? + ysin (1 — cos ) — vsin O(1 — cos ) + yv cos> 6 > 0.

PROOF: This proof is similar to that of Proposition 3.7. If z € S5 N Sy7 then, using table
(18), we must have arg(z1) = —m/2, arg(z2) € [0,0], arg(w1) = 7/2 and arg(wsz) € [0, 6]. Thus we
can write z; = iy and w; = tw where y < 0 and v > 0. From Lemma 3.6 we may also suppose
y > —sinf/cosf and v < sin@/ cos. Now we use Proposition A.4 to write z9 and w9 in terms of
y and v:

i 1 —cos +ysinf —vsinf — yvcosf — iv
e

zZ9 )

1—cosf —ivcosf
1—cosf+ ysinf —vsinf — yvcosf — iy

w2o= 1 —cosf —iycosd

In order for z € Sy N Soy we must find conditions on y and v equivalent to Im(z2) > 0,
Im (20¢7) < 0, Im (wy) > 0 and Im (we™*) < 0.
First we have

Im (39¢) — —v(1 — cos 0)? + yv cos O(sin @ — v cos ) — v? cos O sin §
¢ N (1 — cos0)? + v2cos? 6 ’
—y(1 — cos )% — yv cos (sin @ + y cos §) + y? cos O sin O

(1 —cos6)? + y?cos? 0

Im (wq) =

Using sinf —vcosf > 0 and sinf + ycosf > 0, it is easy to see that if y < 0 and v > 0 then
Im (22¢=%) < 0 and Im (w9) > 0. Thus these two conditions require no extra hypotheses on y and
v.
Secondly we have
(sinf —vcos ) ((1 — cos0)? + ysinf(1 — cos §) — vsinO(1 — cos §) + yv cos? 0)
Im (22) = ;
(1 —cos#)? + v?cos?
—(sin@ + ycos 0) (1 — cos §)? + ysin (1 — cos ) — vsin (1 — cos f) + yv cos? §)
(1 —cos0)? + y?cos? 0 ’

Im (wge ™)
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Therefore both Im (z3) > 0 and Im (wee™*) < 0 if and only if
(1 —cosf)? +ysinf(1 — cosf) — vsin@(1 — cos ) + yv cos® 6 > 0.

(We have used sinf —vcosf > 0 and sin @ + y cos€ > 0 again.) This gives the result. O

Corollary 3.11 The intersection of Sig and Sa7 is a face Fgrg homeomorphic to a disc. The
boundary of Fers is ver U y78 U Y86-

PRrROOF: This is similar to the proof of Corollary 3.8, but is slightly more tricky as we do not
have a nice simple shape like a Euclidean quadrilateral.

The curve (1 — cosf)? + ysinf(1 — cosf) — vsinf(1 — cos @) + yvcos?d = 0 in the (y,v)-plane
cuts the y-axis exactly once at y = —(1 — cosf)/sinf < 0 and cuts the v-axis exactly once at
v = (1—cosf)/sinf > 0. Thus, this curve, the y-axis and the v-axis bound a triangular region
contained in the quadrant where y < 0 and v > 0. Proposition 3.10 gives a homeomorphism from
this triangular region to Sig N So7.

This homeomorphism extends to the boundary and we now show that the boundary is the union
of the three edges claimed. If (1 — cos)? + ysinf(1 — cos ) — vsinO(1 — cos @) + yv cos® = 0 we
have Im (z) = Im (w2e™) and so z € By7 N Bog. Thus, by inspection from our table of edges, we
have z € ~vg7.

When y = 0 we have z; = 0 and Im (w3) = 0. Hence z € By3 N Bag and so, again by inspection
of the table of edges, z € v75. Finally, when v = 0 we have w; = 0 and Im (20¢7%) = 0. Thus
z € Byy N Big and so it lies in vgg. O

Finally,

Proposition 3.12 The point z lies in S17 N Sog if and only if zo = x and wy = ue? where x > 0,
u >0,

1—2z—u+azucos?’d > 0,
2c¢080 —1—zcos —ucosl + zucos’d <

Furthermore, if z € Si7 N Sa then Re (z1) < (1 —cosf)/cosf and Re (wy) < (1 —cos@)/cosh.

PROOF: This again is similar to the proof of Proposition 3.7. Write 2z = = and wy = ue®® where
0<z<1/cosf and 0 <wu < 1/cosf. Then from Proposition A.13, we have

1—2—ue + zucos + iue? sin 6
zZ1 = -
1 — ue® cos b ’

1—u—ze "+ zucosd —ize Psind

wp = -
1—2xe ¥ cosf

We must show that arg(z1) € [-7/2,0] and arg(w;) € [0,7/2], or equivalently that Re (z1) > 0,
Im (21) <0, Re (wy) > 0 and Im (w;y) > 0. First:

_ o 2
Re(z) — (1 —ucosh)(l—x u%—.x2ucos 9)’
(1 —u)?cos?6 + sin” 0
Re(w)) — (1 —xcosf)(1 -z —u+ zucos?b)

(1 —x)2cos26 +sin? 6
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Thus Re (z1) > 0 and Re (wy) > 0 if and only if 1 — 2 — u + 2ucos? 0 > 0.

Secondly:
Im (21) usinf(2cos® — 1 — zcosf — ucosf + zucos? )
m(zy) = ,
! (1 —u)?cos? ) + sin? 6
—xsinf(2cosf — 1 — xcosf — ucos b + xucos?f)
Im (wy) = .

(1 — )2 cos?6 +sin 0

Thus Im (21) < 0 and Im (w1) > 0 if and only if 2cos§ — 1 — z cos @ — ucos § + zrucos? 6 < 0.
This proves the first part of the result. For the second, observe that

Re(21)—1_0089 = (1 —ucos?0)(2cosf — 1 — xcosf — ucos + xucos? )
cos 6 cosf((1 — u)?cos? 6 + sin? 0) ’

Re(wl)—l_COS(9 = (1 —zcos?0)(2cosf — 1 — xcosf — ucos + xucos? )
cos 6 cosG((l — 2)2cos? § + sin? 0)

Therefore if 2cos — 1 — xcosf — ucosf + zucos?d < 0 we have Re (z1) < (1 — cosf)/cos® and
Re (w1) < (1 —cosf)/cosb. O

Corollary 3.13 The intersection of Si17 and Sog is a face F3q7¢ homeomorphic to a disc. The
boundary of Fsaze is ¥34 U yar U Y67 U Y36-

Proor: This proof is similar to the proof of Corollary 3.11. We leave the details to the
reader. The curve 1 — x — u + zucos?f = 0 intersects the z-axis at x = 1 and the w-axis at
u = 1. Likewise, the curve 2cosf — 1 — xcosf — ucosf + zucosf = 0 intersects the z-axis at
x = (2cosf —1)/cosf € (0,1) and the u axis at u = (2cos — 1)/ cos §. We claim that these two
curves do not intersect. Rearranging, we see that the curves are

R _20059—1—xc059

R —yL YT T cos0 —zcost

Equating these two expressions gives 0 = (1—cos 6) ((1—z)? cos? #+sin? §). This is a contradiction.
(The reader may check the cases where x = 1/cos?6 and = = 1/cosf.) Thus it is straightforward
to check that these two curves and the two axes bound a quadrilateral. Proposition 3.12 gives
a homeomorphism to Si7 N Sog that extends to the boundary. As before, we can check that the
boundary is the union of the four geodesics claimed. O

The following result is another consequence of the results from this section. It will be used
when we are verifying the images of D under I tessellate HZ; see Lemma, 4.14 below, for example.

Proposition 3.14 Ifz € D then Re(z1) < (1 —cosf)/cos® and Re (w1) < (1 — cosf)/ cosb.

PRroOF: First consider the faces contained in complex lines or Lagrangian planes. These sub-
spaces are totally geodesic and so, by convexity, we only need to check that the vertices all satisfy
this condition. That is clear by inspection. Next consider the other faces we have constructed.
From Propositions 3.7, 3.10, 3.12 we see that the faces Fyss7, F3s86, Fers and Fiurg all satisfy this
condition. In Appendix B we shall show that all other bisector intersections only contribute to
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the 1-skeleton of D. Thus the whole of 0D satisfies the conditions. By continuity we see that the
interior points also satisfy these conditions and we are done. O

We remark that there is a subtle point here. Consider the geodesic where z; = w; = x
and e ¥z = wy = 1 — x for z € R. All points in H% on this geodesic for which = > 0 have
arg(z1) = arg(wy) = arg(wy) = 0 and arg(z2) = 6. Hence if we had used closed intervals when defin-
ing D in (17) we would have included all of this (semi-infinite) geodesic arc. However, Proposition
3.14 shows that only those points with 2 < (1 — cos#)/ cos 6 lie in D.

4 Discreteness of T

Our goal is to use Poincaré’s polyhedron theorem to show that the group I' generated by R, Rs and
I is discrete and to find a presentation. The discreteness of I' could be shown by applying Theorem
0.2 of [21]. However, this would not give us a presentation and only yields limited information about
the geometry of the action of I' on complex hyperbolic space. We will prove:

Theorem 4.1 Suppose that the ordered pair (n,d) is in the following list

(5,—10), (6,00), (7,14), (8,8), (9,6), (10,5), (12,4), (18, 3),
that is d = 2n/(n — 6). Then writing 0 = 27 /n, the group I generated by the side pairings of D is
a discrete subgroup of PU(1,2) with fundamental domain D and presentation:

(19)

F:<JPR1 g, . JP=PM=Ri=Rp=(PP=1 >

Ry = PRlpfl = Jlefl, P=RiRy

We prove this theorem using Poincaré’s polyhedron theorem. First we discuss this theorem and
then we prove Theorem 4.1 for the cases where n > 7. In Section 6 will discuss the two remaining
cases of n =5 and n = 6.

4.1 Poincaré’s polyhedron theorem

In order to show that I' is discrete with fundamental polyhedron D we need to use Poincaré’s
polyhedron theorem. We will follow the formulation given by Mostow in [13]; see also [4] or [7]. In
the case of constant curvature, Epstein and Petronio [6] give a very careful treatment of Poincaré’s
theorem.

A combinatorial polyhedron is a cellular space homeomorphic to a compact polytope, in partic-
ular each of its codimension-2 cells, called a face, is contained in exactly two codimension-1 cells,
called sides. A polyhedron D is the realisation of a combinatorial polyhedron as a cell complex
in a manifold X. We use the convention that D is open. A polyhedron is smooth if its cells are
smooth. In our case X will be complex hyperbolic space and the sides of the polyhedron D will all
be contained in bisectors and D will be smooth.

A Poincaré polyhedron is a smooth polyhedron D in X with sides S; and side pairing maps
T; € Isom(X) satisfying:

S.1) For each side S; of D there is a side S of D and a side pairing map 7T so that T;(S;) = Sk.
J J G
(S.2) If Tj(S;) = Sk then T}, = T; '. In particular, if j = k then 77 is the identity.

(8.3) T, ' (D)N D = 9.
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(S4) T,/ (D)nD = ;.
(S.5) The polyhedron D has only finitely many sides and each side has only finitely many faces.
(S.6) There exists a number § > 0 so that each pair of disjoint sides is a distance at least ¢ apart.

The relation coming from (S.2) is called a reflection relation.

In addition to the side-pairing conditions (S.1) to (S.6) there are some face conditions. Let
S1 be a side (codimension-1 cell) of D and F be a face (codimension-2 cell) in the boundary of
Sp. Let T be the side pairing map associated to S and consider T} (F'). By hypothesis each face
is contained in the boundary of exactly two sides. Thus T4 (F') is contained in the boundary of
T1(S7) and another side, which we call Sy. Let T5 be the side pairing map associated to Se and
consider T o T1 (F'). Continuing in this way we obtain a sequence of faces, a sequence of sides S
and a sequence of side pairing maps 7. As the polyhedron has finitely many sides and faces, these
sequences must be periodic. Let k be the smallest integer so that all three sequences are periodic
with period k. Then we have Ty o---0Ty 0T (F) = F and we denote T o--- 0Ty 0T} by T. Then
T is called the cycle transformation at the face F.

Given a cycle transformation T' = Tyo- - -0T50T7 and a positive integer m, define transformations
Uo, .-y Unk—1 by

Up =1, Uy =1z, o U1 =Tkq0---Ty0T,
Up =T, Upy1 =T1 0T, oo Uy =Ty 10---ThoTi 0T,
U=k =T, Upp—ppr =T10T™ oo Uppoy =Tpq0---TpoTyoTM L

Then the face conditions are
(F.1) Every face is a submanifold of X homeomorphic to a codimension-2 ball.

(F.2) For each face F with cycle transformation T there is an integer [ so that the restriction of 7'
to F' is the identity.

(F.3) For each face F with cycle transformation 7" there is an integer m so that 7' = (T")™ is the
identity on the whole space X. Furthermore, the polyhedra U]-_I(D) ford=0, ..., mlk—1

are disjoint and their closures U Jfl(ﬁ) cover a neighbourhood of the interior of F', that is D
and its images tessellate a neighbourhood of F'.

The relations 7' = 1 from (F.3) are called the cycle relations.
Then Poincaré’s polyhedron theorem states that

Theorem 4.2 Let D be a Poincaré polyhedron with side-pairing transformations T; € ¥ satisfy-
ing side pairing conditions (S.1) to (S.6) and face conditions (F.1), (F.2) and (F.3). Then the
group T' generated by the side pairing transformations is a discrete subgroup of Isom(X) and D a
fundamental domain. A presentation is given by

I' = (X | reflection relations, cycle relations )
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4.2 The side pairing maps
Let J be the move on the cone structure defined by J = PI; = Ry Ro1;. That is
—isinf —(1—cosf) 1—cosf

1 i 4
J— _ it 1 et . (20)
1 —cosf+isinb | g —cosf 1+isinf

Observe that tr (J) = 0 and so (as an element of PU(1,2)) J has order 3. In fact one may easily
check that det(J) = —e?? and so J? = —e%9].

Let J, P, Ry and Rs be given by (20), (7), (2) and (3) respectively. In this section we show that
the maps J, P, Ry, Ro pair the sides of D, and they satisfy the conditions of Poincaré’s theorem.
These maps pair the sides of D as follows; see Figure 11:

P : Si13 — S, J : 516 — Sar, Ry : S17 — Sis, Ry : Sog — Sa6,
P71 Sy — Sis, J71: Sor — Sie, Ry': Sis — Sy, Ry : Sog — Sas.

Observe that the side pairings are consistent with the antiholomorphic involution ¢ which maps D to
itself. Specifically, one may easily check that Jo = ¢J ™!, Po='P71, Ry = R; Land Ry = LRfl.
Each of the sides S7; contains the vertex z; in its O-skeleton, and this vertex lies on the intersection
of three faces. In each case, two of these faces are contained in meridians and the third in a slice
of the bisector. This means that one of the edges incident to z; is contained in the spine of Sy; for
each j =3, 6, 7, 8. Applying ¢, we see that one of the edges incident to z9 is contained in the spine
of Sy; for each j =4, 6, 7, 8. In both cases, this edge has been indicated on Figure 11 with a bold
line.

Then Theorem 4.1 will follow immediately once we show that I' satisfies the hypotheses of
Poincaré’s theorem and that the relations in (19) are each cycle relations associated to a face cycle
of D. These relations will follow from Propositions 4.5, 4.7, 4.8, 4.9, 4.10, 4.11, 4.12 and 4.13. We
give the proof in detail for n = 7, 8, 9, 10, 12 and 18 and we will discuss the cases of n = 5 and
n = 6 in Section 6.

It is clear that the side pairing maps satisfy conditions (S.1) and (S.2) and that D satisfies
(S.5). As each pair of sides intersect we see that condition (S.6) is vacuous. Also the face condition
(F.1) follows from Corollary 3.5.

We now verify conditions (S.3) and (S.4) for each side.

Lemma 4.3 If T is one of J, P, Ry or Ry then T"Y(D)N D =T(D)ND = (. Also

P_I(E) ﬂ? = 543, J_I(E) ﬂ? = S, Rfl(g) ﬂ? = S47, R;l(E) ﬂ? = Sog,
P(D) ND = Soy, J(D) ND = Sor, Rl(D) ND=95g, RQ(D) N D = Sy.

PrOOF: Consider the side S13. If z € D then Im (21) < 0 with equality only only when z € S13.
Likewise, if z = P(w) € D then Im (w;) > 0 with equality only when z € Sa4. Hence if P(z) € D,
or equivalently z € P~1(D), then Im (21) > 0 with equality if and only if z € S13 = P~(Sa4).
Thus (S.3) and (S.4) hold for this side and applying P also for Say.

The other parts follow similarly. O

In the following sections we find the cycle transformation 7" of each face F. We will also give
the integers I and m from conditions (F.2) and (F.3). In each case T' will either be the identity
or else F' will be contained in a complex line L and the T* will be a complex reflection of order
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Figure 11: The sides of the polyhedron and side pairings. The bold lines denote the spines of the
bisectors.
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m that fixes L. This will verify condition (F.2) of Poincaré’s theorem. We will also verify that
the images of D tessellate around the faces formed by intersecting pairs of sides, that is conditions
(F.3) are satisfied. As we go through this, we will generate a list of cycle relations. This will verify
the presentation (19).

We conclude this section by describing our method of proving the tessellation conditions. We
show that the (open) polyhedron D is disjoint from its image under the relevant side pairings and
that the interior of each face has a neighbourhood covered by images of D. Recall that D is defined
as the intersection of eight halfspaces defined by bisectors. Each face is contained in two bisectors
and so D is contained in the intersection of the corresponding two halfspaces. Each image of D
under suitable side pairing maps is contained in the intersection of two halfspaces that are the image
of one of the original pairs under this map. We must first show that each of these intersections is
disjoint. Secondly, we choose a neighbourhood U of the interior of the face that is small enough
that it does not meet any of the bisectors defining D except the two we are interested in. We then
consider the closures of the halfspace intersections considered above and show that they cover U.
It will be easier for us to use linear algebra to codify this picture, but we will always keep the
underlying geometry in mind.

4.3 Tessellation around generic faces

In this section we consider the faces of D that are neither contained in a complex line nor in a
Lagrangian plane. For each bisector B containing such a face of D we find points z; and z; so that
B is equidistant from z; and z;. We may express this geometric statement using the Hermitian
form via equation (14). The open and closed halfspaces defined by this bisector may be described
by replacing the equality of (14) with an inequality, Lemmas 4.4 and 4.6. Since the generators of
I" preserve the Hermitian form, we can use this method to also describe the halfspaces defining the
images of D.
Let zg the polar vector to the complex line Lgy5 through zs, z4, z5:

O =
—~
[N]
[um—y
S—

Zy) =

—_

Lemma 4.4 Let zy be given by (21). Then
(i) ‘(z,z())‘ < ‘(Z,J_l(zo)ﬂ if and only if Re (z1) > 0;
(it) |(z,20)| < (2, J(20))| if and only if Re (wy) > 0.

PROOF: Observe that P(zg) = zo. Using J = PI; we see that I1(zg) = I1 P~ (zo) = J 1(z0).
In other words,

Thus |(z,20)| < |(z, I1(20))| if and only if

21 1

‘ 21 1

1—cosf cosf " 1—cosf cosf|

This is true if and only if Re (z1) > 0, proving (i). Part (ii) then follows by applying ¢. O
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Geometrically, this lemma says that Big is the locus of points equidistant from the complex
lines L35 and J(L345). Similarly Ba7 is the locus of points equidistant from L35 and J~1(Lags).

Proposition 4.5 The polyhedron D and its images under J and J~' tessellate around the face
Fgrs = S16 N So7. Moreover, the cycle transformation corresponding to this face is J and | = 3,
m = 1. This gives the cycle relation J> = I.

PRrROOF: By definition (17), if z € D then Re(z;) > 0 and Re (w;) > 0. Hence, using Lemma
4.4 we see that

D C {z cHZ : ‘(Z,Z0>| < |<Z,J(ZO)> )

(2, 20)| < \<Z,J*1(z0)>|}.
If z € J*Y(D) then JT!(z) € D. Hence

[(J7 (@), 20)| < [(TF(2), J(zo))],  [(J7(2),20)] < [(JT(2), T " (20))]-

Applying J*! to each point and using J? = 1, we obtain

Jil(D) C {Z c H% : |<z,Ji1(z0)>‘ < ‘(Z,Z0>|, |<Z,J:t1(Z0)>| < |<z,J¢1(z0)>‘}.

We immediately see that D, J(D) and J (D) are disjoint.

We know, Proposition 3.10, that the face Fg7g comprises points where Re (z1) = Re (wy) = 0.
Thus it is mapped to itself by J and J~!. Let U be a neighbourhood of the interior of this face.
By shrinking U if necessary, assume that for all points of U we have

arg(z1) € (—m,0), arg(z2) € (0,0), arg(wq) € (—m,0), arg(ws) € (0,0).

Then a point of U is in D if and only if both Re (z1) > 0 and Re (w;) > 0; or equivalently both
|(z,20)| < [(z,J 7 (20))| and |(z,20)| < |(z,J(20))|. From this it is easy to see that D, J(D) and
J~1(D) cover U. O

Lemma 4.6 Let zg, z7, zg be as given in Section 3.2. Then:

(i) |(z,26)| < |(z, P~ (z7))| if and only if Im (z1) < 0;
(ii) |(z,2s)| < |(z, Ry (z7))| if and only if Im (22) > 0;
(iii) |(z,27)| < |(z, R1(zs) \ if and only if Im (z9e¢=) < 0;
(iv) |(z,27)| < |[(z,P(26))| if and only if Im (wy) > 0;

(v) |(z,2s)| < |(z, Ra(z)) \ if and only if Tm (wee™ ) < 0.
(vi) |(z,26)| < |(z, R5"(2zs))| if and only if Im (ws) > 0;

PRrROOF: This is similar to the proof of Lemma 4.4. We will only give the proof for (i). All other

parts are similar. Parts (iv), (v) and (vi) follow by applying ¢ to (i), (ii) and (iii).
We have

—i(1 —cosf)/sind i(1 —cosf)/sinf
Zg = 0 , P_I(Z7) = 0
1 1
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Hence |(z,26)| < |(z, P~*(27))| if and only if

Zl’i 1

‘ Zli 1 ‘

sinf cos@ sinf cos@

This is true if and only if Im (z1) < 0, giving (i). O

Using the description in Section 3.3, this lemma gives the bisectors B3, Bi7, Big, Ba7, Bog and
Bog, respectively, as the locus of points equidistant from a pair of points in H%.

Proposition 4.7 The polyhedron D and its images under R1_1 and Ro tessellate around the face
S347¢ = S17 N Sog. Moreover, the corresponding cycle transformation is RoP 'Ry andl=m = 1.
This gives the cycle relation RoP 'Ry =1

PrOOF: Observe that if z € D then z satisfies all six conditions of Lemma 4.6. Using Lemma
4.6 (ii), (v) we obtain

D c {z cHZ : ‘(z,z@! < !(z,Rfl(Z7)>|, |<Z,Z8>| < |<Z,R2(Z6)>|}. (22)

We now characterise Ry (D). First observe that z € Ry (D) if and only if Ry(z) € D. Thus R;(z)
satisfies the conditions of (17). From Lemma 4.6 (iii), (iv) we obtain

[(Ri(z),27)| < |(Ri(z), Ri(zs))], |(Ri(z),27)| < |(Ri(z), R1Ra(z6))|,

where we have written P = R;Ry. Thus

RTMD) ¢ {ze BE ¢ [(2, Ry (20))] < |(2,2))

o R ) < (2 Raze)) |} (23)

Similarly, applying Ro to Lemma 4.6 (vi), (i) we obtain:

Ra(D) C {z EHZ : |(z, Ra(2))| < |(z.2.8)

. @ Rotzo))| < (@, BT @) | 29)

Comparing equations (22), (23) and (24) we see that D, Ry (D) and Ry(D) are all disjoint. The
second part of the result is proved in a similar manner to the second part of Proposition 4.5. The
cycle transformation follows by observing that

R p-1 R
S17 M Sag — Sy N S1g — Sag N S13 —= S17 N Sop.

By applying 5 1 — p=1R; and R; respectively to Proposition 4.7 we see that D and its images
under R, Land P! tessellate around the face Fyss7 = Sia N Sag and that D and its images under
Ry and P tessellate around the face F3sg5 = Sig N Soq. Alternatively, one could follow a direct

argument analogous to that given above. In both cases the cycle relation is a cyclic permutation
of ReyP™IRy = I.
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D) = P(D)

LP (D) D

Figure 12: The z; and z9 planes close to 0 showing how their arguments vary in images of D.

4.4 Tessellation around faces in totally geodesic planes

In this section we show that D and appropriate images tessellate around those faces of D containing
either the vertex z; or the vertex z,. Each of these faces is contained in a complex line or a
Lagrangian plane. We focus on the faces containing z;. Then the result for those faces containing
79 will follow by applying ¢.

We could have used the method of the previous section and described the halfspaces containing
D in terms of the Hermitian form, as in (14). However, the bisectors in question are given solely in
terms of the arguments of z; and zo. Hence the halfspaces they determine are also given in terms
of the arguments. In fact, the intersection of all four of these halfspaces is the wedge W1 which
we defined solely in terms of arguments (16). Thus to show that one the halfspace intersections is
disjoint from the images of another we have to show that either the argument of z; or the argument
of z9 (or both) is different.

Recall from (17) that if z € D then arg(z;) € (—n/2,0) and arg(z2) € (0,6). Moreover, if
z = P(w) € D then arg(w;) € (0,7/2) and arg(ws) € (0,6). Therefore when z € P~!(D) we have
arg(z1) € (0,7/2) and again arg(z2) € (0,6). Similarly, I; sends z; to —z; and fixes z3. Hence if
z € I1(D) then arg(z;) € (7/2,m) and if z € I; P~Y(D) then arg(z1) € (—m, —7/2). In both cases
the argument of zo remains unchanged.

Likewise R1 maps z; to itself and maps 2 to €?zy. So if z € Ry (D) we have arg(z;) € (—7/2,0)
and arg zs € (6,26). Using similar arguments, it is easy to show that if z is in one of the following
images of D then the arguments of z; and z3 lie in the following intervals (compare this with Fig
12):

arg(z1) arg(z2)

D | (—7/2,0) (0,0)

P~YD) | (0,7/2) (0,6)
(D) | (7/2,m) (0,0)
LPYD) | (-7m,—7/2), (0,0)
Ry(D) | (—7/2,0) (6,20)

R P7Y(D) | (0,7/2) (9,20)
Ril/(D) | (7/2,7) (6,20)
R PY(D) | (=m,—7/2), (6,26)
R{Y(D) | (=7/2,0) (—0,0)
R7'PYD) | (0,7/2) (—6,0)
R{'L(D) | (m/2,7) (—6,0)
R'P~YD) | (=7, —7/2), (—6,0)




Proposition 4.8 The polyhedron D and its images under Rl_l, P! and RI_IP*]L tessellate around
the face Figar = S13 N S17. Moreover, the corresponding cycle transformation is P_lelPRl and
l=m = 1. This gives the cycle relation P*1R2_1PR1 =1.

PROOF: If z € Fi347 then arg(z;) = arg(z2) = 0 and so Im (z1) = Im (22) = 0. From the table,
we can use the arguments of z; and zo to read off the sign of their imaginary parts. Thus, if z € D
then Im (21) < 0 and Im (2p) > 0; if z € P~'(D) then Im (2;) > 0 and Tm (29) > 0; if z € R{'D
then Tm (21) < 0 and Tm (23) < 0 and if z € R ' P~'(D) then Tm (2;) < 0 and Tm (23) < 0. Thus D,
P~Y(D), R{Y(D) and R;*P~(D) are all disjoint. Furthermore, arguing as in Proposition 4.5, D,
P~YD), R (D) and R;'P~(D) cover a suitably chosen neighbourhood of the interior of Fyz47.
The cycle transformation follows by observing that

R Ry! -1
S17 N S13 — S13 N Sis il Sog M Sa4 =2 Sog N Sas. L, S17 0 Sq3.

By applying Ri, PRy, Ry PR, = P to Proposition 4.8 we see that D and its images tessellate
around the faces Fisss, Fosse and Fbyss respectively. In each case the cycle relation is a cyclic
permutation of P*1R2_1PR1 =1.

Arguing similarly we have

Proposition 4.9 The polyhedron D and its images under Rl_l, LP' = J7! and Rl_lllP_l
tessellate around the face Figr = Si16 N S17. Moreover, the corresponding cycle transformation is
J'R;YJRy and |l =m = 1. This gives the cycle relation J 'Ry ' JRy = 1.

Proposition 4.10 The polyhedron D and its images under P~', I} and I P™! tessellate around
the face Fizg = Si13 N Si6. Moreover, the corresponding cycle transformation is P~1J and | = 1,
m = 2. This gives the cycle relation (P~1J)? = 1.

As above, we can use these results to show that D and its images tessellate around Figg, Fag7,
Fy78 and Fheg. The cycle transformations are cyclic permutations of relations we have already
obtained.

Now consider Fi36 = S17 N Sig. This comprises points of 0D for which zo = 0. Hence this face
is fixed by R;. Since Ry just multiplies zo by e = e27/"_ the following result is easy to prove.

Proposition 4.11 The polyhedron D and its images under powers of Ry tessellate around the face
Fi36 = S17 N S15. Moreover, the corresponding cycle transformation is R1 and I =1, m = n. This
gives the cycle relation R} = 1.

Applying ¢ we obtain

Proposition 4.12 The polyhedron D and its images under powers of Ro tessellate around the face
Foy7 = Sog M Sog. Moreover, the corresponding cycle transformation is Ry and Il =1, m =n. This
gives the cycle relation Ry = 1.
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4.5 Tessellation around the face Fss = Si3 N Soy

When n > 7 there is a face F345 contained in the complex line Lsy5 given by 21 = (1 — cos )/ cos 6
and containing z3, z4 and z5. The map P cyclically permutes these three points and so maps
Lsys to itself. Moreover, P3 fixes each of these three points and so fixes L3s5 pointwise. A short
computation shows that P3 rotates a normal vector to Lsss through an angle —e3%. We write
—e730 = ¢ When 6 = 27/n for n =7, 8, 9, 10, 12 or 18 then ¢ = 27/d where d = 2n/(n — 6) is
an integer. Note that (1 — cos 6 4 isinf)e™" = e™/225in(/2).

When n > 7 is not on our list the group I' does not satisfy the Mostow-Thurston conditions
(Theorem 2.2 of [14] or Theorem 0.2 of [21]) and so is not discrete. A more geometrical way of seeing
this is to observe that, in this case, P3 is still a boundary elliptic map but the angle of rotation,
which is (n — 6)7/n, is not 27w /d for any integer d. This means that D intersects its image under
some non-trivial power of P. Non-discreteness follows in a similar manner to the non-discreteness
of triangle groups in the hyperbolic plane whose internal angles are not submultiples of 7; see [16]
for a way of making this statement precise. Alternatively, one may use Jorgensen’s inequality [10]
to show that for such n the group I' is not discrete.

From now of we assume that n is on our list and so d = 2n/(n — 6) is an integer. In this section
our goal is to prove the following proposition.

Proposition 4.13 Suppose that n = 7, 8,9, 10, 12, 18 and d = 2n/(n — 6). The polyhedron D
and its images under powers of P tessellate around the face Fsqs = Si3 N Soq. Moreover, the
corresponding cycle transformation is is P and | = 3, m = d. This gives the cycle relation P3¢ = 1.

It would be very tricky to prove this proposition if we were to use the coordinates z and w we
have used before. Instead, we adopt new coordinates that reflect the action of P. We could have
made this change of coordinates via a matrix in PU(2,1), as we did in (8), but it turns out to
be easier to work directly with new basis vectors. We write z in terms of a new basis for C?! as
follows:

21 -1 0 1—cosf
1-— 60— 0 1-—
| = cos Z1 COS T 1=z 0 ' (25)
2cosf —1 2cosfh —1
1 -1 0 cos b

The first vector is the polar vector of Lags; see (21). The last two vectors span the complex linear
subspace of C?! that projects to Lss5. Consider the coefficients of these three vectors. We define
projective coordinates by dividing the first two coordinates by the last one. To check that this is
well defined in H(ZC, observe that from Lemma 3.6 we have |z1] < 1 and so 1 — z; # 0. Hence with
respect to this new basis, the projective coordinates of z are:

1 —cosf — z cos b z9(2cosf — 1)

& = ; § =

1—Z1

26
= (26)
This is completely analogous to the definitions of z; and zo except with our new basis rather than
the standard basis. It will be useful to express £; in terms of w; and ws. For completeness we also
give £5. We can either use (11) and (12) to substitute for z; and 23, or else we can resolve P(w) in
terms of our basis.

1 —cosf — wycosb

& = e¥/?2sin(0/2) - (27)

—wy — wye"®(2cos6 — 1)’

& = (1 —w; — woe ) (2cos § — 1)' (28)

1 —w; —wae ?(2cos 0 — 1)
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The coordinate &; is a complex coordinate on a complex line orthogonal to L35 and & is a complex
coordinate on Lgys. There is a complex line orthogonal to L3455 through each point of Ls45. The
coordinate £; parametrises a line intersecting Ls45 in z3. Thus these coordinates are well adapted
to the geometry of the action of P. We remark that P3 sends (&1, &) to (&1€¥%,&).

Similarly we may write w = P~!(z) in terms of the new basis:

1 21 1—cosf — z1 cosf -1 1—2— 2
Pz = 2cos0 — 1 Ot T cosh—ising
1 cos 1 cos) —isinf |,
(1—21)e ™ — 25(2cosf — 1)e™" 1 _8089
(2cosf —1)(1 — cosf — isinb) cos 0

Thus the projective coordinates of w = P~!(z) in terms of z; and 2y are

1—cosf — z1cosf

= ¢ "/225in(0/2
n ¢ sin(0/ )1 — 21— 23(2cosf — 1)’
io(1—21 —22)(2cosf — 1)

= . 30
2 ¢ 1—21 —29(2cosf — 1) (30)

In terms of w; and wq these coordinates are

1 — cosf — wi cos O wo(2cosh — 1
m = rcosb -, o wa2eosf D) (31)
1—w1 1—w1

Again 79 is a complex coordinate on L35 and the coordinate 77 is a complex coordinate on a
complex line orthogonal to Ls45, but which intersects Ls45 in a different point, this time a point
through P~!(z3) = z5. Furthermore, P3 sends (11,72) to (n1e™,n2).

Finally we want to write P(z) in the same way. Its projective coordinates are

1—cosf — z1 cosf
1— 21— 29(2cos0 — 1)e=0’

1— 21— 29¢ ) (2cos0 — 1

o = ! L ) (33)

1—2 —23(2cosf — 1)e—

G = €¥/?2sin(0/2)

In terms of wq and wy these coordinates are:

1 —cosf@ — wycosb

G = €¥?2sin(0/2) - (34)

—w; —wy(2cosf — 1)’
i0(1—wp —ws)(2cosh —1)

2 = ¢ 1—21 —2(2cos6—1) ° (35)

These are complex coordinates on a complex line through z, orthogonal to Ls3ss and on Lsys
respectively. Also, P3 sends ({1,(2) to (C1e™¥, (o).

We can write the vertices z; for j = 3, ..., 8 in terms of the new coordinates as follows:
& 3 m 2 G G
z3 | 0 0 0 e?(2cos0—1) |0 2cosf — 1
z4 | 0 2cos0 —1 0 0 0 e (2cos 6 — 1)
z5 | 0 e?(2cos0—1) | 0 2cosf — 1 0 0
zg | V)2 sing 0 1—cosé e(2cosf —1) | ¥ (1 —cosh) | 2cosf — 1
z7 |1 —cos® |2cosf —1 e~ /2 gin g 0 1 —cosf e?(2cosf — 1)
zg |1 —cosf |e(2cosf —1)|1—cosh 2cosf—1 e/ sing 0
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Our proof of Proposition 4.13 will depend on studying the arguments of £1, n; and (; for points
in D and in its images under powers of P. As P3 acts on each of these three variables by multiplying
them by e, we see that in each case a fundamental domain for the action of (P3) comprises a
sector where arg(&1), arg(n1) or arg((y) lies in a segment of length ¢). We begin by investigating
the ranges of these three arguments for points lying in D.

Lemma 4.14 Ifz € D then arg(&1) € (0,1/2), arg(n) € (—1/2,0), and arg((y) € (0,v).

PROOF: From (26) we have

1—cosf — z cost
I1—22Im (&) = |1— 2z Im ( 1 ! >
= Im((1—cosf —z cosf)(1—7z1))
= —(2cosf — 1)Im (z1).

Since Im (21) < 0 for points of D, this is positive and so Im (&;) > 0.
From (27) we have

|1 —wy — wye ¥ (2cos ) — 1)‘2
2sin &
= Im ((1 —cosf —wy cosf)(1 —w; — Wae(2cos § — 1)))

= (2cosf—1) (—Im (w1)(1—Re (woe™ ") cos 9) + Im (wge*w)(l — cos — Re (wy) cos 0))

Im (& %/?)

For points of D we have Im (w;) > 0 and Im (wee™®) < 0 and also Re (wge™") < |wy| < 1/ cos 6
and Re (w1) < (1 — cosf)/ cos 6. Therefore Im (£;e~"/2) < 0 as claimed.

This gives the first part. The second part follows by applying ¢. For the last part, from (26)
and (32) we have:

|1 — 21‘2
(2cosf — 1)2sin

glm (E1e¥?/¢) = Tm(—z2e (1 —7))
2
= —Im(z1)Re (z2¢ %) — Im (ZQQ_iG)(l — Re (21)).
Since on D we have Re (z1) < |21| < 1, Im (21) < 0, Re (22¢") > 0 and Im (22¢7%) < 0 this expres-

sion is positive. Thus arg(£1/¢1) > —¢/2. Now arg((y) = arg(&1) —arg(§1/¢1) < ¢ /2 + /2 = .
Likewise from (31) and (34) we have

|1—w1\2

(2cosf — 1)2sin

7lm (me™?/¢) = Im(—wo(1—1@1))
2
= —Im (wi)Re (wz) — Im (w2)(1 — Re (w1)).
Since on D we have Re(w;) < 1, Im (w;) > 0, Re(wz) > 0 and Im (w2) > 0 this expression is
negative. Thus arg(n1/¢1) < —¢/2. Now arg((1) = arg(n1) — arg(n1/¢1) > —¢/2+¢/2 = 0. O

We now do the same thing for points lying in P(D) or P~1(D).

Lemma 4.15 If z € P(D) then arg(&1) € (0,4), arg(ni) € (0,v/2), and arg(¢1) € (¥/2,¢). If
z € P7Y(D) then arg(&1) € (—1/2,0), arg(n) € (—,0) and arg(¢y) € (0,1/2).
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PROOF: If z € P(D) then P~!(z) € D. Thus the result follows along the same lines as the proof
of Lemma 4.14 but with 7; instead of &; & instead of ¢; and, since P~ (P~!(z)) = P~3(P(z)),
¢1e~™ instead of 1. This proves the first part.

If z € P~1(D) then P(z) € D. The result follows similarly. O

Applying P? increases the argument of each of &1, n; and ¢; by . Hence, using the previ-
ous two lemmas, we can find the range for the arguments of ¢1, ¢; and 7; when z € PJ(D) for
j=-1,...,3d —2 as follows. In each case k=0, ..., d—1

J arg (1) arg(n1) arg(¢1)

3k (k, (k+1/2)) | ((k—1/2)y, ky) (k, (k+ 1))
3k+1| (k, (k+ 1)) | (kv, (k+1/2)0) | ((k+1/2), (k+ 1))
3k — 1| ((k—=1/2)y, k) | ((k— 1), k) (K, (k+1/2)1)

Proposition 4.16 The images of D under distinct powers of P are disjoint.

PROOF: Suppose we are given points in the images of D under distinct powers of P (mod 3d).
By inspection from the table above we see that the arguments of at least one of &1, 11, (7 lie in
disjoint intervals. Hence the points are distinct. O

It remains to show that the images of D under powers of P cover a neighbourhood of the interior
of F345. Let U be a neighbourhood of the interior of F345 and, by shrinking U if necessary, assume
that on U we have

arg(zl) € (_71—/217-(/2)7 arg(zg) € (07 9)1 arg(wl) € (_71—/217-(/2)7 arg(wg) € (07 9)
Proposition 4.17 Let U be as above. Then the images of D under powers of P cover U.

PROOF: A point z of U is in D if and only if both Im (z1) < 0 and Im (w;) > 0. This is
equivalent to arg(¢1) > 0 and arg(n;) < 0. Likewise, such a point of U is in P(D) if and only if
arg(&1) < ¢ and arg(n;) > 0; and in P~1(D) if and only if arg(&;) < 0 and arg(¢y) > 0. For all
these points arg(¢1) € [0, ).

Suppose that z € U has arg((1) € [0,%]. If arg(¢1) < 0 then z € P~Y(D); if arg(n1) > 0 then
z € P(D) and if both arg(¢1) > 0 and arg(n;) < 0 then z € D. Hence D, P~1(D) and P(D) cover
that part of U comprising points with arg(¢;) € [0, ¢].

Applying powers of P? we see that for k =0, ..., d — 1 then P3*(D), P3**~1(D) and P3*+1(D)
cover that part of U comprising points with arg(¢1) € [k, (k4 1)1]. This completes the result. O

This completes the proof of Proposition 4.13 and hence also the proof of Theorem 4.1.

5 Other presentations

In this section we show that the geometrical presentation (19) is equivalent to three other pre-
sentations that reveal more symmetry. The first presentation will enable us to show that I' has a
(non-faithful) triangle group as a normal subgroup. It is essentially given by Livné in Lemma 3 on
page 108 of [12] (see also [11]). The other two are related to Mostow’s groups [13]; see also [7].

Theorem 5.1 The group I' given by (19) has presentations:
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(i) (I, P,Q : I} =P =(PL)*=(P7'Q"=1, P*=@Q? P 'QL=LP'Q).
(it) (J, Ry : JP=R}=(JR{'"J)* = (RiJR.)* =1, Ri(JR{'J)?= (JR'J)’Ry).
(iii)

n— (R.R.)34 = , _ i1 9
<R17R27R3: R? = (RjRy)* =1, RjRyR; = RyR;Ry; j, 3>

(R1R2R3)4 =1, (R1R2R3)_2R1R2 = (R2R3R1)_2R2R3

We remark that in the presentation (iii) above we have the braid relation R1RoR; = RoR1Ro,
which we predicted by realising Ry and Ry as Dehn twists on the sphere with five cone points.

Lemma 5.2 Writing I; = P~'J and Q = PRy, the presentation of Theorem 5.1 (i) follows from
Theorem 4.1.

PRrROOF: We write I} = P~'J and Q = PR; and then we must show that each relation in the
presentation of Theorem 5.1 (i) follows from those in Theorem 4.1. First

I=P1'n2=1,  P¥=1, (PL?}=7=1, (P'Q"=R}=1
all follow immediately from the substitutions. Next using PR = RoP and R; R = P we have
Q? = PRPR; = PR R,P = P3.
Finally, using R{P~' = P7'Ry and RyJ = JR; we have

P QL =R P 'J=P 'Ry =P YR =P Q.

Lemma 5.3 Writing J = PI; and Ry = P~'Q, the presentation of Theorem 5.1 (ii) follows from
Theorem 5.1 (i).

PROOF: Substituting J = PI; and Ry = P~'Q means that the relations J3 = (PI;)? = 1 and
R} = (P7'Q)™™ = 1 follow immediately. Next, using PIyPI; = [P~™!, Q™ 'PI; = Q7'P and
PQ2P?% =1, we find that

(JR{'J)? = PLQ 'PPLPLQ 'PPIL
PLQ P P'Q'P?L
PQtPP Q1P
PQ?P%I,

= 1.

Therefore (JRy'J)* = I? = 1 and
Ri(JR'Ry)* =P 'QL = LP7'Q = (JR'J)*R;y.
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Finally, using [1P~'Q = P~'QI,, P~'Q* = P2, PI, = [, P~'I; P! and P73? = 1 we obtain:
1QP1'1 le)Bd
QPP 1QI )

(RiJR.)* = (P
(P
(P 1Q2 )%
(P?
(

1p)*
PP P13
PLP3L P!
= 1.

Lemma 5.4 Writing Ry = JR1J ' and Ry = J 'RyJ, the presentation from Theorem 5.1 (iii)
follows from Theorem 5.1 (ii).

PROOF: Since Ry = JR1J™!, R3 = J7'RyJ and R} = 1, we immediately get R} = JR}J 1 =1
and R} = J 'R7J = 1. Observe that using J~! = J? and (JR1 Int=1

(R1RaR3) *Ri1Ry = R3;'R;'R'R;!
= J'RIJIRVTTIRINVTIRYT
= JWJR' D!
=
Thus we may cyclically permute the indices to obtain
J = (R1RyR3) ?R1Ry = (R2R3R1) 2RoR3 = (R3R1Ry) °R3R;.
Using J = J~% and (JR;'J)* = 1 we have
(R3R1Ro)* = (JT'RyJRy TRy J 1) = (JR{1T)12 =
Next, using J = J~2 and (JR;'J)™2 = (JR;'J)? we have
RoRy = JR{J °RyJ = J YJR')2T!
= J NIRRT
= (RyJRy)™!
Thus (ReR3)%! = 1 and cyclically permuting the indices, we have (RjRg)3 = (R3R;)3¢ = 1 as
well. Finally, using J = J~2 and (JR;'J) 2Ry = Ry (JR;'J)~2 we have
RyRsRy = (JRJ H(J 'R (JRJ
= JYJIR') TR
= J'Ry(JR{ T2
= (J'RJ)(JR T YT IRLT)
= R3RyRs.

Again we cyclically permute the indices to obtain R1RoRy = RoR1Rs and R3R1R3 = R1RsR,. O
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Lemma 5.5 Writing J = 1121_1]%3_1]%2_1]-21_1 and P = R1Rs3, the presentation Theorem 4.1 follows
from Theorem 5.1 (iii).

PRrROOF: Substituting for J and P we immediately see that
RI=Ry=1  P=RiRy, P¥=(RRy)*=1.
Using J = R 'Ry 'Ry 'Ry = Ry 'Ry 'Ry TR and (R3R; Rg)* = 1 we have
(PTLD)?* = (Ry'Ry'Ry 'Ry 'Ry Ry
= (R3RiRp)™*
= 1
Next, using J = Ry 'Ry 'Ry 'Ry and J~! = RyR3 Ry Ry we have
JR1J ' = R{'Ry 'Ry Ry ' RiR2 R3 Ry Ry = R.
Using R1RoR; = RoR1 Ry we have
PRiP™' = RiRyR Ry 'Ry = Ry.
Finally, J = R{ 'Ry 'Ry'RyY = Ry 'Ry 'Ry 'Ry 2 = Ry 'Ry 'Ry Ry ! and (RiRaR3)* = 1 give
J* = (Ry'Ry'Ri'Ry")(Ry 'Ry Ry 'Ry*) (R 'Ry 'Ry 'RyY)
= (R1RyR3)*
= 1.

The following corollary generalises Corollary 5.13 of [7]. It shows that I' has a very similar
presentation to the Mostow groups [13], [4] with, in Mostow’s notation, p =2, 0 = n, t = (n+2)/2n
and p = —1. Indeed, in the next section we will show that when n = 5 the group I' actually appears
on Mostow’s list.

Corollary 5.6 Suppose Ri, Ry and Rs satisfy the relations of Theorem 5.1 (iii). Let s =n if n
is mot divisible by 3 and let s = n/3 if n is divisible by 3. Then (R3RoR;)* = 1.

PROOF: Using just the braid relations we see that Ro(R3RoR1)?> = (R3RoR1)?Ry. Thus we

have
(R3RoR1)* = R3*(R3RyRy)**

(R3R3RaR1 R3Ro Ry )*
(RoR3RaR3R1 R3R1 Ro Ry )®
(RT'Ry' (R3R1RoR3)RoR3 Ry (RsR1RoR3) Ry ' Ry)°
Ry (Ry ' (RiRoR3R1)RoRs Ry (RaRs R Ro) Ry ) ° Ry
Rfle&gRl
= 1.

The only relations we have used are the braid relations, R3® = R3® = 1, (R1RaR3)* = 1 and

Ri1RoR3 Ry = RoR3R1 Ry = RaR1 RoR3.
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6 Thecasesn=5and n=6

In this section we explain how to modify the construction given in the previous sections to the case
where n = 5 and n = 6. In fact in these cases the construction is easier and we leave the details
as an exercise for the reader. Moreover, we show that both these groups are (up to conjugacy)
the same as other groups with a known fundamental polyhedron and presentation. Thus, in the
cases of n = 5 and n = 6, an explicit construction of a fundamental domain is not as interesting as
the case n > 7. In both cases we could deduce discreteness from the criteria of Mostow [14] and
Thurston [21].

6.1 The case n = 6: the Eisenstein-Picard modular group

In this case cos§ = 1/2 and so it is easy to see that z3, z4 and z5 are all the same point. This point
is zg given by (21), that is it has coordinates z; = w1 = 1 and 2 = wg = 0. As the Hermitian form
H has now become

10 0
H=-V3|0 1 0
00 -1

we see that z3 = z4 = z5 is on the ideal boundary of H%. This point is a vertex of D and is fixed
by the map P, which is now parabolic. In fact zg is a cusp of I.
Consider the Cayley transform C' where

1 0 1
2 ‘ 2
C’ — 0 —1—22\/5 0
1 1
3 0 =3

Then %C*HC is the Hermitian form used in [7] and C~'PC, C7'RC and —C~'[;C are the

generators P, QP~! and R for the Eisenstein-Picard modular group PU (2, 1;2[71%“/5]) given
there. This proves:

Proposition 6.1 When n = 6 the Livné group I is conjugate to the Fisenstein-Picard modular
group.

Discreteness of I' follows immediately from this result. We now give a sketch of how to modify
the arguments of Section 4 to construct a fundamental polyhedron. First, we could modify our
version of Poincaré’s theorem to include the possibility of ideal vertices (by introducing consistent
horospheres; see [6]). By doing this we could mimic the construction of Section 4 to show that I’
is discrete and has a presentation (19) but without the relation P3¢ = 1 (since the face F3y5 has
now degenerated to an ideal vertex, there is no cycle relation). Omitting this relation corresponds
to the fact that d is infinite when n = 6. Using (the modified version of) Poincaré’s theorem, we
can show that I' has the presentation given in Theorem 5.1 (ii) with n = 6 and d = co. This is
the same as the presentation of the Eisenstein-Picard modular group given in Theorem 5.11 of [7].
Thus our construction gives a new fundamental domain for PU (2, 1;7Z [*HT“/E] ) It has more sides
than that given in [7], but has the advantage that all sides are contained in bisectors.

6.2 The case n =5: a Mostow group

When n = 5 the face F345 = Si3 N Sos collapses to a vertex inside H(QC. Thus when n = 5 all
eight faces are solid tetrahedra. As indicated in Section 3.2 the new vertex corresponds to zg given
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by (21), that is 27 = w; = 1 and 2o = wy = 0. In particular, we again do not obtain a cycle
transformation for Si3 N Se4 from Poincaré’s theorem. This means that the presentation coming
from Poincaré’s theorem does not contain relation P3° = 1, as predicted above. We now show that,
in fact, this relation follows from the other relations and so may be omitted from the presentation:

Lemma 6.2 If R‘;’ = Rg =1 and R1R2R1 = R2R1R2 then (R1R2)30 =1.
PRrROOF: First observe that use of Ri’ = 1 and the braid relation Ry RoR; = RoRq Ro gives
(Ri®)R2(R}) = RIRRIR,R;!
= R}RyR1RyR1RoR;!
= RyRyRiRyR1RyR 1 Ry*
= (RiRo)*(R1Ry").
The braid relation also yields (RyR2)*(RiRy"') = (RiRy)(Ri1R2)? and (R1Ry)® = (RaR;)>.
Therefore
(RiR2)* = (RiRs)"(RiRy ")’ (RaR 1)’ (RoRy)"™
= ((RiRo)*(R1Ry ")) ((RoR1)*(RaR;))’
(R *RyR})°(Ry° Ry R3)°
= R;°RSRIR,’RIR3
= 1.

a

We now show that I' is one of the groups constructed by Mostow in [13]. This is a special
case of the theorem in Section 4 of [14]. Deraux, Falbel and Paupert [4] have constructed a simple
fundamental domain for each of Mostow’s groups (and hence for I'). Their domain is a polyhedron
with ten sides, not all of which are contained in bisectors. Using Mostow’s notation; see Table 2
on page 248 of [13], we have:

Proposition 6.3 When n = 5 the Livné group I' is conjugate to the Mostow group with p = 5,
p=2,0=51t=7/10,r=2,s=5and p=—1.

PROOF: Putting these parameter values into Theorem 20.1 of [13] the group in question satisfies
the relations

R = {R})=1, RjRyR;=RyR;Ry, (RiReR3)*'=1, (RsRyR1)" =1 : jk=123}
R" = {(RiR2R3) ?RiRs = (RyR3R1) *RoR3}

The presentation in Theorem 5.1 (iii) has all these relations except (R3R2R1)!® = 1, which follows
from the others by Corollary 5.6. In addition the presentation in Theorem 5.1 (iii) includes the
relation (R;R;)3° = 1 which follows from the others by Lemma 6.2.

Thus the two groups have the same presentation. Since this means that they are isomorphic,
by Mostow rigidity, they must be conjugate. O

We could give a Cayley transform conjugating our R;, Rs, Rs to those given by Mostow on
page 214 of [13] (or in [4]). Livné also gives matrices for the case n = 5. We could similarly find a
Cayley transform conjugating I1, Q = R1 Ry R and Ry to the matrices A, y and z given in Theorem
10 on page 111 of [12]. We leave both these calculations for the reader.
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7 The triangle groups

Define Iy = JI;J7', Is = J~'I,J and consider the group A generated by I, I, and I3. To that
end, we consider the presentation Theorem 5.1 (i). Thus, using P = JI;, we have

LIzl = (JLJ Y(J T L)L = (J0)® = PP,

compare Lemma 3.1 (3) of [19]. Moreover, we also have the following relations, which are (R4) on
page 108 of [12]:

Lemma 7.1 We have

PLP'=1,, PLP'= LI, PI3P~! = I, 111y,
QO™ =15, QL '=DLihizh  QBQ ™ =Lzl

Proor: Using P = JI; and JI,J ! = I, for k =1, 2, 3 (mod 3), we have
PL,P ' =JnnnJ ' =JnJy Hhuns YLyt = L, b

In particular, when k = 1 we have P[P~ = I3 = I,.
Using P~'QI; = [;P~'Q we have

QLQ ' =P(P'QLQ'P)PT = PLLP ' =1
Next using Q? = P3 = I,I31; we have
QLQ™ = QX Q' LQ)Q™? = (LIsh)Ii(L13]2) = LI;L 131>
Finally using Q? = L3I, QI = I,Q and Q'L I3[ I31,Q = I, gives

QL™ = Q'Q*BEQ™?
= Q 'LILNLIQNLIsI,
= Q 'LILNLILLQOLI = L3I,

The relations PI;P~! should be compared to Lemma 3.1 of [19]. An immediate consequence
of Lemma 7.1 is:

Corollary 7.2 The group A = (11, Iy, I3) is a normal subgroup of I with quotient group YT =T'/A
given by
T=(P,Q : PP=Q*=(P'Q)"=1).

PROOF: It is clear that A is a normal subgroup of I'. Also P? = Q? = I,I3]; € A. Setting

I = 1 in the presentation of Theorem 5.1 (i) immediately gives the presentation for T given above.
O

The following proposition follows from Lemma 7.1. Alternatively, it could be proved from the
presentations of Theorem 5.1.
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Proposition 7.3 The maps 111>, I213 and Is1; are each elliptic of order n.
ProOF: We claim that
RILR = (I3Y 1y,  RIIR]? = (Il3)’ " '1s. (36)
It is clear that these identities are true when j = 0. Using Ry = P~1Q, we have

RiLR{Y = P'QLQ'P
= P LILIILP
= (PLLLP) (P 'LNLLP) P I,I31,P)

= I2l3ls,
RiLRY = P'QLQ'P
= P 'LI;ILP
= I.
In particular, leglgRl_l = II;.
Therefore, by induction we have
RIV'LRTY = Ri(LBY LR = (LY il = (I3 D,
RIM'LRI™Y = Ri(LLY LR = (L) 'hlsly = (II3) 1.
This proves (36). Putting j = n in (36) and using R} = 1 we have Iy = R} IoR" = (I213)"I>.
Thus (I213)" = 1. Conjugating by J we find (I;12)" = (I3[;)" = 1. O
An immediate consequence of Proposition 7.3 is that, since [ 32 = (I;Iy)" = 1, the group

A = (I, I, I3) is a representation of an (n, n, n) reflection triangle group; see [17] or [20] for
example. As explained in Proposition 1 of [17] (see also [2]) there is a one real parameter family of
such representations. In fact, since QI3 Q! = I, 13151 we see that (Ij11;1;)" =1 and so, using
the language of [20], A is a representation of type pj, (F(n, n, n)), compare Theorem 4.7 of [20] for
example. In order to see the geometry of triangle group A observe that I fixes the complex line
with z; = 0. This is the complex line spanned by z7 and zg (and containing z;); see Figure 11.
Then I fixes the image of this complex line under J, that is the complex line spanned by zg and
zg (and containing zy). This complex line is given by wy = 0. Finally, I3 fixes the complex line
spanned by zg and z7. Thus these three complex lines may be thought of as the complexification
of the boundary of Fgrg = S16 M So7.

The following corollary follows immediately from the fact that Y is finite when n = 5 and
infinite when n > 6. It should be viewed in the context of representations of reflection triangle
groups considered in [20]. We use Bowditch’s criteria for geometrical finiteness in variable negative
curvature [1], in particular F5 that says that a group is geometrically finite if and only if there
is a bound on the orders of finite subgroups and the volume of the compact core of the quotient
manifold is finite.

Corollary 7.4 (i) When n =5 the group A = p5(I'(5, 5, 5)) is a lattice.

(ii) When n =6, 7, 8,9, 10, 12, 18 the group A = p, (F(n,n,n)) is a finitely generated, geomet-
rically infinite, discrete subgroup of PU(1,2).
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PrOOF: The group A is a subgroup of the discrete group I' and so is itself discrete.

When n = 5 we see that A is a subgroup of I' of index 60 (the order of T in this case). Thus
A is also a lattice.

Since Y is an infinite group when n = 6, 7, 8, 9, 10, 12, 18, we see that in these cases A has
infinite index in I'. Moreover, since A is normal in I they have the same limit set, which is the
whole of 6H%, since I' is a lattice. A fundamental domain for A is the union of all T-images of the
polyhedron D and so has infinite volume. Since the limit set is the whole of GH%, this means the
convex hull of the limit set is all of HZ. Hence the convex core of HZ/A is just H%/A, which has
infinite volume. Using Bowditch’s condition F5 we see that A is geometrically infinite. a

In fact Corollary 7.4 (ii) appears in Kapovich [11] using an identical proof. Also, Corollary
7.4 (i) should be compared to a recent result of Deraux [5], who considers ps(I'(4, 4, 4)), that is
the representation of the (4, 4, 4) reflection triangle group for which I;I;1;I; has order 5. Deraux
shows that this group is also a lattice.

Following Schwartz, a reflection triangle groups is said to be of type A if there are some pa-
rameter values where I;I;1;1; is elliptic and I;1}1; is non-elliptic and of type B if there are some
parameter values where I;I;1; is elliptic and I;I;1;I; is non-elliptic. A short calculation from
Pratoussevitch’s formulae [17] shows that the (n, n, n) triangle group is of type A when n < 10
and type B when n > 11. Schwartz has conjectured (Conjecture 5.3 of [20]) that the only infinite,
discrete representations of triangle groups of type B are faithful. When n = 12 or n = 18 our
groups A give counterexamples to this conjecture (and n = 18 also seems to contradict Schwartz’
computer experiments mentioned in Section 1.2 of [19]):

Proposition 7.5 When n =12 or n = 18 the group A is a discrete, non-faithful triangle group of
type B.
A Appendix: Bisector intersections

In this section we find the intersection of each pair of bisectors of the form Bq; and By.

Proposition A.1 Suppose that z € B1g3 N Boy. Then writing z1 = x and w1 = u we either have

1—cosf i 2cost —1 — zgcost

_{L‘:u:77 Wo =
cos 0 2 cos (1 — zycos )
or else

o1 —cost —u+aucosh — (x —u)isinf

Z9 e 9
1 —cosf —ucost

1 —cos —z+ zucosf — (x — u)isinf

woy =

1—cosf —xzcosb
PROOF: Substituting z; = z and wy; = u in (9) gives

—zisind — zoe (1 — cosf) + 1 — cosd

—zcosfh — zoe W cos + 1 —isinf

u =

It is easy to see that if x = (1 —cos )/ cos 6 then u = (1 — cos )/ cos f independent of z5. In which
case we obtain wy from (10). Otherwise, solving for zo gives

o1 —cost —u+aucosh — (x —u)isind
e

29 =
1—cosf —ucosf
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Similarly, substituting z; = x and wy = w in (11) and solving for wy gives

1—cos —x+zucost — (x —u)isinf

wo =
1 —cosf — xcosf

A similar argument yields:

Proposition A.2 Suppose that z € B1s3 N Boy. Then writing z1 = x and w1 = v we have

i 1 —cosf —vsinf —iv — xisinf 4 zvicos 0
z9 €

)

1—cosf —ivcosb
1—cosf —x —wvsinbh — xisin @ + xvicos O

w9 =
1—cosf@ — xcosb

Applying ¢ to Proposition A.2 gives:

Proposition A.3 Suppose that z € Big N Bay. Then writing z1 = 1y and wi = u we have

ot 1—cosf —u—+ysinf + iusinf + tyu cos

Z92 9

1—cosf —ucosb
1 —cosf + ysinf — yi + uisin 6 + uyicos

W= 1 —cosf —iycosd

Proposition A.4 Suppose that z € Big N Boy. Then writing z1 = 1y and wy, = v, we have

49 1 —cosf +ysinf —vsinf — yvcosf — iv
29 = e
2 1 —cosf —ivcosb ’

1—cosf+ ysinf —vsinf — yvcosf — iy

w2o= 1 —cosf —iycosd

Performing similar arguments but using (10) gives:

Proposition A.5 Suppose that z € B13 N Bog. Then writing z1 = x and wy = ue, we have

i cos —xcosf —u+zucosf —isinf(l —x —u)
22 = € 5

1—wucos6

1—cosf —x —ue? (1 —cosf) + uxe cos § — xisinf
wp = .

—isinf — x cos 6
Proposition A.6 Suppose that z € B1s N Bag. Then writing z1 = x and wo = u, we have

i1l —x—u+zucost 4 uisinf
zZ9 = € . )
cos@ —ucos@ +isind

1—cos —x —u(l —cosf)+ zucos — zisinf

wp =

—isinf — x cosf
Proposition A.7 Suppose that z € B1g N Bog. Then writing z1 = 1y and wy = ue'®, we have

9 €050 —ysinf —u —isin 6 — iy cos O + iusin O + iyu cos
29 = €

)

1—wucosf
1 —cosf + ysinf — ue® (1 — cos @) — iy + iyue® cos f

wp = . .
—isin @ — iy cosf
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Proposition A.8 Suppose that z € Big N Bag. Then writing z1 = iy and we = u, we have

ot 1 —u— iy~ iusinf + iyu cos 6

zZ9 .
cos —ucosf +isind

1 —cosf +ysinf —u(l —cosf) — iy + iyucos

wp = . .
—isin @ — iy cos O

Applying ¢ to the previous four propositions gives:
Proposition A.9 Suppose that z € B17 N Bay. Then writing zo = x and wy = u, we have

1 —cosf —xe (1 — cosf) — u + zue™" cos @ + wisin f
tsinf — wcos @
cos —x —ucosf + zucosf + isinf(l —x —u)

Z1 = )

wy =
1 —xcosf

Proposition A.10 Suppose that z € B1g N Bay. Then writing zo = ze? and w, = u, we have

1 —cosf —x(1 —cosf) —u~+ zucosd + uisinf
z = )
! isinf —ucosf

l1—2—u-+2zucosd — xisinb

wo = . .
cos — xcosf —isind

Proposition A.11 Suppose that z € Bi7 N Boy. Then writing zo =  and wi = v, we have

1 —cosf —xze (1 — cosf) — vsind — iv — izve " cos f
Zl == . . . )
7s8in 6 — 4v cos 0
e — gz — jzrsind — ive + izvcosf
w9 =

1—xzcosf
Proposition A.12 Suppose that z € Big N Bay. Then writing zo = xze' and wy = iv, we have

1—cosf —z(1 —cosf) —vsinh — iv + ixv cos f

21 = .. .
isin — iv cosd ’

1—2—1ixsinf —iv + ixvcosb

wo = ..
cos —xcosh —isinf

Likewise:

0

Proposition A.13 Suppose that z € By N Bog. Then writing zo = x and wy = ue’?, we have

1—2—ue + zucos + iue? sin 6
21 =

1 — ue cosf ’
1—u—xe 4+ zucosh —ize ¥ sinf
w1 =

1 —ze~ cosf
Proposition A.14 Suppose that z € B17 N Bog. Then writing zo = x and we = u, we have

1—2—u+zue ¥ cosf + iusinb

21 =

1 —wucosf ’
e —u— 2+ zucosf —ixsinh

e — xcosé
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Proposition A.15 Suppose that z € Big N Bag. Then writing zo = xe' and wy = ue'®, we have
e _ r—u+zucosh + iusin
z1 = ,
! cos —ucosf —isin6
1—2—u+2uE"?cosf — zisinf
wy =

1—xcosf

Proposition A.16 Suppose that z € B1g N Bag. Then writing zo = ze? and wy = u, we have

1 —ze® —u+ zucos + uisinf
zZ1 =
1 —wucosf ’
1—2—ue ™+ zucosf — ixsinh
wp =

1—xcosf

B Appendix: Low dimensional intersection of sides

In this section we show that the intersection of each pair of sides not considered in Section 3.4 is
one dimensional, indeed we show that it comprises arcs of the 1-skeleton of D. More precisely, we
show that each of these intersections is one or two edges of D. Each edge of D is the intersection
of at least three bisectors and is a geodesic segment between a pair of vertices. This section may
be omitted by readers who are willing to believe that we enumerated all the faces of D in Section
3.4.

Proposition B.1 Ifz € Si3NS2y and 21 # (1 — cosf)/ cos O then z € 7ss.

PROOF: As in Proposition A.1 set z; = x and w; = u where 0 < x, u < 1. Using the expressions
from Proposition A.1 we have
sinf(1 — u)(1 — cos @ — x cos h)

< I =
0 < Im(z) 1—cosf —ucosb ’

—sinf(1 — x)(1 — cosf — ucos )
1 —cosf — zcosf '

0 > Im(wee ™) =

Since x < 1 and v < 1 we see that 1 — cosf — xzcosf and 1 — cosf — ucosf have the same sign.
Also

—(z —u)sinf

0 > Im(zze_w) - 1—cosf —ucosf’

—(z —u)sinf

0 <1 = .
< Im (wy) 1—cosf —xcosb

Therefore z = u and Im (29¢ %) = Im (w2) = 0. Hence z € Bjg N Bag as well. Using our table of
edges we see that z lies in the geodesic containing yss. O

Proposition B.2 Ifz € Si3N Sy then z € v34 U Y47,

PROOF: Put z; = 2 and wy = ue® where 0 < 2 < 1and 0 < u < 1/ cos @. Using the expressions
of Proposition A.5 we see that
sinf(1 — cosf — xcosf)(1 —x)(1 —ucosb)
sin? 6 + 22 cos2 0 '

0 <Im(wp) =
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Thus x < (1 — cosf)/cosf. Also

—usinf(1 — cos @ — x cosf)

0 < Im (z) = 1—wucos@

Since 1 — ucos @ > 0 we either have v = 0 or else x = (1 — cos )/ cos 6.

If u =0 we have z € By17 N Bag as well. Since 0 < 2 < (1 — cos#)/ cos 6, then from our table of
edges we see that z € y47.

If z = (1 —cosf)/cosf then z € By7 N Bay. Moreover, zo = (2cos@ — 1 — u)/(cos § — u cos? )
and so u < 2cosf — 1. Hence z € ~v34. O

Applying ¢ we immediately have

Proposition B.3 Ifz € 517 N Sy then z € 34 U y36.
Similarly,

Proposition B.4 Ifz € 516N Sy then z € 3.

PROOF: As in Proposition A.3, set z; = iy and wy = u where —sinf/cosf < y < 0 and u > 0.
Using Lemma 3.6 we have

1 (1 — cos #)% — ysinf cos O

R i0y _ _ .
> Re (z2¢") cos®  cosf(1 —cosf — ucosb)

cos 6
Since (1 —cosf)? —ysin cosf > 0 we must have 1 — cos —ucosf > 0. Because z is in D we have

» u(sine + y cos 9)
0> Im (z0e ) = 1—cosf — ucosf

and since y > —sinf/ cos § we see that u = 0.
Substituting © = 0 into the expression from Proposition A.3 we have

e(1 — cos§ — ysinf)
Z9 = 9
1—cosf

1 —cosf +ysinf — iy

w2o= 1 —cosf —iycosd

Thus 1 p "
0 < Re (zQe_w) _ 1—cos + ysin ‘

1—cosf

Hence —(1 — cosf)/sinf <y < 0. When y = —(1 — cos )/ sin 6 this point is zg and when y = 0 it
is zg. The result follows. O

Applying ¢, we have
Proposition B.5 Ifz € 515N Sy then z € 3.

Proposition B.6 Ifz € Sig N Sag then z € 5.
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PROOF: As in Proposition A.8 set z; = iy and wy = u where —sinf/cosf < y < 0 and
0 <u<1/cosf. Then
1 —wucosf
0 < Re (w;) = L= weosd).
sin @ 4 y cos 6
Since 1 — ucos 6 and sin f + y cos 6 are both positive, we must have y = 0.
Substituting y = 0 into the expressions for zo and w; from Proposition A.8 gives

e?(1 — u + iusin0)

2 = cosf —ucos@ +isinf’
(1 -
i i( CO?G)(l u)
sin 0
Since Im (w1) > 0 we have v < 1. When u = 0 this point is z7 and when u = 1 it is zs. O

Applying ¢ gives
Proposition B.7 Ifz € Sig N Sy then z € ~gs.
Proposition B.8 Ifz € Sig N Sy then z € vg7.

PROOF: As in Proposition A.7 write z; = iy and wy = ue? where — sin 0/cosf <y <0 and
0 <wu<1/cosf. Then

—u(1 — cos ) sinf — y(1 — ucos?0)

0 < Im(z) = 1—wucosf ’
0 < Re(w) — u(1 — cos 6) sin + y(1 — ucos? 6)
- v sinf + y cos 6 ’

Since 1 —ucosf > 0 and sinf + y cos 6 > 0 we must have

—u(1l — cos @) siné

1 —wucos?d

Hence Im (22) = Re(21) = 0 so z € Byy N Byg as well. Thus the intersection is certainly contained
in the geodesic containing ~g7.
Substituting in the expression from Proposition A.7 we have

i(1 —cosf)(1— u)

w1 = .
sin 0

Since Im (w1) > 0 we have u < 1. When u = 0 the point is z;y and when v = 1 the point is zg. O

Applying ¢ gives
Proposition B.9 Ifz € Si7 N Sy then z € vg7.
Proposition B.10 Ifz € S17 N Sog the z € yy47.
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PrROOF: We write z9 = x and ws = u where 0 < x, u < 1/cosf. Then using the expression
from Proposition A.14 we have

0> Im (z1) = usinf(1 — x cos 0)

1—wucos@

Since 1 —xzcosf > 0and 1 —ucosf > 0 we must have u = 0. Thus z € B3N Byg as well. Moreover,
putting u = 0 gives z; = 1 — x and so x < 1. Hence z € 747 as claimed. a

Applying ¢ gives

Proposition B.11 Ifz € S15N Sos the z € 3.
Finally,

Proposition B.12 Ifz € S15 N Sog the z € ss.

PRrROOF: We write 2o = ze'? and ws = u where 0 < z, u < 1/cos . Using the formulae from
Proposition A.16 we have
—(z —u)sinf
0 >1 =
> Tm (z1) 1 —wucosf
—(z —u)sinf
0 <1 =
< Tm (wn) 1—xcosb
Since 1 — xcosf > 0 and 1 — ucosf > 0 we must have u = x. Thus z € B3 N Byy. This gives
z1 = w1 = 1 — z and so the result follows from Proposition A.1. O
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