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Abstract

In this paper, we obtain analogues of Jgrgensen’s inequality for non-elementary groups of isome-
tries of quaternionic hyperbolic n-space generated by two elements, one of which is loxodromic.
Our result gives some improvement over earlier results of Kim [10] and Markham [15]. These results
also apply to complex hyperbolic space and give improvements on results of Jiang, Kamiya and
Parker [7].

As applications, we use the quaternionic version of Jgrgensen’s inequalities to construct embed-
ded collars about short, simple, closed geodesics in quaternionic hyperbolic manifolds. We show
that these canonical collars are disjoint from each other. Our results give some improvement over
earlier results of Markham and Parker and answer an open question posed in [16].
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1 Introduction

Jorgensen’s inequality [8] gives a necessary condition for a non-elementary two generator subgroup
of PSL(2,C) to be discrete. As a quantitative version of Margulis’ lemma, this inequality has been
generalised in many ways. Viewing PSL(2,R), which is isomorphic to PU(1,1), as the holomorphic
isometry group of complex hyperbolic 1-space, we can seek to generalise Jgrgensen’s inequality to
PU(n, 1) for n > 1, the holomorphic isometry group of higher dimensional complex hyperbolic space.
Examples of this are the stable basin theorem of Basmajian and Miner [1] (see also [20]) and the
complex hyperbolic Jorgensen’s inequality of Jiang, Kamiya and Parker [7].

Kellerhals has generalised Jgrgensen’s inequality to PSp(1,1). This group is the isometry group
of quaternionic hyperbolic 1-space Hﬁ, which is the same as real hyperbolic 4-space Hﬁ“%. For more
details of PSp(1,1), including a classification of the elements, see [3]. It is interesting to seek gener-
alisations of Jgrgensen’s inequality to PSp(n, 1) for n > 1, that is to higher dimensional quaternionic
hyperbolic isometries. The first steps in this programme were taken by Kim and Parker [11] who
gave a quaternionic hyperbolic version of Basmajian and Miner’s stable basin theorem. Subsequently,
Markham [15] and Kim [10] independently gave versions of Jorgensen’s inequality for PSp(2,1). Cao
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and Tan [4] obtained an analogue of Jorgensen’s inequality for non-elementary groups of isometries of
quaternionic hyperbolic n-space generated by two elements, one of which is elliptic.

In this paper we consider subgroups of PSp(n, 1) with a loxodromic generator. Any loxodromic
element g of PSp(n,1) can be conjugated in Sp(n, 1) to the form:

diag()\l, Aoy --- ) An_l,An,Xgl), (1)

where \; e Hfori=1, ..., nand X;l are right eigenvalues of g with |\;| =1fori=1, ..., n—1 and
[An| > 1. We want to consider loxodromic maps that are close to the identity. To make this precise,
if g € Sp(n, 1) is a loxodromic map conjugate to (1), we define the following conjugacy invariants:

o(g) =max{\—1]: i=1,--- ,n—1}, My =25(g) + [ —1[+[%, —1| (2)

Observe that M, > 0 and that the smaller M, is the closer g is to the identity. Note that M, is a
natural generalisation of the invariant

My=2\ =1+ Do — 1+ Xy —1].

defined independently by Kim [10] and Markham [15] for Sp(2,1).

We consider groups generated by g and A that are close to each other. To make this precise, we
use the cross ratio of the fixed points of the two loxodromic maps g and hgh™'. We define the cross
ratio in Section 2. The statement of our main theorem is:

Theorem 1.1. Let g be a lozodromic element of Sp(n,1) with My < 1 and with fized points u, v €
OHY,. Let h be any other element of Sp(n,1). If

12 _ 1 — M,

Hh(u),u,v,h(v)]‘l/z‘[h(u),v,u,h(v)]| M3

3)

then the group (g, h) is either elementary or not discrete.

We remark that this theorem is also valid for SU(n, 1) and is stronger than both Theorems 4.1
and 4.2 of [7]. This theorem has some useful corollaries which we gather into a single result:

Corollary 1.2. Let g be a lozodromic element of Sp(n,1) with My < 1 and with fized points u, v €
OHY,. Let h be any other element of Sp(n,1). Suppose that one of the following conditions holds:

(), v, u, h(0)][V? < 1;4‘2@ (4)

Hh(u),u,v,h(v)”l/Q < 1;41\/&7, (5)

[, v, h(u), h(@)]|* < 1— M, (6)

I[R(u), u, 0, h(w)]| + |[h(w), 0,1, h()]| < 2(1]\_4;”9) (7)
g

Then the group (g, h) is either elementary or not discrete.

When n = 2 the statement of Corollary 1.2 with the conditions (4) and (5) was given independently
by Kim, Theorem 3.1 of [10], and Markham Theorem 1.1 of [15] and for higher dimensions Cao gave



these conditions in an earlier preprint [2]. These results are a direct generalisation of Theorem 4.1 of
[7]. They all follow from Theorem 2.4 of Markham and Parker [17] and the observation (see the proof
of Theorem 1.4 below) that for all z €

‘<9(Z)7Z>

§M9‘<z,u>‘ ‘(z,v>‘, (8)

which, in terms of the Cygan metric, may be rewritten as equation (10) of [17] with d, = |\,|'/? and
mg = M; 2,

The statement of Corollary 1.2 with condition (7) is stronger than the corresponding results
in dimension n = 2 given by Kim and Markham. Kim’s criterion, Theorem 3.2 of [10], is M, <

V2v2—-1—-1 and

2= 2My — MZ + /4 — 8M, — 8MZ — 4M} — M}

|[h(u),u,v,h(v)]‘ + Hh(u),v,u, h(v)” < 2Mg2

Markham’s criterion, Theorem 1.2 of [15], is M, < V2 -1 and

1 — My + /1 —2M, — M2
[R(w), u, v, h(v)]] + | [R(u), v, u, h(v)]]| < ’ ’

2 )
Mg

which is a direct generalisation of Theorem 4.2 of [7]. It is easy to see that (when they are defined)
2(1—Mg) 1—]\494-\/1—2]\49—]Wg2
>
Mg Mg
2—2M, — M2 + /4 — 8M, — 8MZ — 4M} — M
22 '

>

Therefore Kim and Markham'’s results follow from (7).

Meyerhoff [18] used Jgrgensen’s inequality to show that if a simple closed geodesic in a hyper-
bolic 3-manifold is sufficiently short, then there exists an embedded tubular neighbourhood of this
geodesic, called a collar, whose width depends only on the length (or the complex length) of the
closed geodesic. Moreover, he showed that these collars were disjoint from one another. In [13, 14]
Kellerhals generalised Meyerhoff’s results to real hyperbolic 4-space and 5-space with the aid of some
properties of quaternions. Markham and Parker [16] used the complex and quaternionic hyperbolic
Jorgensen’s inequality obtained in [7, 15], to give analogues of Meyerhoff’s (and Kellerhals’) results
for short, simple, closed geodesics in 2-dimensional complex and quaternionic hyperbolic manifolds.
They showed that these canonical collars are disjoint from each other and from canonical cusps. For
complex hyperbolic space, by using a lemma of Zagier they also gave an estimate based only on the
length, and left the same question for the case of quaternionic space as an open question.

Let G be a discrete group of n-dimensional quaternionic hyperbolic isometries. Let ¢ € G be
loxodromic with axis the geodesic 7. The tube T,.() of radius r about 7 is the collection of points
a distance less than r from . It is clear that g maps T,(v) to itself. The tube T,.(v) is precisely
invariant under the subgroup (g) of G if h(T}(v)) is disjoint from T, (y) for all h € G — (g). If T;.(7)
is precisely invariant under G then C,(y') = T,.(7)/(g) is an embedded tubular neighbourhood of the
simple closed geodesic 7' = v/(g). We call C,.(v') the collar of width r about +'.



As applications of our quaternionic version Jgrgensen’s inequalities, we will give analogues of
Markham and Parker’s results for short, simple, closed geodesics in n-dimensional quaternionic hy-
perbolic manifolds.

Given a loxodromic map g with axis v and satisfying M, < V3 — 1, we define a positive real

number 7 by: 21— M)
ng‘ (9)

Then we call the tube T,() with r given by (9) the canonical tube about . If 4/ = v/(g) then we
call the collar C,.(y') with r given by (9) the canonical collar about ~'.

cosh(2r) =

Theorem 1.3. Let G be a discrete, non-elementary, torsion-free subgroup of Sp(n,1). Let g be a
lozodromic element of G with axis the geodesic v. Suppose that My < V3 — 1. Then the canonical
tube T,-(y) whose width r is given by (9) is precisely invariant under (g) in G.

In particular, the canonical collar C.(y') of width r about v = ~/(g) is embedded in the manifold
M =H}/G.

Furthermore, we have

Theorem 1.4. Let M denote a quaternionic hyperbolic n-manifold. Then the canonical collars around
distinct short, simple, closed geodesics in M are disjoint.

By controlling the rotational part of loxodromic element, we obtain the radius of collars solely in
terms of the length of the corresponding simple closed geodesic as the following, which answers the
open problem posed in [16].

Theorem 1.5. Let N > 35 be a positive integer. Let G be a discrete, torsion-free, non-elementary
subgroup of Sp(n,1). Let g be a lozodromic element of G with axis v having the form (1) and let
[ = 2log|A,| be the length of the closed geodesic y/{g) and suppose that

N N 27 27
Ry = 2\/<cosh 5 —|—1> (COSh 5~ —cos N> +2\/2 <1 — Cos N> <Vv3-1. (10)

Define the positive number r by

2(1 — Ry)

cosh(2r) =
Ry

Then the tube T, () is precisely invariant under G.

Corollary 1.6. Let G be a discrete, torsion-free, non-elementary subgroup of Sp(2,1). Let g be a
lozodromic element of G with axis v having the form (1). Suppose that | = 2log || < 0.00017681.
Let v be a positive number defined by

2(1 — R)
RZ

18491 18491 2 2
R—2\/<cosh2—|—1> <cosh2—cos43> —1—2\/2 (1—cos43>. (11)

Then the tube T,(7y) is precisely invariant under G.

cosh(2r) =

where

The structure of the remainder of this paper is as follows. In Section 2, we give the necessary
background material for quaternionic hyperbolic space. Section 3 contains the proof of Theorem 1.1
and Corollary 1.2. In Section 4, we use Theorem 1.1 to obtain the proof of Theorems 1.3 and 1.4. In
Section 5, we give an example to illustrate the idea behind Theorem 1.5. Using the adapted Pigeonhole
Principle (cf. [18]), we obtain the proof of Theorem 1.5 and Corollary 1.6.



2 Background

We begin with some background material on quaternionic hyperbolic geometry. Much of this can be
found in [5, 6, 11, 19]. Let H™! be the quaternionic vector space of quaternionic dimension n + 1 (so
real dimension 4n + 4) with the quaternionic Hermitian form

(z, w) =w'Jz=wW121+  + Wp-12n-1 — (Wn2n+1 + Wn+12n),

where z and w are the column vectors in H™! with entries 2, - - - , Znt1 and wy, - -, wp41 respectively,
-* denotes quaternionic Hermitian transpose and .J is the Hermitian matrix

In.i 0 0
J = 0 0 -1
0 -1 0

We define a unitary quaternionic transformation (or symplectic transformation) g to be an automor-
phism of H™!, that is, a linear bijection such that (g(z), g(w)) = (z, w) for all z and w in H™!. We
denote the group of all unitary transformations by Sp(n, 1).

Following Section 2 of [5], let

Vo = {ZGH”’I—{O}:<Z,Z>:0}
Vo = {ZGH”’1:<Z,Z><O}.

It is obvious that Vj and V_ are invariant under Sp(n,1).

We define an equivalence relation ~ on H™! by z ~ w if and only if there exists a non-zero
quaternion A so that w = z\. Let [z] denote the equivalence class of z. Let P : H™! — {0} — HP"
be the right projection map given by P : z — [z]. If 2,41 # 0 then PP is given by

P(z1, - .oy Zns 2ng1)' = (zlz;}rl, e ,znzg}rl)t e H"™.
We also define
PO, ..., 0, z,, 0)' = co. (12)
Observe that
(z\, wu) = ow* JzA = [i(z, w) . (13)

We define the Siegel domain model of quaternionic hyperbolic n space to be H; = P(V_) and its
boundary to be 0Hf; = P(Vp). It is clear that oo € OHp. Also for all z € V_ we have 2,41 # 0 and
so P is given by the formula above. Likewise for all z € Vj, either 2,41 # 0 or P(z) = co.

As in Chapter 19 of [19], the Bergman metric on Hj} is given by the distance formula
h2 p(Z,’U)) <Z7 W><W7 Z>

5 = 7 2) (v, W)’ where z,w € HE, z € P !(2),w € P~ (w).

COS

This expression is independent of the choice of z and w. Since Sp(n, 1) preserves the form (-, -), it
clearly preserves the right hand side of this expression. Therefore g € Sp(n,1) acts on Hy; U OHY; as
follows:

9(z) = PgP~(2).

This formula is well defined provided the action of Sp(n, 1) is on the left and the action of projection
P of Sp(n, 1) is on the right. It is clear that multiples of g by a non-zero real number act in the same



way. Since elements of Sp(n, 1) have determinant 41 this real number can only be £1. Therefore we
define PSp(n, 1) = Sp(n,1)/{£l,+1}. All elements of PSp(n,1) are isometries of Hy;. We often find
it convenient to work with matrices in Sp(n, 1) rather than projective mappings in PSp(n, 1) and we
will pass between them without comment.

If g € Sp(n, 1), by definition, g preserves the Hermitian form. Hence

w*Jz = <Z, W> — <gz’ gw> = W*g*JgZ

for all z and w in H™!. Letting z and w vary over a basis for H™!, we see that J = g*.Jg. From this
we find g~ = J~1g*J. That is:

A =0 —nf A a p
glt=| -p d b for g=| n a b | €Sp(n,l). (14)
—a* ¢ a 0 c d
Using the identities gg~' = ¢g~'g = I,,4-1 we obtain:
AA* — af* — pBa* I, 1, (15)
—A0* + ad + B¢ 0, (16)
—An* +ab+ pa 0, (17)
—n0* + ad + be 1, (18)
—nm* + ab + ba 0, (19)
—00* + cd + de 0, (20)
A*A—0"n—n"0 I_1, (21)
A*a—0%a —n*c 0, (22)
A*B—0"b—n*d 0, (23)
—B*a + da + be 1, (24)
—B*B+db+bd 0, (25)
—a*a 4 ca + ac 0. (26)

Following Chen and Greenberg [5], we say that a non-trivial element g of Sp(n,1) is:

(i) elliptic if it has a fixed point in H};

(ii) parabolic if it has exactly one fixed point which lies in 0Hp;

(iii) loxodromic if it has exactly two fixed points which lie in OHF.

A subgroup G of Sp(n, 1) is called elementary if it has a finite orbit in Hy; U 0Hp. If all of its
orbits are infinite then G is non-elementary. In particular, G is non-elementary if it contains two
non-elliptic elements of infinite order with distinct fixed points.

Let o be the origin in H" and oo be as defined in (12). Both these points lie on 0Hfj. In what

follows we make fixed choices of points in H™! that are preimages of these points. Namely

(0,...,0,0,1)" € P71 (0) C Vi,

Define the stabilisers of the points to be:

Go = {9 €Sp(n,1) : g(o)

= 0}’ Goo = {g € Sp(n, 1) : g(OO) = OO}, Go,oo =

(0,...,0,1,0)" € P~} (c0) C V.



Note that if g has the form (14) then if g € G, we have b = 0 and if g € G, we have ¢ = 0.
Cross-ratios were generalised to complex hyperbolic space by Kordnyi and Reimann [12]. We will
generalise this definition of complex cross-ratio to the non commutative quaternion ring.

Definition 2.1. The quaternionic cross-ratio of four points z1, z2, w1, ws in ﬁ& 1s defined as:
[21, 20, w1, wo] = (W1, Z1)(W1, z2)~ (W2, Za) (W2, z1) ', (27)
where z; =€ P~Y(z;) and w; € P71 (w;) fori=1, 2.

Using (13) we see that

[21A1, 22X, wiptn, wapo] = (Wipn, Za A ) (Wi, Z2ho) (Wapia, Zade)(Wapia, 21 Ae) ™!
- _ _1~—1+ _ _1~—1
= (w1, za)papy Hwr, 22) TNy Na(wa, Z2) ey H(Wa, z1) TN

- —
= Ai[z1, 22, wi, wal A .

The quaternionic cross-ratio [z1, 29, w1, ws] depends on the choice of z; € P~1(2;). However, its
absolute value
\(WL Zl)(Wz, Z2>!

(w1, z2)(Wa, 21)] (28)

|[Zla 22, W7, wQH -

is independent of the preimage of z; and w; in H™!. The following lemma is easy to prove.

Lemma 2.1. Let 0,00 € HZL stand for the images of (0,---,0,1)t and (0,---,0,1,0)" € H™! under
the projection map P, respectively and let h € PSp(n, 1) be given by (14). Then

|[h(oo)7 0, 00, h(o)” = |bc, (29)
|[h(oo),oo,0, h(o)” = |ad|, (30)
|[oo,0,h(oo),h(0)” M (31)

Jad|
The following lemma is crucial for us to prove Theorem 1.1.

Lemma 2.2. Let h be as in (14). Then

5%al < 2lad|'?|bel'/?, (32)
n6*| < 2lad|"*be|', (33)
lad|'? < |be|V? 41, (34)
lbe|? < ad)/? 41, (35)
1 < |ad|*?+ |be)'/2. (36)
Proof. Using (25) and (26), we have
165 al? < |8°B||a*al = 2R(db) 2R (ca) < 4|ad||bc]. (37)

This gives (32). Similarly, using (19) and (20), we have
9672 < 7] 06" = 2R(ab) 2R(cd) < 4lad]|be].

This gives (33).



Next, using (24) and (37), we have
AR(db) R(ca) > |B%al?
|da + be — 1|2
= 1+ |ad]® + |be]* — 2R(da) — 2R(bc) + 2R(dach).

Thus

1+ |ad|®* 4 |be)> < 2R(da) + 2R(bc) — 2R(dacb) + AR(db) R(za)
= 2R(da) + 2R(bc) + 2R (bdca)
< 2lad| + 2|bc| + 2|ad| |be].
We can rearrange this expression to obtain
(1 — |ad| — |be])” < 4]ad]| |be].
Taking square roots gives

—2lad|*?|be|*? <1 — |ad| — |be| < 2|ad)"/?|be|/2.

Rearranging gives
(Jad|/? — [be[Y/%)* < 1 < (lad]™? + [be] /).

Taking square roots of both sides, including both choices of sign in the left hand inequality, gives (34),
(35) and (36). O
3 The proof of Jargensen’s inequality

Proof of Theorem 1.1. Since (3) is invariant under conjugation, we may assume that g is of the
form (1) and & is of the form (14). Using (29) and (30) our hypothesis (3) can be rewritten as

1-M
jad|*2Jbe] /2 < — 2. (38)
g
Let ho = h and hyy1 = hggh,'. We write
A o B
hiy =1 me ar b
O cr dg
Then
Apr1 g1 Brgr
hry1 = Me+1  Qk+1 Dk
Orr1 1 dita
A o B L 0 0 AL =0 —ny
= Nk ar by 0 An 701 -6 dp b |,
Op ok d 0 0 X\, —af & G



where L = diag(A\1, Ao, -+, Ap—1). Therefore

g1 = —mLOf + aphady + bk, T, (39)
biir = —meLnf + adaby + b\, @, (40)
o1 = —OpLO% + cidndy + dih, T, (41)
dis1 = —OuLn) + cdnbp + dih, . (42)

Claim 1: We claim that if |ad|'/2|bc|'/? < (1 — Mg)/Mg2 then |bgck| tends to 0 as k tends to infinity.
By (19) and (40), we have
brra] = [me(In-1 — L)ng + ar(An — 1)bk +br(, | — Dag]
S(gymenis + (A — 1+ X" = 1) bpa|
3(9)2R(axbi) + (An =11+ A, — 1)lbeas
(20(9) + [An = 11+ X, = 1)) lbpax]
Mg|brag|.

IN

IN

Similarly, by (20) and (41) we have
* g ~—1 —_—
lexs1] = [0M) (Tn1 = L6} + cx (Mg — D)y, + di (X, — x| < Mylerdy-
Therefore, for all £ > 0 we have
b1k 1'% < Mlagdy|'?|brey| V2. (43)
Using our hypothesis (38) with £ = 0 this immediately gives
- M
b1c1|Y? < Mylagdo|*?|boco|/? < ———2.
M,
In particular,
My(1+ |breg|'V?) < 1.

From this point on the proof closely follows the proof of the similar result for complex hyperbolic
space given by Jiang, Kamiya and Parker [7].
We claim that for &£ > 1 we have

k—1
lbrex] M2 < (Mg(1+ \b1c1|1/2)> e |2, (44)
In particular,
bk 2 < |brea|V2.

Certainly (44) is true for kK = 1. Assume that (44) is true for some k > 1. Then, using (43) and (34),
we have

M, |agdy|Y?|brey |/
My (1 + bk /?) b/
My(1+ [brer] /2 |breg

M (1+|b161‘1/2)< (1—1—\()101\1/2)) ’5161’1/2

- (Mg(l—l—\blcl]l/z)) bre V2.

br 1605112

INIA TN

IN

9



Then (44) is true for k 4+ 1. The result follows by induction.
Since M, (1 + |bie1|Y/?) < 1, an immediate consequence of (44) is that

lim |breg|V/? = 0.
k—o0
This proves Claim 1.
Claim 2: If there exists some integer k such that
brci. =0,

then (h, g) is either elementary or not discrete.

(46)

If by, = 0 then, by (25), we have B = 0 and hy(0) = o. Similarly, if ¢, = 0 then, by (26), we have
aj = 0 and so hg(0o) = oo. If bger, = 0 but either by or ¢ is non-zero then hy fixes exactly one of o
and oco. Hence, (g, hx) is not discrete by Theorem 3.1 of Kamiya [9]. This implies that (g, h) is not

discrete.

Suppose then that by = ¢, = 0 for some k > 1. Then h;, fixes both o and co. In particular,

0= hg(0) = hg_1gh; *(0) and oo = hy(c0) = hy_1gh; ", (c0).

This means that g fixes h; ', (0) and h; ', (c0). If k > 2 then hy_; is loxodromic and so cannot swap o
and oo. Thus hy_1(0) = 0 and hy_1(c0) = co. By induction, we find that g fixes hy'(0) and hy ' (c0).

In other words hg = h preserves the set {0, oo} and so (g, h) is elementary.
This proves Claim 2.

Claim 3: If
klim |brek| =0  and  brep #0  forall k> 1
—00

then (h, g) is not discrete.
Assume that (47) holds. Then from (34) we have

lardi/? < [breg[/? + 1
and so |agdg| is bounded as k tends to infinity. Hence, from (32) and (33) we have
|Brak| < 2lardy]Ploger|?  and  |npbi| < 2|andy| " [brex|

and so
lim [l = lim |medi] = 0.
k—o0 k—o0
Likewise,
lim n, Lo} = lim 6,Ln; = 0.
k—o0 k—o0
From (24) we have B ~
lim dyay = lim (1+ Biak — byey) = 1.
—00

k—oo

Therefore, from (39) and (42) we have

. . « — ~—1__

lim |ak+1| = lim ‘—nkL9k+ak)\ndk+bk)\n Ck‘ = |)\n’7
k—oo k—o0

. . N — ~1__ _
m |dp1| = lim |—0pLnj + cednbr + dihy, @] = (A7
k—oo k—oo

10



When proving Claim 1, we showed that
brt1| < Mglag| [by]  and  |epqa| < Mg|dy] ekl
Since M, < 1 we can find K so that, using (48) and (49), for all £ > K
Mylag| < |A\n| and  M,ldy| < [An| 7t
Hence there exist constants k1 and ko so that, for all &k > K
Mylag| Ml < k1 <1 and  M,ldy| M| < k2 < 1.
Therefore for k > K

bk [An] 757
|k+1
n

(Mglag] I\l ™) ol 1An] ™% < malbrl ] ™ < R F o] [Aa] 75,

<
< (Mgldrl Aal)lexl Aal® < moler] Mal® < w5FTE el [An] "

ekl [A

Since K was chosen so that x; < 1 for ¢ = 1, 2, we see that

Jimn b | A/ *=0 and = Jimn e AnlF = 0. (50)

Following Jorgensen, we now define the sequence f, = g *hgrg®. As a matrix in Sp(n,1) this is

given by
L% AgLF L *ag e LFGyn "

fo=| AFnonLE ATRagE AFbyn T | (51)
<k <k <k o~k
)\neszk )\n62k>\ﬁ )‘nko)‘n
Using (48) and (49), we have
. —k k . . ~k ~—k . —1
lm |\, "agr Ay | = lim |agk| = [An| and  lim [N\ dop, | = lim |dog| = |An] -
k—o0 k—o0 k—o0 k—oo
Similarly, using (50). we have
lim (A %boph, | = lim b A2 =0 and  lim [AecopME| = lim |eg] A2 = 0.
k—oo k—o0 k—o0 k—o0

Then, using (26), (25), (19) and (20) for the matrix fi, we have

lim [L %o A2 < lim 23 eopME| A7 Fagp e = 0,
k—o00 k—o00

. _ ~—k . — ~—k, vk ~—k
lim |L7%By, > < lim 2|\ FoguX | [Nida, | = 0,
k—o0 k—oo

lim [\ FnorLF2 < Lim 20N bk, | A FageE| = 0,
k—oo k—o0

lim [N LF2 < lim 2% copdF| [Nodoyph, "| = 0.

k—o00 k—o00

Finally, this means that L*kagk)\fl and L*kﬁgkx,:k both tend to the zero vector. Hence, using (15)
on the matrix fj, we see that

lim (L% Agy, LF)(L7F Ag LF)*

k—o0
= Lo+ lim (LR amA) (B 75820, )" + (L4 8ih, ) (LAl

= In—l-
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Therefore { fr : k> K} lies in a compact subset of Sp(n, 1) and so contains a convergent subsequence.
This proves Claim 3, and hence completes the proof of Theorem 1.1.

Proof of Corollary 1.2.

O

Without loss of generality, we assume v = oo and v = o, and g is of

the form (1) and h is of the form (14). Using the identities (29), (30) and (31) from Lemma 2.1, the

conditions (4), (5), (6) and (7) can be rewritten as

’bc‘l/Q

|ad\1/2

|bC|1/2
|ad\1/2

lad| + |bc|

<

<

<

<

o 52)
1— M,

T (53)
1— M,, (54)
2(1 — M,

(M;) (55)

Our strategy will be to show that each of these conditions implies (38) and the result will then follow

from Theorem 1.1.
Using (34) condition (52) implies

1—M
lad|*?|be|V? < (14 |be|/?) |be|/? < <1 - 9)

Similarly, using (35), condition (53) gives (38).

Using (34) condition (54) implies

be 1/2

M, <1—-|—
g ad

1-M, 1-M,
M, — M2

M,

|be|/? 1

T ee2 11 b2 41

Rearranging, this is equivalent to (52) and so the result follows from the earlier part of this proof.

Finally, condition (55) implies

1 1—M
1/217,.11/2 g
jad|"2[be]"/? < 2 (Jad] + [be]) < e
Therefore in each case (h, g) is either elementary or not discrete by Theorem 1.1. O

4 Collars in Hy

We need the following lemma, whose proof can be verified directly, to prove Theorem 1.3.

Lemma 4.1. Let p, q € Vy be null vectors with (p,q) = —1. For all real t let y(t) be the point in Hf
corresponding to the vector e%p + eféq in HY1. Then v = {y(t)|t € R} is the geodesic in H with
endpoints P(p) and P(q) parametrised by arc length t. HERE

The following Proposition relates cross-ratios to the distance between geodesics. It will be crucial

in our proofs of Theorems 1.3 and 1.4

12



Proposition 4.2. Let v1 and 2 be geodesics in Hy with endpoints ui, vi and ug, vy respectively.
Then

cosh(p(y1,72)) = |[v2, u1, v1, ug]| + |[v2, v1, w1, ug]]-

Proof. Without loss of generality, suppose that u; = o and v; = co. Also, let h € PSp(n, 1) be a map
so that us = h(o) and vy = h(o0). Suppose that h € G has the form (14), and so the cross-ratios are
given by (29) and (30). Let p; and gs be two points on the geodesic v; and v2 = h(7y1), respectively.
Then, letting 0 denote the zero vector in H" !, we can choose t, s € R such that

0 A o 0 ae” 5+ 0
pi= e | €P(y), as=hps)=|n a b||e*|=a+b]|ecP (y).
1 0 ¢ d 1 ce 5 +d

Since (p:, pt) = —2e7, (as, ds) = (h(Ps), h(ps)) = (Ps; Ps) = —2e~
(Pt; as)(qs, Pt) = (56_5 +b+ (ce™® + 3)6_t) (ae_s +b+ (ce”® + d)e‘t),

we have

pt7QS)

Cosh(p(pt,qs)) = 2cosh? A 5 -1

<Pt, Qs><Qs, Pt>
(Pt Pr)(ds, ds)

1 _
= §<|a’2€t—s+ ‘d’QQS_t—i- ‘0’26—(8+t) + \b\265+t+(da+bc)+(6d—|—éb)

+(ab + ba)e’ + (ed + dc)e™" + (db+ bd)e® + (¢a + ac)e® — 2).

By (15)-(26) and the property ab + ba = ba + ab for a,b € H, we have

1
Cosh(p(phqs)) i(ya‘Qetfs + |d‘2637t + |C‘26*(S+t) + |b|2es+t+6*a+a*ﬁ

+in*el + 00* et 4 B* e’ + a*ae’s>

> |ad| 4 |bc| + R(B%a) + |nl [0] + |5
> ad| + |bc|
= |[vg, u1,v1, ug]| + |[vz, vi, ur, ug].
This is true for all points p; and g5 and so it proves the proposition. O

Proof of Theorem 1.3. Without loss of generality, we suppose that g has the form (1) and so fixes
o and co. If h € G maps 7 to itself then it must map T, (7y) to itself.

Therefore we suppose that A does not map  to itself. We must show that 7,.(7) is disjoint from
its image under h. We first use Proposition 4.2 to estimate the distance between « and h(y) and then
use condition (7) from Corollary 1.2 to conclude that, since G is discrete and non-elementary, we have

cosh(% h(y)) > Hh 00), 0, oo,h(o)H + Hh(oo),oo,o, h(o)]}
S 2(1 - Mg).
> 7M92
This implies that T,(v) is disjoint from its image under h. O

13



Proof of Theorem 1.4. Let M = Hj; /G where G is a discrete, non-elementary, torsion-free subgroup
of Sp(n,1). Let g and h be two loxodromic elements of G whose axes, 71 and 72, project to distinct
short, simple, closed geodesics v; = v1/(g). and 74 = ~2/(h). Reordering if necessary, suppose that
My, < M. Consider tubes T}, (y1) and Tr,(v2) around ; and 72 where

2(1 — My)

2(1 — My)
M? ’

cosh(2r) = i

and  cosh(2ry) =

We want to show that these tubes are disjoint. It suffices to show that p(v1,v2) > r1 + 7.
Without loss of generality, we suppose that g is of the form (1) and h has fixed points p =
(p1, -+ ,pn)t € OHY and ¢ = (q1,- -+ ,qn)" € OHY. That is

n—1 n—1
S Ipil> =0 +Pu > |Gl = tn + T,
=1 =1

Let p = (p1, -+ ,pn, 1)t € P7Y(p) and q = (q1, - ,qn,1)! € P7!(q). Then by the definition of
quaternionic cross-ratio, we have

_ el ool = Tl
‘[O,C]apaOOH - |<p’q>” H D, 4, H ’ ‘

Direct computation implies that

_(an;1 + )‘nQn) + Z az)‘z%
i=1

l(g(a), )| = | S

n—1
_ ~—1 _
(1= A)an + @1 = X,) + D4 (N — Dy
=1

n—1
~1
< A = 1lga] + [N, —1an\+5(9)2!%!2
=1
—1 _
= A = UYlgal + [N, = Ulgnl +0(9)(gn + T5)
< Mg’Qn|'

Similarly, we have |(g(p),p)| < My|pn|. We remark that these equations are special cases of (8).
Therefore, we get

2 _ Mylgn| Mgylp,| _ {g(q), q)|[(g(p), P)]
Myllo-p .l o ap. ool = N TS T 2 T Tp )P

= lg(),a:p,9(@))]-  (56)

Using Proposition 4.2, we get

v

cosh(p(’n,vz)) Hoapu q, OOH + Ho, q,p, OOH

1/2

v

2‘[o,p,q,oo]]1/2“0, q,p, OOH

v

ﬁg\[g(p% .9, 9.
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Using condition (4) with the roles of g and h interchanged we have |[g(p), ¢, p, g(q)”l/2 > (1—My)/Mjy,.
Using this and M, > M), we have

2
cosh?(p(y1,72)) > (2(1_Mh)>

MMy,
2(1 — M,) 2(1 — My)
>
N Mg Mg
= cosh(2r;) cosh(2r2)
> COShQ(’Fl + 79).

Therefore p(y1,72) > 1 + r2 as required. O

5 Collar width solely in terms of geodesic length

In the complex case Markham and Parker [16] used a lemma of Zagier to obtain the width of the
tubular neighbourhood of the simple geodesic v entirely in terms of its length. In this section, we
will consider the counterpart in n-dimensional quaternionic hyperbolic manifold. First, we give an
example to illustrate our idea.

Example 5.1. Let G be a discrete, torsion-free, non-elementary subgroup of Sp(2,1) with
g= diag(eiﬂ, el/2+ioz767l/2+ioz) eq.

(Here the imaginary units that generate H are denoted i, j and k in order to distinguish them from
the indices denoted by i, j and k.) Define f(k) = My = ‘ekl/zﬂko‘ -1+ ‘e‘kl/zﬁko‘ —1] +2‘eikﬁ —1J.

Then we have
k) = 2\/ <cosh’;l n 1) <cosh’;l _ cos(k:a)) + 2\/ 2(1— cos(k) ). (57)

Consider the case where | = 1073, o = 5H08=7.
We see, for k € 7, that if k is not a multiple of 8 then cos(kB) < 1/v/2 and so

F(k) > 2\/2(1 - cos(k:7r/4)> >921/2-v2> 1.

Likewise, when k is not a multiple of 6 then cos(ka) < 1/2 and so

k k km km
> + cos ) > —cos— | >2y2-1=2.
f(k) > 2\/(cosh 5000 1> <cosh 5000 cos 3 ) > 2\/2 (1 cos 3 > >2/2—-1=2

On the other hand, if k is a multiple of both 8 and 6, that is a multiple of 24, then

’f k Lk
f(k) = 2\/<cosh 5000 + 1> <cosh 5000 1) = 2sinh 2000°

Hence as k ranges over positive integers, the minimum value of f(k) is attained for k = 24 and is
approzimately 0.024.
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The above example shows that when [ and k are small, then cos(ka) and cos(kf3) contribute the
dominant part of the value f(k). Although f(k) — oo as k — oo, we sometimes can choose suitable k
such that ko and k@ are close to multiples of 27 which may lead to f(k) < v/3 — 1. This observation
gives an improvement of Theorem 1.3 by replacing M, with a suitable M.

We now investigate how Mk varies with k. Let g be of the form (1). We can conjugate all its
right eigenvalues to unique complex numbers with non-negative imaginary part, that is,

A = uielﬁiui_l, for1<i<n-—1,
iBn, —1
An = up|Anle ﬂ"un ,
51 -1 iBn, —1
An = Unt1|An| e ﬂ"unﬂ,

where 0 < §; < 7 for 1 <i <n. Recall that

My = a1+ =1]+2 max [\-1

= 2\/<coshé + 1) <cosh; — cos(ﬁn)> + 1§r£1§a5<712 2<1 - cos(ﬂi)).

Since the eigenvalues of M* are \¥, \F X\

k
we have

My = 2\/<coshk21 + 1> (cosh];l - cos(k‘ﬁn)> + | Jnax 2\/2(1 - cos(k:ﬁi)). (58)

Define T to be the minimum value of M k- That is

T= 1;1’161300 {2\/<coshk2l + 1> (coshl;l — cos(kﬁn)) + max 2\/2(1 — cos(k‘ﬁi)) } : (59)

Then by Theorem 1.3 we have the following corollary.

Corollary 5.1. Let G be a discrete, non-elementary, torsion-free subgroup of Sp(n,1). Let g be a
lozodromic element of G with azis the geodesic . Let T be given by (59) and suppose that T < /3 —1.
Let v be positive real number defined by

2(1-1T)

cosh(2r) = T2

Then the tube T, () is precisely invariant under G.
In order to prove Theorem 1.5, we need the following adapted Pigeonhole Principle.

Lemma 5.2. (c¢f. Pigeonhole Principle in [18]) Given 0 < (1, -+, 0, < 27 and a positive integer
N > 2, there exists k < N™ such that

2
ki > )
cos( ﬁ)_COSN

for each 1 <1i <n.
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40 50 60 70 80 o0 100
x

Figure 1: The graph of function | = [(x) defined by (61) for n = 2.

Proof. Consider the solid n-cube [0,27]™ in R™ and consider the points z; = (kf1, kfa..., k3,) for
each 1 < k < N™. There are N of them. For each i € {1, ..., n} and each k € {1, ..., N"} let m
be an integer so that k3; — 2mm, € [0,27). Let

ﬁk = (]{?51 — 27Tm1k, ey kﬂn - 27Tmnk) € [07 27T]n

Divide the n-cube into N™ cubes of side length 27 /N and consider which of these small cubes contain
the points Zj.

If, for some j € {1, ..., N}, the point %; lies in the n-cube [0, 2F]" then cos(j3;) > cos 2% for
each i € {1, ..., n} and we have the result.

Suppose that none of the points Zj lie in the n-cube [0, QW“]" Then there is at least one small
n-cube with two points in it, say Z; and Z;, where j > k. Then Z;_j, is in the n-cube I; x Iy x - -- X I,
where each I; = [0, 2] or [2r — 27, 27]. That is cos((j — k)B;) > cos 3F for each i € {1, ..., n}. The
proof is complete. 0

Proof of Theorem 1.5. As in (58), we have

kl kl
My = 2\/<cosh 5 + 1) <cosh 5 cos(kﬂ,ﬂ) + | Jnax | 2\/2(1 - cos(k:ﬂ,-)).

By Lemma 5.2 for N > 2, there exists £ < N such that

27
kil' > —_—
cos( 6)_COSN

for each 1 < ¢ < n. Then there exists £k < N™ such that

N7 N7 2m 2m
< A — cos — —cos— ).
Mg < 2\/<COSh 5+ 1> (cosh 5 — Cos N> + 2\/2 (1 cos N) (60)
] ] 2 2
h(z,l) =2 cosh =" +1) (cosh = — cos = ) +2,/2 (1 — cos — ).
2 2 z x
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Notice that h(z,[) is an increasing function of [ for fixed x. Therefore when [ > 0 we have

h(z, 1) > h(z,0) = 4\/2 (1 ~ cos 2;:)

When z > 2 the function h(z,0) is a decreasing function of 2. Define zg by h(z,0) = v/3 — 1, that is

2
rg= ——— ~ 34.284.
arccos 14J1r6‘/§

Then if 2 < & < w9 and | > 0 we have h(x,1) > h(z,0) > h(zo,0) = v/3 — 1. Hence, in order to have
h(z,l) < v/3 —1 we must have z > xg. For all z > ¢ the equation h(zx,l) = v/3 —1 defines a function

\/13—2\/3—60032;4—00822;—4(\@—1) 2(1—0082%)—14-(3082%

2
l(x) = —-arccosh

T 2
(61)
Hence for all integers N > 35, we can find [ satisfying the condition (10). Then our result follows
from the application of Theorem 1.3. The proof is complete. (|

With the aid of mathematical software, for case n = 2, we find that when N = 43, we get the
maximal interval 0 < [ < [(43) ~ 0.00017681 to apply our theorem. The graph of function /(x) defined
by (61) is given in Figure 1. This gives the proof of Corollary 1.6.

Given the rotational angles of loxodromic element, we may be able to use Corollary 5.1 to choose
suitable N which may less than 35. For instance in Example 5.1, the optimum value occurs when
N =24.
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