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Introduction.

Let ¥ be a (possibly punctured) surface of negative Euler characteristic, and let C(X) be
the set of isotopy classes of families of disjoint simple closed curves on . When X is a
once punctured torus ¥, there is a well known recursive structure on C'(31) which arises
from the relationships between C'(3;) (identified with the extended rational numbers),
continued fractions, and PSL(2,Z) (the mapping class group of ;) [11], [21]. The results
in this paper arose out of a search for an analogous structure on C'(X3), where Y5 is a torus
with two punctures. Masur and Minsky [15], [16] have recently described an alternative
approach.

Our method is motivated by the Bowen-Series construction [4], [22] of Markov maps
for Fuchsian groups. This generalised the relationship between PSL(2,Z) (now thought of
as a Fuchsian group acting in the hyperbolic plane) and continued fractions (now thought
of as points in the limit set of PSL(2,7Z)), to a large class of Fuchsian groups I'.

The Markov map was a map on the boundary at infinity, in other words the limit
set A(T"), which generated continued fraction expansions for points in A(T"), and whose
admissible sequences simultaneously gave an elegant solution to the word problem in T’
[22] (see section 1.1 below).

The idea behind this paper rests on the analogy between I' acting on the hyperbolic
plane and the mapping class group MCG(X) acting on Teichmiiller space 7 (3). In this
analogy, the boundary S* of the hyperbolic plane (or the limit set of I') is replaced by a
suitable boundary of 7 (X). We use the Thurston boundary, namely the space PML(X)
of projective measured laminations on ¥ (see section 1.4 below). The mapping class group
MCG(X) (see section 1.5 below) acts on both 7(X) and PML(Y). By analogy with the
Bowen-Series construction, we define a Markov map f on PML(X) which has the same
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relation to the action of MCG(X) on PML(X) as the Bowen-Series map has to the action
of T on A(T') = S1.

Thurston’s well known theory of train tracks [18], [23] gives ML(X) a piecewise linear
cone structure. Here we use the variant of 71-train tracks introduced by Birman and Series
[2]. This special class of train tracks is defined relative to a fixed choice of fundamental
domain and associated geometric generators for 7;(X), in such a way that an integer
weighting yields not only a (multiple) simple loop but simultaneously allows one to read
off a shortest representative as a cyclic word in 71 (X). Thus the space ML(X) is partitioned
into finitely many maximal cells corresponding to weightings on the (finitely many) possible
mi-train tracks associated to a given fundamental domain for ..

In this paper we study the special case of the twice punctured torus 5. We use this
structure to construct a Markov map f on ML(X3). The Markov partition is essentially
the set of maximal cells and the restriction of f to each cell is a specific (rather simple)
element of MCG(¥3) which acts linearly on the set of weights. Labelling the cells by the
corresponding elements of MCG(32), we show that the f-expansions (that is the labelled
orbit paths of f, see section 1.1) give a unique normal form for the elements of MCG(Xs).
In particular, the labels are a set of generators for MCG(33), and comparison of normal
forms for nearby elements allows us to find a presentation for MCG(X53). Since the map f
is Markov, the f-expansions lie in a subshift of finite type which is in fact close to geodesic
with respect to the set of generators in question.

In the language of automatic groups (see section 1.2 below), these normal forms for
elements of MCG(X5) allow us to construct a word acceptor. If we can show that these
normal forms satisfy the fellow traveller property then this gives an explicit automatic
structure on MCG(32). We conclude the paper by showing that this is indeed the case.
Our method is rather similar to that given by Mosher [17] who shows that any mapping
class group has an automatic structure.

The dimension of PML(X) is necessarily odd. We choose to study the case of the
twice punctured torus because it is one of the few three dimensional examples. The details
of the construction are rather special; we conjecture that the underlying principles are not.
One of the main obstacles to finding a complete generalisation of these techniques is the
difficulty of finding a map f and a Markov partition of PML(X) suitably related to the
piecewise linear structure on PML(X).

An illuminating discussion can be made for the once punctured torus ¥;, where the
dimension of PML(3;) is 1. Here the Teichmiiller space is the upper half plane and the
mapping class group is PSL(2,Z). Although the final results are familiar, the methods
may be of interest, and we begin by presenting this example in some detail to explain our
ideas.

Presumably similar methods would prove the automaticity result for Bowen-Series
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expansions in the Fuchsian group case.

The outline of the paper is as follows. Section 1 draws together the necessary back-
ground material from a variety of sources. Section 2 gives the construction for the once
punctured torus. Sections 3, 4 and 5 extend this construction to the twice punctured
torus. Section 3 contains an explicit development of the Birman-Series construction for
Yo. Section 4 gives the action of the mapping class group and the construction of the
Markov map f. In section 5 we construct a word difference machine which shows that the
f-expansions satisfy the fellow traveller property.

The results in this paper arose out of discussions between the authors and Linda Keen
as part of our ongoing work to understand the Maskit embedding of the twice punctured
torus, [12], [13]. We would also like to thank David Epstein and Sarah Rees for helpful
discussions about automatic groups. Part of this research was carried out while the first
author was supported by a S.E.R.C./E.P.S.R.C. Research Fellowship held at the University
of Warwick in the period 1992-1994.

Index of symbols used.

0 a Dehn twist on the once or twice punctured torus: sections 1.5, 2.2, 3.2.
Lj a symmetry of the once or twice punctured torus: sections 2.2, 3.2.

0; the composition of Dehn twists §;006; for j = 1, 2: sections 4.6, 5.3, 5.4.
10) an element of the mapping class group MCG(X;).

WY a word difference: sections 1.2, 2.5, 5.

e the identity element of a group.

ej, eé- irreducible loops on the once or twice punctured torus: sections 2.1, 3.1.
fj a Markov map on ML(X;).

I maximal cells for ML(X;): section 2.1.

A maximal cells for ML(25): section 3.1.

2 the 7 times punctured torus, for j =1, 2.

Aj, Bj,... regions in ML(X3) or F: sections 4.1, 4.5.

Qj, Ry, ... the union of several regions in F: sections 2.4, 5.2.

X° the interior of a set X.

A the alphabet for a word acceptor: sections 1.2, 2.4, 4.7.

D the collection of word differences: sections 1.2, 2.5, 5.1, 5.5.

F the set of Farey blocks (pairs) for ¥y (or ¥;): sections 2.3, 4.3.
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1. Background

In this section we gather together all of the background material we need. This is taken
from a variety of different areas. Much of the material is expository in nature.

1.1. Markov Maps and the Bowen-Series construction

A Markov map on a space X is a map f: X — X, together with a finite (or in certain
cases infinite) partition of X into sets X;, such that f(X;) is an exact union of sets X ;. We
say that f satisfies the Markov property: if f(X?)NX? is non empty then X; C f(X;).
For ¢ € X, let p(¢) = j if € € I;. The sequence p(&),p(f(£)), p(f2(€)),p(f3(£)),. .. is called
the f-expansion of £. Associated to f is a transition matrix of zeros and ones recording
which transitions between states can occur. Since f is Markov, all infinite sequences
with allowable transitions occur. The finite blocks which occur in these expansions are
called admissible. Often a Markov map is required to be expanding or to have other
differentiability properties. Such questions will not concern us here.

The Bowen-Series construction was modelled on the relationship between PSL(2,7)
acting in the upper half plane model of the hyperbolic plane H? and the continued fraction
transformation acting on the extended real line R U {oo}. The continued fraction map

z—1 ifx>1
flz)=<xz+1 ifx<-1
=L iffz <1

can be regarded as an example of a Markov map with the partition II into intervals
[c0, —1], [-1,0], [0,1], [1,00]. (For simplicity here and in what follows we omit details
about endpoints. As defined above, the map f is 2-valued at the endpoints.) The
f-expansion of a point £ € R is essentially the same as its continued fraction expan-
sion. We note that the restriction of f to each element of II belongs to the finite subset
I'p={z+—2—-1lLz+— x+ 1,z — —1/x} C PSL(2,Z). (The well known fact that
[y is a generating set for PSL(2,Z) may be proved using these expansions [22].) Via f-
expansions, RU{co} may be mapped in an obvious way into II2 (T'y, giving an alternative
viewpoint in which points in R are regarded as infinite words in Iy [20]. Furthermore, the
finite admissible blocks which occur in these f-expansions give an elegant and well known
solution to the word problem in PSL(2,Z) [20]: each finite admissible block is a shortest
word relative to the generators I'g and every element in PSL(2,Z) occurs as an admissible
block in precisely one way.

This construction was generalised in [4] to the case of an arbitrary Fuchsian group T
acting in the disc model of the hyperbolic plane with a given geometric set of generators
Lo. (See [22] for the best exposition.) This involves the construction of a Markov map
f on the boundary at infinity, the unit circle S'. The elements of the partition were
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intervals I;, and, for each j, the restriction f|;, was in I'g. The f-expansions carried full
information about the I' action on S!, in the sense that two points were in the same I'
orbit if and only if the “tails” of their f-expansions agreed. Furthermore, and this is the
point of interest here, these f-expansions simultaneously generate a most elegant solution
to the word problem in I' [22]. If to each partition interval is associated f|;, € I'g, the
f-expansions map to a set of infinite sequences in I'y. The finite admissible blocks in the
f-expansion, give unique shortest representatives for words in I' relative to the generators
['y. Clearly, this comes very close to saying they generate an automatic structure for I'.

1.2 Automatic Groups

In this section we give the properties of automatic groups that will be used later. More
general references to this and related material are the books of Epstein et al [7] and Holt
[9], to which the reader is referred for more details. See also [10], [19].

An alphabet A is a finite set. A language £ over an alphabet A is a collection
of finite sequences of elements of A (called words or strings). The length of a string
w=(ay,...,a,)is |w| =n.

For the purpose of this paper a finite state automaton over an alphabet A is a
finite, directed, edge labelled graph whose vertices are called states and whose directed
edges are called arrows. There is a specified state called the start state and a partition
of the states into two disjoint sets, the accept states and the non-accept states. Every
arrow from a state is labelled with a symbol from A and no two arrows from the same
state have the same label. Given any string w = (aq, ..., a,) over A and any state s there
is at most one path of arrows starting at s so that the jth arrow is labelled with a;. This
path terminates at some state s’. We say that w goes from s to s’.

The language accepted by this automaton is the collection of strings w over A which
go from the start state to some accept state. A language £ over A is called regular if it is
accepted by some finite state automaton over A and this automaton is said to recognise
the language L.

Let G be a group with identity element e. Consider an alphabet A and amap A — G
denoted by a — @. This extends to a map from the collection of strings over A to G
by w = (ay,...,a,) — W = @y ...a,, the product of the image of the letters in w. If
every element of G can be described in this way we call A a finite generating set for G.
A language £ = L(G) over A is called an automatic structure for G if two conditions
are satisfied. First, £(G) is a regular language which maps onto G. That is, there is a
finite state automaton so that every element of G may be described by (at least) one path
through this automaton. This automaton is called the word acceptor WW(G). The second
property is known as the fellow traveller property which we explain below. If a group G
has an automatic structure then G is called an automatic group.
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For a group G with finite generating set A, the word length of g € G denoted |g|
with respect to A is the shortest length of any word in A representing g. The word
metric on G is d(g,h) = |g~'h|. Given a word w = (ay,...,a,) over A, for each integer
0 <t < n, denote by w(t) = (ai,...,as) the prefix of w of length ¢, and for integers ¢t > n
denote w(t) = w. Given a constant k, two words w,v over A are k-fellow travellers if
d(w(t),v(t)) <k for all ¢ > 0. Also k is called the fellow traveller constant for w and v.
The group G satisfies the fellow traveller property if there is a constant k£ such that
for any words w,v € £ with d(w,v) < 1 then w and v are k-fellow travellers.

Let w and v be a pair of words as above and a € AU {e} so that wa = v. If w and
v are k-fellow travellers then 1 (t) = w(t) 1v(t) has length at most k for all £ > 0. Thus
for all choices of w and v with d(w,v) < 1 the () lie in a finite set D, the collection of
word differences and AU {e} C D C L. Knowledge of the word differences allows us to
reconstruct the multiplicative structure of G in an automated way.

More precisely, the fellow traveller property is equivalent to the existence of multi-
plier automata M, for each a € AU {$} for G [7], [10]. Each M, is a 2-stringed
automaton whose alphabet is A" x A’, where A’ is the padded alphabet AU {$}. It
accepts the padded pair (w™, v™) for strings (w, v) over A whenever w, v are accept states
of W(G) and wa = v. Here the symbols w™,v™" indicate that the padding symbol $, which
maps to the identity in GG, may be added to the shorter of w, v to make them have equal
length. The automaton Mg recognises identity in G, replacing the condition wa = v by
w=".

The multiplier automata M, for a € AU {$} may be constructed by means of a
word-difference machine, clearly explained in [10] and summarised here. This is really
a collection of new automata, all of which have the same state space, namely the set of
triples (s1, s2, %) such that s1, so are states of L(G) and ¢ € D. The start state is (so, so, €)
where sq is the start state of £(G) and e is the identity of G. For a,b € A there is an

arrow from (sy, so,) to (s%, sh, %) if and only if there are arrows s; — s} and s, LN sh
in the word acceptor and if ¥/ = z—1¢y. In the automaton M,, the state (s1,82,d) is a
success state if s1,s9 are in £ and if ¢ = a.

There is an extra technicality needed to deal with the padding symbol. Namely, we
have to add an extra state to the word acceptor W(G) which is reached when W(G) is in
an accept state and the padding symbol is read. If either of s; or s, is this extra state, then
one or other of z, y as above will be replaced by the padding symbols $ and the condition
" = z— 1y will be replaced by 1/ = ¢y or ¥/ = x—11). Frequently we shall think of these

conditions as commutative squares or triangles of relations between elements in the group.

If we can construct a word difference machine using a finite set of word differences D’,
then we have clearly verified the fellow traveller property and can use the above process
to simultaneously construct all the multiplicative automata M,. The process can be seen
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as concatenating squares or triangles to yield a collection of cross paths in D between all
the prefixes w(t) and wa(t) occurring in the normal forms of any two words w and wa for
a € A. The collection of all those squares and triangles which arise is easily seen to give a
presentation for the group.

We can often use a Markov map to construct a word acceptor. This is analogous to
Mosher’s construction of a word acceptor by reversing the combing process [17]. Suppose
that we have a (fixed point) free action of a group G on a space X and a Markov map f
defined with respect to a partition {X;} of X so that on X; the map f is some element
of G. Suppose that there exists a particular x € X so that for each g € G there is a
non-negative integer n so that f™(gz) = x, and so that n = 0 if and only if ¢ is the identity
e!l. Then we can use f to define a word acceptor for G as follows. There is a special start
state corresponding to x and there is one state for each X; in the Markov partition. For
each X; suppose that f|x, = o; and f|x, = a;: X; — X; U--- U X}. We draw an arrow
from the each of the states X, ..., X} to X; with the label a; ~*. This means that all the
arrows arriving in each state have the same label and all arrows leaving each state have
different labels. (Strictly speaking, there should be arrows leaving each state with every
label in the alphabet. If there are letters in the alphabet that do not occur as labels leaving
a particular state X; then we draw arrows from X; with these labels to a new state called
the fail state. All arrows leaving the fail state return there. In practice we do not use
the fail state and will omit all arrows leading there.) In order to read a normal form for
g € G we consider the word in G obtained by inverting the composition of the particular
values of f arising from f"(gx) = x. This is the same as path through the word acceptor
corresponding to g.

We shall find a suitable set of word differences D by starting from the generating
set A and successively adding more words ) as dictated by the conditions ¢/ = z— 1y
until the collection we arrive at becomes closed under further moves of this kind. The
method is similar to Mosher’s construction of “raising bems” [17]. Since the states of the
word acceptor are elements of the partition of X, the states of the difference machine are
elements (X;, X;,%) for X;, X, in the Markov partition and i) € D. The new relations

will be of the form v’ = m where o; = f|x,. We shall also allow degenerate squares
or triangles corresponding to pairs of states (X;, X;,v), (X}, X;,e) with ¢ = f]|x,, giving
the trivial relation € = 1)—14. During this process of adding new word differences, it will
unfortunately sometimes be necessary to subdivide some of the states X;. This is because
the various word differences 1/ € D may map the state X; to a number of different states on

which the definition of f varies, thus possibly introducing several different variants of the

L This is very close to the property of orbit equivalence: f is said to be orbit equivalent to G on X

if for any z,y€ X then z=gy for some geG if and only if f"z=f"y for some m,n>0.
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relation ¢/ = a;lwaj. Technically, this means that we have to add new states (Y;,,Y},, %)

to the word difference automaton, where the new sets Y;, , Y;, are certain subsets of X;
and X ;. However, these difficulties are also resolved after a finite number of steps, and it
should be clear that from the resulting collection of squares and triangles we can construct

automata as required.

1.3 Multiple simple loops and 7-train tracks.

In what follows we do not use the conventional Thurston theory of train tracks (for which
see [18], [23]) but a variant due to Birman and Series [2]. We will only be concerned with
punctured surfaces and there the theory is much easier. Thus we restrict our attention to
this case. For details see also [12].

A loop on a surface ¥ is a closed curve. A loop is called simple if it has no self
intersections. A loop is boundary parallel or peripheral if it is homotopic to a loop
around a puncture. A multiple simple loop is a collection of pairwise disjoint simple
loops none of which is either homotopically trivial or boundary parallel. For the p times
punctured torus ¥, the maximal number of non-trivial homotopy classes of disjoint, non
boundary parallel curves is p. Thus a multiple simple loop v on ¥, can be written as
miy1 + - -+ + myy, Where m; is a non-negative integer and the «y; are distinct homotopy
classes of simple closed curves on X,.

For definiteness, fix a choice of hyperbolic structure on ¥ and let R C H? be a
fundamental region for our surface whose vertices are all at punctures of the surface!.
Suppose R has sides o, and side pairing maps jux: 0 — o where g = pp =t for each
k. Let R be the closure of R in H?. A m;-train track 7 is a collection of pairwise disjoint
arcs ;: [0,1] — R so that

(i) «;(0) € o and «a;(1) € oy,

(i) aj(N) € R° for A € (0,1),
(iii) at most one arc joins each pair of sides.
(iv) no arc goes from one side to itself. That is, if k£ and [ are as in (i) then k # [.
An arc of 7 is called a corner arc if it joins adjacent sides of R. Each corner arc faces
a particular vertex of R and for each vertex cycle in the side pairing of R we have the
corresponding corner cycle consisting of all corner branches corresponding to the same
puncture.

A weighting w on a m-train track 7 is an assignment of a non-negative number w(a;)

to each arc «; of 7. A weighting is integral if each weight is a (non-negative) integer. We

L Our results are combinatorial in nature and hence independent of the particular hyperbolic structure
chosen. Nevertheless, since the theory of mi-train tracks involves hyperbolic geometry, some choice needs

to be made.
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define the length of w, denoted |w|, as |w| = > w(«a;) where the sum is over all arcs
of 7.

We now explain how to collapse a multiple simple loop to obtain a m;-train track with
an integral weighting. We begin by lifting the multiple simple loop v to the fundamental
region R. The multiple simple loop becomes a collection of arcs, called strands, joining
sides of R. We say that a multiple simple loop ~ is supported on a 7;-train track 7 if,
for every strand of ~ there is an arc of 7 joining the same pair of sides. If v is supported
on 7 we may give 7 an integral weighting w. by assigning to each arc of 7 the number of
strands of v joining that pair of sides. This weighting has the following properties (see [2],
[12]):

(i) For each side pairing py: o — o/, the sum of the weights of arcs with endpoints on

o) is the same as the sum of the weights of arcs with endpoints on o.

(ii) At least one arc in each corner cycle must have weight zero.

The first condition holds because when we perform the gluing coming from gy each end-
point of a strand of v on oy is identified with the endpoint of a strand on oj/. Thus the
total numbers of endpoints on this pair of sides are the same. The second condition holds
because, if not, the strands in corner cycle would join up to give a peripheral loop in 7.

If a (non-negative but not necessarily integral) weighting satisfies (i) and (ii) we call
it a proper weighting. Conversely, every proper integral weighting w on a mi-train
track 7 gives rise to a multiple simple loop 7. This means that in order to study multiple
simple loops it is sufficient to study proper integral weightings on m-train tracks. Let
W (7) denote the collection of all proper weightings on the m-train track 7 and Wy (1) the
collection of proper integral weightings on 7 (see [12]).
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1.4 Irreducible loops and PML.

A mi-train track 7 is said to be recurrent (see [23]) if there exists a proper integral
weighting w € Wo(7) so that w(a;) is non-zero for all branches a; of 7. Such a m-train
track 7 is said to be maximal if there does not exist a recurrent m-train track 7’ so that
7 is properly contained in 7’ in the obvious sense. It follows from Thurston’s theory, or
as one can directly verify in the special cases of concern to us here, that if 7 is a maximal
recurrent train track then the dimension of W(7) is 6g — 6 + 2p where ¥ is a surface of
genus g with p points removed. We call the collection of all proper weightings W (7) on a
maximal recurrent mi-train track 7 a maximal cell.

Any simple loop 7y defines a recurrent m;-train track 7(v) with weights w(y) as above.
A simple loop 7 is said to be irreducible if w(v) # w; + we for any wy, we € Wp (T(’)/))
and w; # 0 for j = 1,2. Clearly there are only finitely many maximal recurrent m-train
tracks. We shall see below that if ¥, is the p-times punctured torus, for p = 1,2, each
maximal cell is the linear span of 2p irreducible loops.

We denote the collection of all homotopy classes of multiple simple, non-boundary
parallel loops on ¥ by ML (X) and the collection of all measured geodesic laminations
on ¥ by ML(X). It is a theorem of Birman and Series [2] that MLp(X) and ML(X)
can be identified with the collections of proper integral weightings and proper weightings
respectively on 7i-train tracks on ¥. For ML (X) the proof of this follows the outline
given above. If w € ML(X) then clearly w is contained in some maximal cell W (7). Thus
ML(Y) is the union of maximal cells W (7;) where 7; runs over all maximal recurrent ;-
train tracks on X. This gives ML(X) a natural cell structure. In the cases we are interested
in, namely ¥; and 39, we shall prove (Propositions 2.1.1 and 3.1.2) the following result.

Proposition 1.4.1. For p = 1,2 let X, denote the p times punctured torus. There are
finitely many irreducible loops e, ...,e on X, so that for each maximal m-train track
T the corresponding maximal cell W (1) is the positive linear span of 2p irreducible loops:
W(r) =sp*{ei,,...,ei,, } wherei; € {1,...,k}. Also the intersection of two cells is

W(r)NnW(r') =sp™ ({eil, e, e, .. .,eiép}>

where
W(r) =sp{ei,...,ei,} and W(r') =sp*{ey,..., ey }-

The space W (7) may be projectivised in a natural way to obtain PW (1) and similarly
Wo(T) can be projectivised to obtain the set of rational weightings PWy (7). The space
PML = PML(Y) is the union over all 7 of the corresponding cones PW (7), which we
call m1-cones, glued along their lower dimensional common simplices as in the proposition.
We denote the union of all rational weightings PWy (1) by PMLp(X). Using the Birman-
Series identification, the space PML(X) can be naturally identified with the space of
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projective measured laminations on >, shown by Thurston to be a sphere of dimension
6g — 7+ 2p [18]. Thus in our two examples, we expect PML(X1) and PML(XEs) to be S*
and S respectively. In each example we shall first determine the maximal cones. Gluing
up using Proposition 1.4.1 will allow us to see explicitly how the spheres S' and S® are
formed.

1.5 Dehn twists and the mapping class group

The (orientation preserving) mapping class group MCG = MCG(X) of X is the group of
isotopy classes of (orientation preserving) automorphisms of ¥, see [1] or [17] for example.
That is, an element of MCG is an (orientation preserving) homeomorphism of ¥ to itself
and two such homeomorphisms give the same element of MCG if one can be deformed to
the other isotopically along a continuous path of homeomorphisms of ¥ to itself. There is
a natural action of the mapping class group on Teichmiiller space of ¥ as the Teichmiiller
modular group. This action can be extended to PML(X), [24], and it is this action we
will consider here.

Let w be a simple closed curve on a surface ¥ parametrised by & € [0, 1] where I,
is the length of w. Consider a small tubular neighbourhood around w in ¥ and denote
this by N, = [0,1] x w. We define a homeomorphism of ¥ called (left) Dehn twist
about w (see [1] for example) denoted d,, as the identity on 3 — N, and by requiring that
(n,€) € [0,1] x w is mapped by d,, to (n,& — nly) where n € [0,1] and & — nl,, is defined
mod [,,. Observe that if = 0 or 1 then d,, is the identity. By a well known result of Dehn
[6], the (orientation preserving) mapping class group is generated by Dehn twists.

We will produce a set of Dehn twists which we shall show are generators for the
mapping class groups of ¥; and ¥,. We will then investigate the action of these Dehn
twists on the piecewise linear structure on PML(X,) given by m-train tracks. In particular
we show that the Dehn twists act piecewise linearly on PML(X,) with respect to this
piecewise linear structure. Moreover, the action also restricts to an action on PMLop(X,).
This gives a piecewise linear action of MCG on PML and PMLe respectively.

This action is not free in the sense that there are elements of PM Ly which have non-
trivial stabilisers in MCG. For example, performing a Dehn twist about w fixes w and any
curve disjoint from w. In order to construct a Markov map whose orbits describe MCG we
need to find a (fixed point) free action of MCG on a suitable space Y. For the case of the
once punctured torus, Y will be the space of (ordered) Farey neighbours, that is, pairs of
curves which intersect exactly once. For the twice punctured torus we will generalise this
idea by defining quadruples of curves in a special topological configuration which we call
Farey blocks. The space Y of Farey blocks will admit a free action of MCG(%s).

11
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2. The mapping class group of the once punctured torus.

In this section we carry out the construction of mi-train tracks, a Markov map and an
automatic structure for the once punctured torus. Much of the material in this section
is, to some extent, well known. However, we shall adopt a non-standard view point. The
reasons for including this section are two-fold. First, the main structure of the argument is
the same as for the twice punctured torus. Thus it will serve as motivation and a guide for
what follows, explaining the main ideas with computations of a much more manageable
scale. Secondly, when we are dealing with the twice punctured torus there are several
steps in the construction of the Markov map and automatic structure. One of these steps
is essentially the construction we present in this section. This will save us considerable
effort later on.

In sections 2.1 and 2.2 we show that certain elementary Dehn twists act on ML(3)
exactly like the continued fraction map on R U {oco}. In section 2.3 we construct the
Markov map and in sections 2.4 and 2.5 we explain how it gives the automatic structure

for MCG(X2,) = PSL(2,7Z).

2.1. m;-train tracks and the cell structure of ML(%,).

As remarked in section 1.3, we start by fixing a definite hyperbolic structure for ¥, and a
fundamental domain R; C H? for the action of 71 (X) on the hyperbolic plane.

Fig. 2.1.1. A hyperbolic fundamental domain R; for 3, where S, T denote S—!, T~1.

The fundamental domain R; we choose is the standard rectangular one with opposite
sides identified by side pairings which match the midpoints of the sides. The region R;
has four vertices all of which project to the puncture of ¥; (see Fig. 2.1.1). We label these
v1,...,vs in clockwise order. Writing v;v; for the side joining v; to v;, the side pairings

12
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will be S carrying vyvs to v4v3 and T carrying viv4 to vovs. The maps S and T correspond
to homotopy classes of simple closed curves which freely generate the fundamental group.
We now introduce the irreducible loops that will form the basis for ML(X;) as ex-
plained in Proposition 1.4.1. They are defined as follows (see Fig. 2.1.2.1):
ep consists of a single arc joining vivo and v3vy;
e; consists of an arc joining vyv9 and vovg and an arc joining vsvs and v4vq;
e, consists of a single arc joining vovz and v4vy;

e_; consists of an arc joining vov3 and vzvs and an arc joining v4v; and vqvs.

We mention in passing that one may also define these loops in terms of the cutting se-
quences as discussed in [3] or [22]: eg = S, e1 = ST, € =T and e_; = S7T. (Since the
loops are unoriented, strictly speaking eg = S or S~! and so on.)

% & & €1

Fig. 2.1.2. The elementary m-train tracks.

Next, we define cells in ML(X;1). We show below that these are maximal. The cells

are:

Iy =sp{ep,e1}, L1 =sp'{eg,e1}, lo=sp'{ex,e_1}, I3=sp{ex, e}

Proposition 2.1.1. The cells Iy, I, Is, I3 are maximal and their union is ML(X1).

Proof. It is sufficient to show that no extra arcs can be added to any of these four -
train tracks, and that any loop is supported on one of them. This is carried out in the
appendix to [2]. For convenience we reproduce it here.
Clearly, any maximal 7;-train track on »; must have one of the two forms illustrated
in Fig. 2.1.3. Summing the weights over the two pairs of identified sides and cancelling a
we obtain two equations
b+e=c+d, b+c=e+d.

We may solve these to obtain b = d and ¢ = e. Now we know that on the corner cycle
we cannot have all the weights non-zero. Thus b = 0 or ¢ = 0. Since all the weights are

L For simplicity we draw R; as a Euclidean rectangle in what follows.

13
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non-negative, this means that there are four configurations of m;-train track corresponding
to non-boundary parallel, simple loops on ;. O

Notation 2.1.2. By Proposition 2.1.1 any simple closed curve v may be represented as
ae; + be; where w(y) € I, = sp™{e;,e;} for some k = 0,1,2,3. We always write the
ordered pair (a,b) to represent aeg+bey if w(y) € Iy, aeg+be_1 if w(y) € 11, aes +be_1
if w(y) € Iy or aes + bey if w(y) € Is.

0) (i)

Fig. 2.1.3. The two possible configurations for a maximal weighted 7;-train track on R;.

The notation for the e; has the following rationale. Regard R; as a square with v
in the bottom left hand corner, and side pairings which are Euclidean translations. By
Proposition 2.1.1 above, any simple closed curve + on ¥ is supported on one of the four
maximal cells I;. Thus, up to homotopy, 7 is equivalent to a family of parallel Euclidean
straight lines across R;. Lifting to the Euclidean universal cover of R;, that is R?, such a
family of lines links to form a line of rational slope on the plane. With this identification,
it is clear that the curve we have labelled e; has slope j.

Fig. 2.1.4. The line of slope 3/5 drawn on R; and as a weighted 71-train track.

14
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More generally, we obtain an identification of PML(¥;) with the extended real
line R U {oc} by mapping (a,b) € Iy to the point b/(a + b), (a,b) € I; to —b/(a + 1),
(a,b) € I to —(a 4+ b)/b and (a,b) € Is to (a + b)/b. An example, the curve represented
by (2,3) = 2eg + 3e; € Ij is shown in Fig. 2.1.4. This corresponds to the line of slope 3/5
in R2.

The maximal cells Iy, I, Is, I3 have their boundaries identified as in Proposition 1.4.1.
In this case it is easy to see that [y NI} =spT{ep}, 1Nl =spt{e_1}, [sNI3 =spT{ex}
and I3 NIy = spt{ep}. The other two intersections are empty. This is illustrated in
Fig. 2.1.5, from which one clearly sees that PML(X;) ~ S'. We remark that in the
appendix to [2], Birman and Series considered oriented curves and so found a different cell
structure for ML(%4).

o
D
8
I
o

b eO: b

Fig. 2.1.5. The partition of ML(%;) into maximal cells.
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2.2 Dehn twists and the mapping class group

Let the Dehn twists about e,, and ey be denoted by dy and d; respectively. We now want
to investigate the effects of these twists on the projective structure on the space of train
tracks constructed in the previous section.
In order to simplify things we will make use of some natural symmetries of R; and
the 7 train tracks we constructed above. These symmetries are defined as follows:
t1 interchanges the pairs (v1,v4), (ve, v3);
Lo cyclically permutes the vertices sending v, to vs, v9 to v3 and so on;
t3 fixes v1 and vs and interchanges (ve,vy).

In addition, we will sometimes write o for the identity map.

Observe that applying (o twice we get a rotation of Ry by 180° which interchanges
v1, vz and ve, v4. Even though this is not the identity on R; it does act as the identity on
each of the I;. (This map is just the map which sends any curve to itself with the opposite
orientation.) The ¢; act on PML(X,) as the Klein 4-group. On these irreducible loops
this action is given by:

l1:€g €p, €1 > €_1, € €, €_1 €1,
l2:€g—— €, €1 ——¢€_q, €o0 — €y, €_1+—¢€q,

l3: €0 —— €, €1 FH—— €y, €oo— €9, €_1+—>€_1.

Note that the action of the symmetries extends naturally to the cells I;. Moreover, the
action is given by ¢;(ly) = I;.

The benefit of applying these symmetries is that we only need consider the action of
dp on ML(X1). The action of 5o~ ! and 6, F! will follow by symmetry as follows. We claim

that
1dot1 =00 " 1adota =81 136pLz =01 "
L151L1 = 51_1 L251L2 = 50 L351L3 = 50_1.

This is because ¢; and t3 reverse orientation and so conjugate right Dehn twists to left
Dehn twists, while ¢t preserves orientation but interchanges ey and e.

Applying a Dehn twist to a weighted m;-train track sometimes results in an unre-
duced 7;-train track, that is a m;-train track which may have arcs with both ends on the
same edge of the fundamental domain. An unreduced 7i-train track satisfies conditions
(i)—(iii) given in section 1.3 but fails to satisfy (iv). The process of converting an unreduced
(weighted) 7r1-train track into a (reduced) i-train track is called pulling tight. Suppose
that the unreduced m;-train track 7 has an arc « from the side oy to itself and that this
arc has weight w(«). Suppose also that 7 has a proper integral weighting. We begin by
converting it into a multiple simple loop v on ;. This means that we replace each arc «;
with weight w(c;) by w(a;) strands joining the same pair of sides as «;. In particular we
have w(«) strands from oy, to itself. We now perform a homotopy of ¥ which will remove
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the intersections of all these strands with 0. This is done as follows. We can always choose
an innermost strand 3, which together with an arc of o, bounds a disc in Ry containing
no other strands. Suppose that the endpoints of # on o are x4 and x_. Now consider
the images of x; and x_ under the side pairing map . These are points of o/ that are
ends of strands B4 and [_ respectively. (To find out which strands, put an orientation
on oi and oy consistent with pi and then count endpoints from the corresponding ends
of o and oys.) The other endpoints of 5, and [_ are points y; and y_ on sides o4 and
o_. We replace 3, 3, and B_ by a single strand @ from y, to y_. It is clear that this
strand can be drawn disjoint from the other strands of v. We have reduced the number
of strands by two. This process clearly terminates after a finite number of applications,
giving a multiple simple loop which has no strands with both endpoints on 0. Repeating
for all £ gives a reduced m-train track on R; with a proper integral weighting.

Proposition 2.2.1. Let (a,b) € Iy. The Dehn twists act on Iy as follows

do(a,b) = (b,a+0b) € I3
o~ (a,b) = (b,a) € Iy
d1(a,b) = (a—b,b)ely ifa>Db

(b—a,a)€els ifa<b

(51_1(6L, b) = (CL + ba b) S IO~

Proof. This follows directly from the linearity theorems in [2]. We include an alternative
proof as an illustration of how we manipulate m;-train tracks. It is illustrated in Fig. 2.2.1.
We begin with the train track for a general integral point (a,b) € Iy. We want to perform
the Dehn twist (5;#1, for j = 0,1, about the curve ~; which is either e, or ey respectively.
We draw a tubular neighbourhood about v; as a strip going from one side to the opposite
side. This strip is bounded by dotted lines in the figure. The Dehn twist is the identity
outside this strip and inside the strip fixes one boundary component of the cylinder about
v while rotating the other component one whole turn. In between we interpolate linearly
so that an arc of a train track which went straight across is now wrapped once around the
cylinder before emerging on the other side. It still carries the same weight which represents
the number of strands in the corresponding multiple simple loop. In the cases illustrated
in the top or bottom diagrams in Fig. 2.2.1, all that remains is to gather together arcs
whose endpoints lie on the same sides and add their weights.

In the middle two cases in Fig. 2.2.1 we need an intermediate step. Namely the image
train track is unreduced so that we need to pull tight. In the first case, that is 5071(a, b),
the unreduced arc joins the bottom side to itself and has weight b. Convert the train track
into a multiple simple loop by drawing w(«) strands joining the same pair of sides as «
for each arc o with weight w(«). This gives b strands joining the bottom side to itself.
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O

— tatb

b ab a>b
b a |y, |d al” M
b/ m—

a b:;a<b
b a —_V'b atb
b/ }/

Fig. 2.2.1. The action of Dehn twists on points of Ij.

Reading from the left, the first b endpoints of strands along the bottom edge are joined to
the next b strands in the reverse order. Likewise reading from the left, the first b strands
on the top side are ends of strands all joining the left hand side and the next b strands all
join the right hand side. Thus we may pull all b simple loops tight at once by replacing all
3b of these strands by b strands joining the left and right sides. The result after converting
back to a mp-train track is shown in the right hand column.

For §1(a,b) we perform the same process but the result is slightly more complicated.
Now we have an arc of weight b joining the right hand side to itself. When we convert to
a multiple simple loop this arc becomes b strands which, reading from the bottom, are the
first b strands on the right hand side. These are joined to the next b strands on the same
side. On the left hand side the first b strands from the bottom have their other endpoint on
the bottom side. However we need to take care when finding the next b strands. If a > b
these next b strands join the right hand side and we may pull these loops tight to obtain
b strands joining the bottom side to the right hand side. There were a — b strands joining
the left and right sides which we have not used and these remain after pulling tight. In
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the case where a < b we can pull a strands tight in this way. There remain b — a strands
joining the right hand side to itself. Their other ends join the left and top sides. Thus
after pulling tight we obtain b — a strands joining the top and bottom sides and a remain
joining the left and top sides. After reconverting to 7 -train tracks one obtains the result,
again shown in the right hand column.

To complete the proof for general weightings (a, b), note that we can clearly obtain the
result for proper rational weightings by clearing denominators in ML (X1). The result
for general w(a) follows by continuity. O

It is well known that the Dehn twists dg and ; generate the mapping class group
MCG(X1). In fact we have 15 = §15001. Together with 15d110 = Jp and the fact that o has
order 2 this immediately gives

5150(51 = 5051(50, ((50(51)3 = €.
It turns out that this gives a presentation of MCG(X%1):
MCQ(El) = <50, 51‘51(5051 = 50(5150, ((50(51)3 = 6>.

This may be seen either using standard facts about the modular group or can be deduced
from the automatic structure given below, see section 2.5.

In order to obtain the identification of MCG(3%;) with PSL(2,Z), consider the identi-
fication of PML(X;) with RU{oo} given in section 2.1. It is easy to see that after making
this identification, the action of §y and é; on RU {oo} is given by

do:x—x/(—x+1), dp:xr—ax+1.

Notice that this is essentially the same as the continued fraction map explained in section
1.1. We see that to: 2 —— —1/x. If we had been considering oriented curves as in the
appendix of [2] it is clear that o2 would fix each non-trivial, non-peripheral curve but
reverse its orientation. This corresponds to the matrix —/ and we would have obtained an
action of SL(2,Z) rather than PSL(2,Z).
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2.3 The Markov map and Farey pairs.

We will now define a Markov map f; on ML(X;) from which we shall construct the desired
automatic structure for MCG(X;1). The Markov partition of ML(X;) will consist of the
four maximal cells Iy, I1, Is and I3. These cells are closed and therefore intersect along
their boundaries. This gives rise to ambiguities, but this will not present a problem. The

+1 +1
751

map f1|7; will be chosen from {dg } in such a way that f; has the required Markov

property.
Lemma 2.3.1. 51 (Io) = IO U Ig.

Proof. By Proposition 2.2.1 we see that §,(ly) C Ip U I3. Also 61_1(]0) C Iy and
(5171(13) = L350L3(L3[0) = Lg(so(l()) - Lg(lg) = Iy. This gives the result. ]

We now define fi|7, = 0, and fi|;, by symmetry. In summary f; is defined as

fill, =01 lo—— o U I3
fil, =0 L — L UL
filr, =00 L— LU
filr, =00 1 I3 — Ig U Is.

On a boundary I; N I; the map is considered to be two valued. By Lemma 2.3.1 the map
f satisfies the Markov property of section 1.1.

The following lemma will be crucial for constructing the automaton. Recall the def-
inition of length given in section 1.3. In this case we can see by direct inspection that if
w = (a,b) € I; then |w| =a+2bfor j =0,1,2,3.

Lemma 2.3.2. Let w € MLp(X;1) be a proper integral weighting on a m-train track .
Then |f1(w)| < |w| with equality if and only if w = aey or aey, for a € N.

Proof. This is easy to check from Proposition 2.2.1. 0

The rough idea of the construction of the word acceptor for MCG(X;) is to use the
four cells Iy, I, Is, I3 as states and to define arrows using the transition matrix associated
to the Markov map fi. However there is a problem with this idea, namely MCG(31) does
not act freely on ML(X1). In other words, ¢y =+ for ¢ € MCG(X1) and ~ a simple loop
on X does not imply that ¢ is the identity. We therefore need to consider the action of
MCG(%1) on a space of slightly more elaborate objects on which the action is fixed point
free. To this end, we introduce the notation of a Farey pair.

Two (homotopy classes of) simple closed curves on ¥ are called Farey neighbours
if they (have representatives that) intersect exactly once. Notice that this condition auto-
matically implies that these curves do not divide the punctured torus so neither of them can
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be boundary parallel or homotopically trivial. We consider ordered pairs of Farey neigh-
bours (71, 72) which we refer to as Farey pairs. It is clear that (eg, e~ ) and (e, eg) are
both Farey pairs. We denote the set of all Farey pairs by F.

It is easy to see the Farey pair (e, e~ ) has trivial stabiliser in MCG(%;) and that,
for any other Farey pair (71, 72), there is an element ¢ of MCG(X;) sending it to (eg, €xo)-
As (eg, ex) has trivial stabiliser this element is unique. In particular, ¢ sends (e, €g) to
(eo, ex). Fortunately, the notion of Farey neighbours is compatible with the cell structure
of ML(%;) in the following sense.

Proposition 2.3.3. Let (y1,72) be a pair of Farey neighbours. If {vy1,72} # {€o, e}
then vy, and 2 are both contained in I; for some j = 0,1,2,3.

Proof. The easiest way to see this is to use the well known fact that, using the identifica-
tion of PML(X,) with RU{occ} given in section 2.1, a pair of Farey neighbours corresponds
to a pair of rational numbers p/q and r/s with ps — qr = +1, see [20]. Provided we have
{xp/q, £r/s} # {0 =0/1,00 = 1/0}, it is clear that p/q and r/s are both contained in one
of the intervals [—oo, —1], [—1,0], [0, 1] or [1, cc]. The result follows from the discussion in
section 2.1. U

On a cell I;, the map f; is constantly equal to a fixed element «; of MCG(%)
with possible ambiguity at the endpoints. Proposition 2.3.3 allows us to extend the ac-

tion of f1 to F — {(eo;€x), (€, €0)} by defining fi(y1,72) = (@;(71), ;(72)) when-
ever 7, and 2 are both in I;. (Notice that this automatically takes care of the am-
biguities at the endpoints.) Since the mapping class group preserves Farey neighbours,
it follows that (a(71),(72)) € F and we can continue to iterate f; until possibly

fi"(y,72) € {(eo,eoo), (eoo,eo)}. The following shows that the iteration process will
always terminate in this way. It is an immediate consequence of Lemma 2.3.2.

Lemma 2.3.4. Suppose (71,72) € F and {v1,72} # {€0, € }. Then

[y + 1 fi(v2)] < |7l + el

t

Suppose now that ¢ € MCG(X;). Since the condition of being Farey neighbours is
topological, the pair (¢(e0), ¢(eoo)) is always a Farey pair. Our normal form results from
the following proposition.

Proposition 2.3.5. Let ¢ € MCG(31). Then there exists a non-negative integer n so
that L2€f1"(¢(e0), qﬁ(eoo)) = (ep,€00) where e =0 or 1.

Proof. This follows immediately from the above discussion and Lemma 2.3.4. U
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Remark. This proposition shows that the actions of f; and MCG(X;) on the space of
Farey neighbours are orbit equivalent. In other words, for any pairs of Farey neighbours

{71,72} and {¥{,~4} we have

{’717 ’75} = {¢(’71)7 ¢(72)}

for ¢ € MCG(X,) if and only if there exist non-negative integers m, n so that

fi" {72t = A" e

The concept of orbit equivalence is of considerable importance in ergodic theory since any
properties depending on only on the orbit structure, for example invariant measures, can
now be studied relative to f; rather than the group MCG(X;). In particular, we have
shown that the action on the space of Farey neighbours is hyperfinite, see [5]. This
should be compared with the analogous results for Fuchsian groups in [4], [22].

2.4 The normal form and the word acceptor.

Let us denote the exceptional Farey pairs (eg, €~ ) and (e, €g) by Ky and K5. We extend
the definition of f; by setting fi|x, = to = e and f1|k, = t2 = 010001. Thus we can write
F=ILhULUILLUI3UKyUKS,.

The point of Proposition 2.3.5 is that it allows us to define normal forms for elements
of MCG(%;) in the following way. For any ¢ € MCG(X), the pair (¢(eo), ¢p(ex)) lies in
some cell, U,, say, where U,, is one of Iy, ..., I3, Ky, Ko. As we apply the map f; we move
through a sequence of cells

Un—>Un—1 U1 UO ZK().

Here each cell U; for j > 2 is one of the four cells Iy,..., I3 and U; is one of the five
cells Iy, ..., I3, K3. At each stage, fi|u, = o, a fixed element in the set {50i1,61i1} (or
possibly o if U3 = K3). Thus we have

fi" (d(e0), dlexs)) = (a1az - and(en), 1as - - and(es)) = (g, €x).

Since MCG(X1) acts freely on the space F this shows that ajas---a,¢ = e giving the

_]_.

normal form ¢ = o, ! ---a;~!. In particular, we have shown that {5Oi1, 61i1} generate

MCG(3).

For example, suppose that ¢ = §p°81. We claim that the normal form for ¢ is dod; ~*to.
From Proposition 2.2.1 we see that ¢(eg) = (1,1) € I3 and ¢(e~) = (0,1) € I3. Thus we
need to find the fi-expansion for the Farey pair (¢(eo), ¢(ex)) € I3. Applying fi|r, = .
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we obtain fi¢(eg) = (0,1) € Iy and fi¢(ex) = (1,0) € Iy. Applying f1|1, = 01 we obtain
Ks. Applying fi1|k, = t2 brings us back to K. Thus

£1° (B(e0), plexs)) = (120160 ' p(en), 120150 Plexs)) = (€0, €c)-

From Proposition 2.3.5 we see that L2(515071¢ = e and hence ¢ = 5061*1@ as claimed.

Now we follow the procedure outlined in section 1.2 and construct a finite state au-
tomaton that recognises our normal form. We have just extended the definition of f; to
the F, the set of Farey pairs:

fil, =01 lo— IpUI3UKyU Ko
fil, =6 2L — UL UKyUK,
filb =900 la— 11 UL UKy UK>
filn, =680t 13— Ip U I3 U Ko U Ky
filk, =e Ko+— K

filk, =12 Ko +— K.

In order to define the word acceptor, we define six states labelled Iy, I, I, I3, Ky, K>
and we draw an arrow from state U to state V labelled by a if U C f1(V) and f1]y = o™ 1.
The start state is K. It is clear that there is at most one arrow with a given label from
each state and that all arrows ending at a particular state have the same label. Any path
in this graph beginning at Ky and following arrows in the given direction gives the normal
form for an element of MCG(X;) by reading the labels on the arrows in the order given
by the path. Moreover any ¢ has a unique normal form given in this way. The word
acceptor is shown in Fig. 2.4.1. We remark that because we are dealing with composition
of functions we read all strings from right to left. Perhaps it is worth pointing out that
the normal forms that this word acceptor produces all have the form W (dy, (51*1)6 or
W (™", 61)5 where W(a, () is any string in the letters o and 8 and ¢ is either 0 or 1.

For example the element ¢ = §,26; considered in the example above corresponds to
the following path in the word acceptor
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5_1
1

0

0

3

Fig. 2.4.1. The word acceptor.

2.5 The word difference machine.

In order to produce an automatic structure for MCG(%1) we now explain how to construct
the word difference machine as explained in section 1.2. We must find a finite set of words D
in MCG(%1) called the word differences. This set should have the following properties:
First D should contain the identity e and all the letters of the alphabet A. The second
property is slightly more complicated. Suppose that ¢» € D and U, V' are two subsets of the
I; for 5 =0,1,2,3 or K, for j = 0,2 with the property that ¢)(U) = V. Let fi|y = a and
filv = B denote the restriction of f; to U and V. Here o and 3 are particular elements of
the alphabet A. Then v’ = Bia~! sends a(U) to 3(V) 1. Our second requirement on D
is that for all ¢ € D we should have ¢’ € D for all choices of U and V. This means that

we get a commutative diagram which we call a square:

1% (*)

»
a(U) —= (V)
This square corresponds to the relation ¢’ = Bya~! in G.
We want to be able to concatenate squares vertically. In general a(U) and B(V') will
contain points in several elements of the partition of F into I; and K;. This means that

L This differs from the expression in section 1.2 as we are now reading strings from right to left.
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f1 may not be a fixed element of MCG(X1) on a(U) and B(V). Let U’ and V' be subsets
of a(U) and B(V') which each lie in a single set in the partition and satisfy ¢'(U’) = V.
We are always able to subdivide «(U) and (V') into finitely many pieces for which this
property holds. Since U’ and V' are each contained in a single set of the partition, the
restriction of f; to each of these two sets is a fixed element of MCG(X1). In this way we

can now construct several squares

’

v v ©

o (U) 2 B(V)

each of which may each be placed below (*). In other words, we may concatenate squares
vertically.
A special case is where the word difference is the identity e

&

U U
|
a(U) —=> a(U)

For example, if U = Iy, V = I; and ¢ = 6o~ ' we can construct the following square.
This may be verified using Proposition 2.2.1 and the discussion in section 2.4.

8ot

Iy I
f110:51l/ lfl|11=511
IoLJIgUK()UKQTIlUIQUK()UKQ

In order to concatenate vertically, we need to subdivide the sets in the bottom line of this
square. It could be followed by squares whose top lines are one of

Iy —2> I, I, —2>1, Ko ——> Ko, Ky —2> K.

For example, it could be followed by the following square with U’ = I and V' = I5:

L2

Iy I
f1|10=51l \Lf1|12=50
I()UIgUK()UKQTIlUIQUK()UKQ
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In order to simplify such diagrams, we make the following definitions
QOII()UI:),UK()UKQ, Q2211U12UK0UK2.

If » = a or ¢ = B! we define degenerate squares, or triangles as follows. In the
case where 9 = «, we do not apply fi to V. This means that V' may contain points from
several sets in the partition, indeed we can take V = a(U). Likewise if ¢ = 371 we define
a triangle by not applying f1 to U. Again U may contain points from several sets in the
partition and we may take U = B(V'). In both cases v’ is the identity map e:

v— " ey sy (%)
| )
Y'=e YP'=e
a(U) B(V)

We now show that we can take the set of word differences to be
D = {67 507 50_17 517 51_17 L2}-

We first display all squares and triangles for which U is (a subset of) Iy. In the cases
of triangles where ¢ = 37! then we replace U by 3(V) and include the cases for which
Iy C (V) in our list.

5o 5ot

L2

Qo ——1I3 Iy ——1, Io—>Q0 Q0—>IO Iy —— 1
RN B I R N I B
Qo QOT>Q2 Qo Qo Qo —> Q2

The squares and triangles where U is (a subset of) I, I or I3 or where G(V) = Q2 may
be obtained from these by symmetry.

Finally, suppose that U is either Ky or K. If the word difference 1 is (5ji1 for j =0,1
the relevant squares and triangles have already been included in the above list. Moreover,
for such word differences the new word difference 1)’ is e. On the other hand, if the word

difference is 15 we obtain triangles

K0L>K2 K2L>KO
N
K Ky
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(8 ,.5,)

Fig. 2.5.1. The (asynchronous) word difference machine. In addition there are edges
from e to itself labelled (dg, dg), (50_1,50_1), (61,01), (6171,6:71) and (12, 10).

We now explain how to construct the word difference machine from these squares and
triangles. Following the outline in section 1.2, the states of the machine should be any
triple (U, V, ) which appears as the top line of one of our squares or triangles. However,
since the only function of the choice of U, V is to determine the value of the map f, we
may as well take the states of the word difference machine to be the elements of D. The
arrows will be ordered pairs (z,y) € AU {—} where x and y are essentially the inverses
of a and f. In other words, given a square of the form (x) we draw an arrow from 1’ to
¥ and label it (a~!,371). Similarly the triangles (%) correspond to arrows from e to v
labelled (a1, —) and (—, 37!) respectively. We illustrate this in Fig. 2.5.1. In addition
there should be arrows labelled (o, «) from e to itself for all a € A.

It is automatic from our construction that for any path in the word difference machine
with strings of labels (o; =%, 3;7') the strings of labels ;' and ;' are both paths
through the word acceptor.

A result of this construction is that we have verified the presentation for MCG (%)
given in section 2.2 (compare the proof of Theorem 2.3.12 of [7], page 51). In order to see
this, observe that any closed path through the Cayley graph can be decomposed into a
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union of triangles each of which has one side of length at most one and of which the other
two sides are paths in normal form leading back to the identity. This forms a van Kampen
diagram for the closed path by covering it with squares and triangles of the form we
have constructed above. One can easily verify that each of these squares and triangles
corresponds to a relation which may be derived from 1600, = 69019 or (5pd1)> = e.

This has essentially constructed a 2 stringed automaton for the word difference ma-
chine. There is still a technical problem to be overcome. Namely, the word difference
machine is asynchronous. This is because some of the labels have the form (o', —) or
(—,371). In fact, this will occur exactly once when we are dealing with pairs of elements
of the group which differ by a word of length exactly one. Specifically, the first time the

” in one of

normal forms of the prefixes from the word acceptor differ we see the symbol “—
the strings in the word difference machine. This is because all arrows from e to any other
state have this form and no other arrow does.

In order to rectify this difficulty we need to synchronise the word difference machine.
This is done as follows. In the definition of a two stringed automaton, we need to put a
padding symbol $ at the end of one of the words to ensure that they have the same length.
Thus we need to move “—” in the middle of the word to a $ at the end of the word. This
is achieved by adding to our set of word differences the diagonals in each square. That
is, for squares of the type (x) we add the diagonal word differences 311’ = a~! and
B = 'a. (We remark that it is easy to see by inspection that this new word difference
can be rearranged to the form Lgéjil for j = 0,1.) This has the following effect. Suppose

1042710{37105471

the normal forms from the word acceptor for words differing by ¢ are oy~
and 31 'y tau~!. Below we give the path in the word difference machine above (read
from bottom to top), the corresponding squares, the amended squares and finally the path

in the synchronised difference machine.

Y1 Ux U1 s Vi (0}
(7617 h) o & a1 e (a171,9)
S R o )
(™ ',8271) o2 \ﬁ B1 az B1 (a2~ ",817 1)
3 Us Vo Us N 2 (O
(az™t,—) as % B2 as B2 (™82~ 1)
e U, —==U, U, ——=1U, e
(s Hos™h) Qg Qg g a4 (aa™Haa™t)
e Us —— Us; Us —— Us e
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Here 15, 13, ¥4 and 5 are chosen so that the middle two diagrams commute. It is clear
how to change the word difference machine in the light of this example. Of course there are
now rather more states and arrows in the synchronised difference machine. In particular,

the new states are

/ —1 —1 1 1
D' = {e, 00,60 ~,61,01 ,t2,t200,L200 , 201,201 "}
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3. Train tracks for the twice punctured torus.

We now turn our attention to the twice punctured torus Ys. We want to mimic the
constructions of the previous section. As we shall see, at every stage the basic ideas are
the same but the implementation is considerably more complex.

3.1. The cell structure of ML(X,).

The construction of m-train tracks for the twice punctured torus was given in [12]. For
convenience we go through this briefly.

Fig. 3.1.1. A hyperbolic fundamental domain Ry for Y.

Once again, we fix a hyperbolic structure on ¥y by specifying a fundamental polygon
for the action of 71(X3) on H?. The fundamental domain Ry that we choose to work
with has six vertices, all of which project to punctures of 5. We label these vq,... ,vg
in clockwise order. The side pairings will be S; identifying vivs to vqvs, So identifying
vgv1 with vsvs and T identifying vsvg with vgve. We assume that S7, So and T" match the
endpoints of the respective sides. It is clear that v; and v4 project to one puncture and the
other four vertices project to the other. The maps S1, S5 and T correspond to homotopy
classes of simple closed curves that generate the fundamental group 71 (3s).

We now introduce the irreducible loops that will form the basis of ML(3s). Fig. 3.1.2
is a schematic picture of the eleven loops as they appear on the fundamental domain Rs.
The end of a strand on one side of Ry is glued by a side-pairing transformation to the
corresponding end of the paired side. Thus shortest words representing these loops can be
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e 0 eml eo;l e 11
e 0 eoi eo—ol e ll
€ e; el

Fig. 3.1.2. The irreducible loops on 5.

either computed directly or read off using the method of cutting sequences, see [2], [3] or
[12]. For example, in the loop e} there are three strands. The end of the strand on v4vs is
glued to the end on vyvs; the end on vev3 is glued to the end on vsvg, and the end on vsvy
is glued to the end on vyvg. Thus the cutting sequence is S17'S5, which as one may easily
verify represents this loop in 71 (X3). Since we are only interested in the unoriented loop
up to free homotopy, any cyclic permutation of this sequence or its inverse would work
just as well. The full list of cutting sequences for loops is

e =5, el =57, el =9,"'T, e, =5T5"

ep =Sy, e =TS, e, =TS ',  e'=8""1TS,,
eX =T, el=8TS, e’1=5"'TS""

The reason for our notation is the following. If we split Rs into two boxes, the upper
one with vertices vy, vg, vz, v4 and the lower with vertices vy, v4, vs, vg (see [12]) then
eg has gradient ¢ in the upper box and j in the lower box. Where there is no superscript
(subscript) then the relevant loop has no arcs in the upper (respectively lower) box. This
idea is developed further in [12].
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A, A, A, A,
crd brc+d brctd btord
a a a a
L c 4 L c 4 L 4 L _
d d (e d d
c
b b b b
d C d C d atc d atc
A5 A 6 A?
d d c+d
a c a c b a
d d
d
b b c
c+d a c+d a d p/

Fig. 3.1.3. Generic points in the maximal cells Ay, ..., Ar.

We now define 28 cells A; in ML(Xs).
meeting only on lower dimensional faces, and their union is ML(Xs).

As we shall show, these cells are maximal,

A, =spt{e’ eg, e, e |}, Ay =spT{e’ el el e},
As =spT{e°, ep,el, e’ |}, Ay=spT{e* el el e},
As =spT{e®, ep, e, e |}, Ag=spr{e® el e, e},
A? = Sp+{e£7e(1>ovec1>ovel—1}'
Ag = Ser{eanan:%ael_l}v Ag = sp*{eo,egol,ej,el_l},
A10 - Ser{e(zolveOve:%?el_l}? A11 - Ser{e 17eoo 7e 17 1}
Ay = Sp+{e£, eiolv ec:olv el_l}'

A5 =sp{eg,e’ e, elt}, A =spt{eg, e, e, el_l},
A7 = Sp+{ecl>o, e()’ e%v e1_1}7 Ag = Ser{eclx;a e<1>o’ e%? 61_1}7
A19 - Sp—‘r{ecl)o?eo ' el_1}7 A20 - Sp+{ec1>ove£7 _1 1}

Aoy = Sp+{e£7e<1>ove(1)ove1_1}'
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_ + o .—1 _1 _ + 00 -1 1
A22 = Sp {e07e 7e—17e—1}7 AQS = Sp {e()?e—lae—lae—l}a

0 1

. +r.—1 — 1 _ +7,—1 jo© -1 _1
A24 = Sp {eoo , € 7e—17e—1}7 A25 = Sp {eoo 7e—1ae—17e—1}7

-1 oo .1 1
oo 7eoo’ eoo? e71}7

Agg = SP+{671 eO,eéo,eil}, Ay =sptie

oo

-1

— apTfa® oo 41
Aggs =sp{eX,e,e, e ;}.

The statement that A; is a cell should be interpreted in the following way. One needs to
check that the four irreducible loops defining A; are all supported on a common 7-train
track 7;. This is immediate since one checks that, in each case, all four loops can be
drawn in R, in such a way that they intersect only on the boundary 0R». The arcs may
be homotoped so that their endpoints are at the midpoints of the sides of Ry. Since the
midpoints are identified by the side pairings, this exactly gives a m-train track in the sense
of [2]. The cell A; consists of all proper weightings on the m;-train track 7,. Fig. 3.1.4
shows the mi-train track 7; which supports for the cell A;. We normally draw this as
in the top left hand corner of Fig. 3.1.3 where it is clearer that the weighting shown is
ae® + beg + cel + del ;. Tt is easy to check that this is a proper weighting as defined in
section 3.1.

c+d

Fig. 3.1.4. The m;-train track 7 corresponding to A;.

Notation 3.1.1. When we want to speak of a point of one of these cells we write it as an
ordered quadruple (a, b, c,d) to represent ae; + be; + cey, + dey € sp™{e;, e;, ek, e} where
the irreducible loops are taken in the order given above.

Thus, for example (a, b, c,d) € A; means ae’ + bey + cel + de! ;.
Proposition 3.1.2. The cells Ay, ..., Asg are maximal and their union is ML(Xs).
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Proof. (Outline) The idea is similar to the proof of Proposition 2.1.1. We will sketch
the idea and then illustrate it by performing the computation in one case. All other cases
are similar, straightforward, and left to the reader. The idea is the following. It is clear
that any multiple simple loop may be homotoped so that it runs along a collection of arcs
in Rs joining midpoints of distinct sides, and which meet only on 0R,. Collapsing all arcs
joining the same pair of sides yields a properly weighted mi-train track on Ry. We now
reverse this process and investigate what the possibilities for maximal weightings of this
kind are.

Take a copy of Ry and draw strands joining the midpoints of pairs of distinct sides in
such a way that no two strands intersect, that no two strands join the same pair of sides
and that no more strands can be added without violating the previous two conditions.
Now put a weight on each strand. In order to be proper, the weights must satisfy the
following conditions as outlined in section 1.3:

(i) all weights should be non-negative and not all zero,
(ii) either the weight on the corner strand separating v; from the rest of R should be zero
or else the weight on the corner strand separating v4 should be zero,
(iii) the weight on at least one of the four corner strands separating vs, vs, vs, vg from the
rest of Ry should be zero,
(iv) the sum of the weights of all strands ending on a given side should be equal to the
sum of weights on the side it is identified with.

a b
[
- d e fo
g
h i

Fig. 3.1.5. Possible weightings on a maximal configuration.

Condition (iv) puts three linear relations between the weights. Solving these relations and
inserting conditions (i), (ii) and (iii), we see that we must be in one of the 28 maximal cells
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defined above depending on our initial configuration of strands. Detailed computations for

the configuration of Fig. 3.1.5 are carried out below. O
e
N e’
0
e / e,
- - e -
e e’
el

Fig. 3.1.6. Dividing the 2—sphere into 14 three-cells.

An Example. We now perform the computations in the configuration given Fig. 3.1.5
which is a maximal diagram of the type described. By equating the weights on each side
we see that

a+b=h+i, atc+d=b+c+e+f, d+et+g+h=f+g+i

At least one of d and f must vanish by condition (ii). (Otherwise there would be a loop
homotopic to one of the punctures.) Without loss of generality we suppose d = 0. This
means

a+b=h+i, a=b+e+f, e+g+h=f+g+i.

Substituting for a in the first equation we obtain
2b+e+ f=h+1i, e+h=f+i.
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A A
Az Ale 1 15
A, A,
A20 Ae
- A19A26 A A A5 Alz -
27 13
A14A28
Ag Azs
As Azz

Fig. 3.1.7. Fig. 3.1.6 repeated but indicating the maximal cells.

Adding these and cancelling f + h from each side we get i = b + e. Substituting and
cancelling once again we find that h = b+ f. To summarise:

a=b+e+f, d=0, h=b+f, i=b+e.

Now by (iii), at least one of a, b, h, i must vanish. By inspection, if any of a, h, i vanish
then so must b. (Remember all weights are non-negative.) This means that b must be zero
and the train track is:

ce’ + geg + ee% + fel,l = (c,g,e, f) € Ay,

corresponding, after changing labels, to the picture shown in Fig. 3.1.4.

We now indicate how the lower dimensional facets in the boundaries of the maxi-
mal cells A; for j = 1,...,28 fit together in such a way that the resulting manifold is a
3—sphere. To do this, observe that there are fourteen maximal cells containing the irre-
ducible loop e! ; and fourteen containing el_l. Moreover, these two irreducible loops never
occur together in one of the cells (or else there would be loops around both punctures).
Thus each maximal cell is a cone with apex e! ; or efl over the cell spanned by the other

36



1 he Mapping CUlass (Group oI the lwice Functured lorus

three irreducible loops. One can verify that there are fourteen possibilities for these cells
spanned by three loops and that each one arises. Moreover, these fourteen cells may be
glued together to form a 2—sphere as indicated in Fig. 3.1.6. Thus the fourteen maximal
cells involving e! ; form a cone over the 2—sphere, that is a 3—ball. Similarly the other
fourteen maximal cells also give a 3—ball. When the boundaries of these two balls are
glued together in the obvious manner they form a 3—sphere. We show which maximal
cells intersect to give the three-cells on the 2-sphere in Fig. 3.1.7.

3.2. Dehn twists and a presentation for MCG(Xs)
Let the Dehn twists about eZg

oY

now want to investigate the action of these Dehn twists on the cell structure of ML(32)

e’ and ey be denoted by dy, d; and J respectively. We

given in the previous section.

Again we begin by introducing some symmetries that will simplify matters. We are
only interested in symmetries which fix the punctures. The symmetry group will be iso-
morphic to Klein’s four group and we describe its non-trivial elements by their action on
the vertices of Rs:

t1 interchanges the pairs (v1,v4), (v2,v3), (vs, V6);

Lo interchanges the pairs (v1,v4), (v2,vs), (vs, V6);

t3 fixes v, vy and interchanges the pairs (ve,vg), (vs, vs).
When necessary we shall denote the identity by ¢g. It is clear that ¢1 and ¢3 are orientation
reversing homeomorphisms of 5 and that ¢ is orientation preserving. We easily see that
¢; has the following effect on the eleven irreducible loops:
i 0 0

leefjr—>e:j, e'—e’, ey €q,

Lo: €} — e/, ey eyr— e,
13:€; — e ], e’ — ey, eyr— e’
where i, j € {o0,£1} and —oco = 0.

Thus these actions clearly respect the cell structure of ML(X3). In particular, the
maximal cells Ag,..., Agg can be expressed as Aj 7, = tx(4A;) for j = 1,...,7 and
k=1,2,3.

The symmetries ¢, conjugate the Dehn twists d; to one another. It is easy to check

that
oty =00, b =061, 1l =87,
120pt2 = 0o, 1201ty = 02, 1202t2 = 01,
1300ty = 0o ", tab1t3 =02 ', 130at3 =01

We can also express ¢y in terms of the J; as
Lo = 52(5052(5150(52 = ((5051(52)2.
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The proof of this identity will be an easy exercise once the effect of the Dehn twists on
MUL(X5) has been investigated in the next section. This proof will be left to the reader.

Before we go on to investigate the effect of Dehn twists on mi-train tracks we will
discuss the presentation of MCG in terms of Dehn twist generators. The first claim is
that g, 41 and 2 generate the (orientation preserving) mapping class group of 5. As in
section 2, this will be a consequence of our construction of the Markov map, which will
once again produce a unique normal form for every element of MCG(X5) in terms of dg,
91 and dy (and their inverses).

There are certain relations in G which arise by inspection on 5. For example, since
e’ and e( are disjoint, the Dehn twists §; and d» commute. Also, since €’ and e; each
intersect e exactly once, for j = 1,2 the Dehn twists 09 and J; satisfy the braid relation
00000 = 6;000;. Finally, to is an involution so its square is the identity. Using the form
for 15 constructed above, we can write 1o = (890102)?. This gives the relation (5pd102)* = e
(compare [1]).

It turns out that these are all the relations we need to give a presentation of G. This
will follow from our construction of the word difference machine (section 5) along the same
lines as explained in section 2.5. Hence we obtain the following presentation for MCG(%5).
This resembles the presentations for other mapping class groups given by Birman in [1]
and could have been derived using methods similar to hers.

Theorem 3.2.1. The mapping class group of the twice punctured torus admits a presen-
tation:

MCG(S2) = (8o, 0162]0162 = 6261, 610001 = 806100, 20062 = 608200, (600102)* =€)

O

In section 5 of [14] Magnus gives the following presentation of MCG(X2). The gener-
ators are r, s, p, o, T subject to the following relations:

2= (r"ts)3, stsTl=p, spsTl=prlp7l,
rrr =1 rprt=pr7t sTiprTlpTir =1,
o? = 8_4, oro~t = r, oso 1t = s, oro b =7171st

One may pass from our presentation to Magnus’ presentation via the substitution

r=01, s=00001, p=01600102 "0 'o1 ",

g = 6171(5071(5171(5171(5071(5171, T = 51(5271.

The proof of this is straightforward and is left to the reader.
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3.3. The effect of Dehn twists on PML.

We now investigate the effect of the Dehn twists on the maximal cells. Using general
results of Birman-Series [2] and Hamidi-Tehrani-Chen [8] we know that these maps are
piecewise linear. In fact using reductions similar to those in section 2 we will show this

directly. We begin by summarising the results.

c+d
| 3
{
d c d c
c+d
a |ctd-a a c| |d-a
ac-d
a
c d
ad d
b b b
d c d c d C
ct+d<a d<a<c+d a<d

Fig. 3.3.1. The effect of 4; on Aj.

Proposition 3.3.1. The Dehn twist §; has the following effect on Ay, ..., Ay
(i) 61 maps Ay piecewise linearly to Ay U Az U Ay as follows:

(a—c—d,b,c,d) € Ay ifc+d<a
d(a,b,e,d) =1 (c+d—a,bya—d,d) € Ay ifd<a<c+d
(¢,b,d—a,a) € As ifa <d.
1) 01 maps Ag piecewise linearly to As U Ay U A7 U Ag as follows:
i) & Ay pi ise linearl Ay UALUA7UA foll
(a—b—c—d,bc,d) € Ay ifb+c+d<a
51 (a,b,c, d) = (b+c+d—abja—b—d,d)e Ay ifb+d<a<b+c+d
WG9S =Y (b+d—a,c,a—d,d) € As ifd<a<b+d
(c,b,d—a,a) € Ag ifa <d.
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b+c+d
-

b+c+d a a a

ab-c-d bec c| |b+d-a c|||d-a
+d-a
a
d

d c d c d c d c

b+c+d<a b+d<a<b+c+d d<a<b+d a<d

Fig. 3.3.2. The effect of 61 on As.
(iii) &1 maps As to Aja, Ay to Ayz, Ay to Ajg and Ag to Ay as follows:
d1(a,b,c,d) = (d,b,c,a).
(iv) 61 maps A7 to A1y as follows:
d(a,b,c,d) = (c,d, a,b).

We remark that inverting the maps in Propositions 3.3.1(i) and (ii) shows that §; *
maps U;:1 Aj to Ay UAy. We now investigate the action of ds.

Proposition 3.3.2. The Dehn twist 5 has the following effect on Ay, ..., A7
(i) 62 maps Ay to Ay U Ay as follows:

Sa(a,b, c,d) = (a,b+d—c,c,d) e Ay ife<b+d
ALROU =\ g, c—b—db+d,d) € Ay ifb+d<c.

(ii) 92 maps Ay to Ay U Ag as follows:

_J(a,d=c,e;b+d)e Ay ife<d
52(a’b’c’d)_{(a,c—d,d,b+d)eA2 ifd<e.
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(iii) do maps Az to Ay U Az U A7 as follows:

(a,b+d—a—c,cd) € As
(a,a+c—b—d,b+d—a,d) € Ay
(a—b—d,b+d,cd) € A;

d2(a,b,c,d) =

(iv) 62 maps Ay to Ay U Az U Ay as follows:

(a,d—a—rc,c,b+d) € Ag
(a,a+c—d,d—a,b+d) e Ay
(a —d,d,c,b+d) € A7

d2(a,b,c,d) =

(v) 62 maps As to As U Ag as follows:

_f(a,b+c+d—a,cd) € A;
d2(a,b,c,d) = {(b+c+d,a—b—c—d,c,d) € Ag

(vi) 62 maps Ag to As U Ag as follows:

_ J(a,c+d—a,b+c,d) € As
62(a7b7c7d)_{(C+d,a—c—d,b+67d> GA(}

(vii) 62 maps A7 to As U Ag as follows:

(b,d—b,a,c+d) € As

62(a’b’c’d):{(d,b—d,d,c+d> EA(;

ifa+c<b-+d
ifa<b+d<a-+c
ifb+d<a.

ifa+c<d
ifa<d<a-+c
ifd < a.

ifa<b+c+d
ifb+c+d<a.

ifa<ec+d
ifec+d<a.

itb<d
ifd <b.

We remark that inverting these maps shows that d~' maps A; U Ay to Ay U Ay
Ag U A4 U A7 to Ag U A4 and A5 U AG to A5 U A@ U A7. We now turn our attention to

5o L.

Proposition 3.3.3. The Dehn twist 6, ' has the following effect on A4, . ..

7A7

(i) S0 F maps Ay to Ags, Ay to Aoy, Ag to Ags and Ay to Ags as follows:

6o (a,b,¢,d) = (a,b,c,d).
(ii) S0 * maps As to As U Ag as follows:

-1 _ (C,CL—C,b+C,d)EA5
% (a’b’c’d)_{(a,c—a,b—f—c,d)EA@
(iii) 0o~ maps Ag to As U Ag as follows:

(b+c,a—b—rc,c) € Aj

1 .
%0 (a,b,¢,d) = {(a,b+c—a,c) € Ag
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c+d
ct+d atd
c-a
b| I ° b °
L i i i }0% L ‘ i . % L a .
| | d
d | d | L2
// | \\mc
ac ac atd
ctd | |ab-c c+d c+d c-a
btc-a
b c b
d d d d
c ab b-a ab
d b d b d a d b
b+c<a b,c<a<btc c<a<b b<a<c
Fig. 3.3.3. The effect of 8o~ on As.

(iv) 8o * maps Ay onto A7 UA,UA;U Ay UA; as follows:
(a—b—rcb,c,d) € Ay ifb+c<a
(a—c,a—bb+c—a,d) e Ay ifbjc<a<b+c

6o Ya,b,e,d) =< (a—c,b—a,c,d) € As ifec<a<b
(c—a,a—0b,bd) € Ay ifb<a<c
(c—a,b—a,a,d) € Ay ifa <b,ec.

We remark that inverting these maps we see that do maps A1 UA; UALUA3UA7 to
A7 and As U Ag to As U Ag.
Remark. We remark that points in the images of the Dehn twists are well defined. In
other words if equality holds in one of the conditions above we are on the common boundary
of two maximal cells. For example if (a,b,c,d) € A; with a = ¢+ d then

61(c+d,b,c,d) = beg + cel +de' | € A; N As.

Proof of Propositions 3.3.1, 3.3.2 and 3.3.3. The method will be the same for each
of the propositions and is completely analogous to the proof of Proposition 2.2.1. The
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proof of Proposition 3.3.1(i) follows from an analysis of Fig. 3.3.1, Proposition 3.3.1(ii)
from Fig. 3.3.2 and Proposition 3.3.3(iv) from Fig. 3.3.3. The proofs of the other parts
follow along similar lines but are easier. To avoid repetition we will discuss the proof of
Proposition 3.3.1(i) and leave the rest to the reader. These proofs should be compared to
the very similar discussion in section 3.2 of [8].

In Fig. 3.3.1, we start off with the m-train track for a general point (a,b,c,d) € A;.
We want to perform a Dehn twist §; about e’. A tubular neighbourhood about €° is
represented by the pair of dotted lines in the figure. The Dehn twist is the identity
everywhere outside these dotted lines and so everything we see here remains the same. In
the cylinder between the dotted lines, we do a whole turn to the left. This means that a
line crossing this cylinder is wrapped once around the cylinder before exiting in the same
place. In the diagram this is represented by the diagonal lines inside the strip (in the train
track on the top right). The new train track is a representation of the original train track
after the Dehn twist has taken place. Unfortunately, this train track is unreduced. That
is, it has strands from one side to itself (the upper right hand side vyv3). We need to
remove these loops by pulling them tight as explained in section 2.2.

The details of how to pull tight are as follows. The results are shown in the lower part
of Fig. 3.3.1. As usual, it is enough to assume that all the weights are integers. Recall that
an integral weight m on a strand means that m strands join the same pair of sides of Ro.
The ends of these strands are identified, preserving order, with the strands on the paired
side. In the top right hand diagram of Fig. 3.3.1, there are ¢ + d strands joining the side
v4v3 to itself. The side pairing S; ! takes the 2(c + d) ends of these loops to the lowest
2(c+d) ends of strands emanating from v;vy. We begin with the innermost of these loops,
that is the strand that, together with an arc of v4v3, bounds a disc containing no strands.
The endpoints of this loop are the (¢ + d)th and (¢ + d + 1)th ends from the bottom of
v4v3. These are identified by the side pairing S; ' with the (¢ 4 d)th and (¢ + d + 1)th
ends from the bottom of viv5. Providing a and d are non-zero these are ends of strands
joining vive with vsvs and vyvs respectively. When we pull this loop tight these three
strands become a single strand from vsv4 to v4vs. Doing this min{a, d} times we get this

number of strands joining vsv4 and vqvs.

In the case where a < d we have exhausted all a strands joining the sides v;ve and
vav3. We therefore continue using the ¢ + d strands joining vsve and vivs. After pulling
each of the next d — a loops tight we obtain strands from wvzvy to vsvs. Finally the each of
the remaining ¢ loops gives a strand from to vsvs to vgv;. There are a strands from vy v9
to v3ve remaining that have not been changed. Putting all this information together we
obtain the 7i-train track in the bottom right of Fig. 3.3.1. It is then clear that this train
track is the point (¢,b,d — a,a) € As.

The case a > d is similar but with further sub-cases c+d < g and d < a < ¢+d. These

43



1 he Mapping CUlass (Group oI the lwice Functured lorus

give the other train tracks on the lower line of Fig. 3.3.1 and the points of A; and Aj listed
in the statement of Proposition 3.3.1. The rest of the propositions follow similarly. U

The following corollary is an immediate consequence of these results. It may be verified
by considering the image of each of the e; and extending linearly to the whole of ML(X5).

Corollary 3.3.4. We have 1o = (600162)>. O
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4. The Markov map

In this section we construct the Markov map which will be the key to constructing our
normal form for elements of MCG(3).

4.1. Canonical Dehn twists for maximal cells.

For each maximal cell A; we now define a canonical Dehn twist 7; which is one of 6ot
6151, 6,FL. For simplicity we work with Ay, ..., A; and then define canonical Dehn twists
for the other cells by symmetry. These twists will map maximal cells onto the union of
other cells and are the essential step for defining our Markov map.

Definition. The canonical Dehn twist on Ay, Ao, As and Ag is §;. The canonical Dehn
twist on Az, Ay and A7 is Jp L.

From Propositions 3.3.1, 3.3.2 and 3.3.3 we see that the images of the canonical Dehn

twists are as follows
512A1 —>A1UA3UA5

01: Ag — A UALUAgU A7
o 't Az — Agg = 13(As)
8o i Ay — Aoy = 13(A)
01: A5 — Agg = 11(As3)
01: Ag — A1 = L1(A4)
St A7 — AT UAUA3UALUAS.
We now show that the canonical Dehn twists map maximal cells onto the union of other

maximal cells listed above. The interior of a maximal cell is defined to be A;, the
collection of points (a,b, c,d) € A; with a, b, ¢, d all positive.

Proposition 4.1.1. Denote the canonical Dehn twist on the cell A, by mi. For each
Jryk€{l,...,28}, if A Nng(Ay) is non-empty then A; C ny(Ag).

Proof. Since the maximal cells only overlap on their boundaries and we are assuming that
A; NNk (AY,) is non-empty it is sufficient to consider only the maximal cells which appear in
the images of canonical Dehn twists listed above. In order to check that A; C ni(Ay) we
need only show 7, ~*(A;) C Ag. This may be checked using the propositions of section 3.3
by inspection on a case by case basis. 0

45



1 he Mapping CUlass (Group oI the lwice Functured lorus

4.2. The Markov map on ML(X,).

We are going to define the Markov map on the partition of ML(X3) into maximal cells
by taking the shortest word in canonical Dehn twists that maps the maximal cell A; onto
a union of at least two maximal cells. This will ensure that the resulting mapping has
enough “expansion” to strictly reduce length. We will see that composition of at most
three canonical Dehn twists has this property. As usual there will be an ambiguity as
to how the Markov map is defined on the intersections of maximal cells (that is on their
common boundary faces).

It turns out that certain pairs of maximal cells, for example A; U Ag, have the same
canonical Dehn twist and always occur together in the image of a canonical twist. Others,
for example A7, occur on their own in the image. This means that we can make our
partition of ML(X5) coarser. That is, we group the maximal cells A; in pairs or on their
own according to how they behave under these canonical Dehn twists. These groupings
will be called regions. The regions are defined as follows:

Ag=A1UAy,  By=A3UAy, Co=A5UAg, Dy= Ay,
Ay =AgUAg, By=A10UAq, Ci =A1pUA13, Dy = Ay,
As = A5 U A, Ba = A7 U Agg, Cy = A1g U Ay, Dy = Aoy,
Az = Aga UAg3, Bz = Agq U Ays, C3 = Agg UAg7, D3z = Aog.

There are four different types of region which we call A;, B;, C;, D; where j =0,1,2,3 is
determined by A; = ¢;(Ap) and so on.

Ao A 1 Az Bo 3 A4
crd btc+d brctd brc+d
a a a
L c c L 4 L
d d c d d
c
b b
d c d c d atc d atc
Co A 5 A 6 Do 7
d d c+d
a a c b
d d
d
b c
c+d a c+d a d b

Fig. 4.2.1. Generic points in the regions Ag, By, Cy and Dy.
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Lemma 4.2.1. The canonical Dehn twists map regions onto unions of other regions. For
Ag, By, Cy and Dy these regions are given below.

01: Ag — Ag U By UCy U Dy
b0 LBy — As = t3(Ao)

91: Co — B1 = 11(By)
8o~ ' Do — Ag U By U Dy

The results for the other regions may be obtained by symmetry. U

We are now ready to define the Markov map fy on ML(32). This is defined to be the
shortest word in the canonical Dehn twists that maps each region onto at least two other
regions. It is given as follows:

Ag — Ag U By U CyU Dy
BO|—>A3U33U03UD3
OOHAQUBQUOQUDQ

fola, = 01:
folBo = 02 1001

f2|c0 = 5250511

falpy = 00 1
fola, =617
fa|B, = 6200:
foley = 62760 M6
falp, = do:

fala, = 6a:

folp, = 0171601
f2|c2 = 010002:
folp, = 60"
fola, = 6271
f2|Bs = 6100:

fele, = TR R PR

Dy —— Ao U By U Dy

A — Ay UBLUCLU Dy
By —— Ay UByUCy U Dy
C1 — A3 U B3 UC5 U Dy
D — AiUB;UD;

Ay — Ay U By UCy U Dy
By— Ay UBUCLUDy
Cy — Ay U By U Co U Dy
Do —— Ay U By U Dy

Az +— A3 U B3 UC3U D3
B3 — AgU By U CyU Dy
C3— Ay UB;UCLUDy

f2|D3 = 0p: D3 —— A3 U B3 U Ds.

It is clear from Proposition 4.1.1 and Lemma 4.2.1 that f satisfies the Markov property
., Ds.
Recall that the length |v| of a multiple simple loop 7 supported on a weighted ;-

with respect to the partition of ML(X) into the sixteen regions Ay, ..

train track 7 is the sum of the weights on all its strands. For a proper integral weighting
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a |b b a b |a a b
a
b1 b
b
a b b |a b b
b ¢ b | ¢ b |c b | |c
a a
a a
c |b c | |b c b c | b

Fig. 4.2.2. The nine exceptional configurations of Proposition 4.2.2.

this is a positive integer. Let (a,b,c,d) € A; with the standard bases. We now compare
the length of the m;-train track represented by this point with the length of its image under
the Markov map fo as defined above. We have

Proposition 4.2.2. The Markov map f» does not increase length. Moreover fo strictly
decreases length for every train track except those of the form:

ae’ +bey, ael +bes°, ael) +be>, aeX +bel,, ael +be;l, (%)
ae’ +bel +cel!, aeX +bel +cel!, aey+bel® +ce™, ael + be® + ce™. (1)

Proof. This follows from an analysis of lengths for the action of f on each maximal cell

Ajl

cell |(a,b,c,d)| fa |fa(a,b,e,d)]  |(a,b,e,d)| —|f2(a,b,c, d)
A1 a+b+3c+3d 01 a+b+2c+2d c+d

Ay a+2b+3c+3d 01 a+b+2c+2d b4+c+d

As 2a+b+3c+3d 6 6" a+b+2c+2d a+c+d

Ay 2a+2b+3c+3d 5y 5t a+b+2c+3d a+b+c

A5 2a—|—b+20+3d 526051 26L+b+20+d 2d

Ag  2a+b+2c+ 3d 020001 2a + b+ 2c+d 2d

Ar a+2b+2c+3d &t a+b+c+3d b+ c.

g

In what follows we will be particularly interested in the four train tracks (f) (as
illustrated in the lower line of Fig. 4.2.2) which are Ajg N Agg, Agg N Agr (which together
form CQ N 03) and A5 N Alg, AG N Alg (Wthh together form C() N Ol)
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4.3. The space of Farey blocks

As for the once punctured torus, in order to construct a normal form and word acceptor
from the Markov map we constructed in the previous section, we need to find a space on
which MCG(X2) acts without fixed points. For the once punctured torus we could take
the space of Farey pairs. For the twice punctured torus we will generalise this to the space
of Farey blocks. A Farey block is an ordered quadruple of (homotopy classes of) simple
loops which lie in a certain topological configuration on 5.

Let ~; and «; be (homotopy classes of) simple closed curves on ¥,. Define the inter-
section number i(7;,7;) to be the minimal number of points in v;Nv; as 7;, y; vary through
all elements of their free homotopy class. The idea behind the construction of Farey blocks
is the following. Consider a pair of Farey neighbours on the twice punctured torus, that is
an ordered pair of curves (71, 72) that intersect exactly once, so that i(+y1,72) = 1. Both of
these curves are necessarily non-dividing and there exists a curve (3 that separates 1 U 7o
from the punctures and which is unique up to isotopy. The curve 3 is the commutator
[71,72]. On an unpunctured or once punctured torus 5 would be homotopically trivial or
peripheral respectively. Moreover, in that case (71, 72) would have trivial stabiliser in the
mapping class group. However, for the twice punctured torus this is not the case. There
is a non-trivial homeomorphism which preserves v1, 72 and 3 and which interchanges the
punctures. The square of this map is the Dehn twist about 3. We get around this difficulty
by considering an extra curve 73 that is disjoint from +; and intersects 72 and 3 once and
twice respectively. Here is the precise definition.

Definition. A Farey block is an ordered quadruple of (homotopy classes of) curves
(71,72, 8;v3) with the properties that:
(i) 5 is non-dividing for j = 1,2, 3 and f is dividing
(ii) i(vy;,8) =0 for j = 1,2 and i(y3,8) = 2
(iii) i(y2,7;) =1 for j =1,3 and i(v1,7v3) = 0.
The collection of all Farey blocks will be denoted F.

Since Farey blocks are only defined using topological data, namely the intersection
number and the separation properties of (homotopy class of) simple closed curves, the
image of a Farey block under an element of MCG(Xs) is also a Farey block. This defines
an action of MCG(X3) on F. We claim that this action is free. In order to see this,
consider the Farey block

(eo, e, e’ +e™; eo).

It is clear that this has trivial stabiliser. (It is easy to see that this block is mapped to

itself by ¢; but we are only considering orientation preserving automorphisms of X,.)
The idea behind the normal form for the twice punctured torus is similar to that for

the once punctured torus. Namely we apply a general element ¢ € MCG(X5) to the Farey
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block (eo, eXx,e® +e>; eO) to obtain a new Farey block

(0, e, e +e>;e”) = (B(eo), p(e), p(ef® + e>); ¢(e?)).

The idea is to apply the Markov map fo repeatedly to ¢(60, eX, el +e>; eO) until we
get back our original Farey block. The resulting fs-expansion should be the normal form
for ¢. In practice it is slightly more complicated than this.

Crucial to the construction for the once punctured torus, in section 2, was the following
fact. If (y1,v2) was a Farey pair, then v; and 2 both lay in the same cell I; in ML(%;) so
that we could take f1(v1) = oj(71), fi(72) = a;(72) for the same element a; € MCG(X2).
In consequence, (f1(71), f1(72)) was again a Farey pair and applying fi to a sequence of
such pairs gave a well-defined sequence of elements in MCG(X;), which defined our normal
forms.

The analogous statement about Farey blocks is almost, but unfortunately not quite,
correct. In fact we can observe that if (y1,72,5;73) is a Farey block and if § is in the
interior of a region R then v; and 5 are also in R. This is because ; and 7, are disjoint
from (8 and so the mi-train tracks representing these v; and 3 are both contained in the
same maximal cell (compare this with Proposition 2.3.3). In addition, if v; is in the R°
then ~3 is also in R. If, however, v is on the boundary of R then v3 may be in an adjacent
region. In the next section we characterise those weighted m-train tracks which represent
dividing curves. This will enable us to determine those exceptional cases which cause
difficulty in extending the map fs.
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4.4. Dividing curves.

The following lemma will allow us to determine which dividing curves do not lie in the

interior of any region.

Lemma 4.4.1. If a proper integral weighting w on a mi-train track T on Ry represents a
connected dividing loop 3 on 5 then
(i) for each side o of Ry, the sum of the weights on arcs with endpoints on o is even, and

(ii) the weights of w have no common factor.

Proof. Let 7 be a mi-train track carrying weight w(«) on strand «. As usual, the
weighting can be expanded to the loop 3 by replacing each strand « with w(a) disjoint
strands joining the same pair of sides and gluing their ends together with side pairings.
Since (3 is connected, condition (ii) is clear.

Any dividing curve [ separates X5 into a torus with a hole and a sphere with 2
punctures and a hole. Colouring the components of ¥s —  with distinct colours, we see
that both punctures lie in a region of the same colour. The colouring lifts to a colouring of
Ry — 3 in such a way that colours alternate along the sides of Ry, changing each time an
endpoint of a strand of 3 meets the side. Since 3 avoids the punctures, the two segments
of side which meet in a puncture have the same colour. The condition (i) is now clear. [

X B, B,

X, B, B,

Fig. 4.4.1. The six curves of Proposition 4.4.2.

Proposition 4.4.2. Every dividing curve is in the interior of a region with the following
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six exceptions, see Fig. 4.4.1:

onefo+ei°1600ﬂ01, 60:e%+e1_1€AoﬂBo, 61:ef1+ej€A1ﬂB1,
ngeéo—ke;olEC’gﬂCg, 52:e%+ef1€A2ﬂBg, ﬁgzel_l—f—e:%EAgﬁBg.

Proof. Any weighting w representing a dividing curve must satisfy conditions (i) and
(ii) of Lemma 4.4.1.

Recall that in section 3.1 we mentioned the idea of splitting R, into two boxes by
drawing a horizontal line from v, to vy. We claim that if w represents a dividing curve
then, in at least one of these boxes, there are arcs with non-zero weights across each of the
four corners. We say that such a box contains a cross. (This condition plays a crucial
role in [12]. As can be seen in Fig. 4.4.1, the curves xo, (o, /1 contain a cross in the
lower box and xa2, B2, #3 have one in the upper box.) Let w be a weighting representing a
connected dividing curve where neither box contains a cross. If a box does not contain a
cross, then one can see by inspection of the irreducible loops in Fig. 3.1.2 (or the generic
mp-train tracks in Fig. 3.1.3), that it contains a certain number a of corner strands across
one pair of opposite corners and a number b strands going across a pair of opposite sides.
Thus the number of strands ending at each pair of opposite sides is a and a+ b respectively.
By (i) both a and a + b are even. Thus so is b. Doing this for both boxes we obtain a
contradiction to (ii).

Now we refer to Fig. 4.2.1 which shows the generic configurations for weights in any of
the four regions Ag, By, Cy, Dg. Let us take the region Ag = A1 UAs; the other cases are
similar. The observation that w contains a cross translates into the statement that ¢ > 0
and d > 0, where, as shown in the top left two diagrams, ¢ and d are the weights on el
and el | respectively. Since A; and A, are glued across the face b = 0 to form the region
Ag, any such weighting is in the interior of Ay unless a (the coefficient of e”) vanishes. It
is however easy to see that any weight beg + cel + del | or bel + cel + del; represents a
multiple loop, one of whose components is e} + e! ;. This contradicts the hypothesis that
w represents a connected curve unless b =0 and ¢ = 1 = d, in which case w = (.

For By = A3 U Ay, the weighting w contains a cross provided a + ¢ > 0 and d > 0.
Again b = 0 gives A3z N Ay in the interior of By. Thus we have to check two cases, ¢ =0
and a = 0. When a = 0 we obtain a contradiction as above unless w = 3. When ¢ = 0,
Lemma 4.4.1(i) shows that all the weights are even, in contradiction to Lemma 4.4.1(ii).

The cases of Cy and Dy are similar and can be left to the reader. ]

The following lemma will be needed in the next section

Lemma 4.4.3. Let § be a simple closed dividing curve on Y.
(i) If B is in the interior of Ay then fa|,(8) = 91(8) is either in the interior of one of Ay,
Bo, C(), DO or else (51(5) = ﬁo.
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(ii) If § is in the interior of Dy then fs|p,(3) = 6o~ *(3) is either in the interior of one of
Ay, By, Dy or else 5071(5) = Bp.

Proof. Both parts are similar. We only consider (i). Consider §; acting on ML(Xs).
We know that § is in the interior of Ag and §;(Ag) = Ag U By U Co U Dy. Therefore 01 ()
is in the interior of Ag U By U Cy U Dy. In other words, d1(() is in the interior of one of
Ag, By, Cy, Dy or else it is in the common boundary of at least 2 of these regions. By
Proposition 4.4.2 we see that the only possibility is that d1(5) = 5. O

We will need to characterise the curve 3 in the Farey block (71,72, 3;7v3) when

(7177276) is either (e07e£7X0) or (egaemXO)'

a b
20 a +2b |a
b b
b arb ath a
b b atb atb atb atb
b a
+2b a 20
b b a
2 ath atb b b
atb atb atb atb b b

Fig. 4.4.2. The curves disjoint from eg.

Proposition 4.4.4. If (1,72, 3;73) is a Farey block with (v1,72, ) = (€o,eX, xo) then,
for some non-negative integer a, 3 has one of the following forms:

(1) e’
(i) e +el; +axo = (a+1,0,a,1) € As N Ag,
(111) eiol + efl + axo = (CL + 1, 0, a, 1) c Alg N Alg.
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If (71,72, B) = (€2, ep, xo) then, for some non-negative integer a, 3 has one of the follow-

ing forms:
(iv) e! | +axo = (a,0,a,1) € AsN Ag,
(V) efl +axo = (CL, 0, a, 1) € Ao N Aqs.

Remark. Observe that, apart from the case (71,72, 3;73) = (eo, e, xo;€"), in this
situation all four curves 1, v2,73, 8 are in either Az U Ag = Cy or Ao U A3 = CY.

Proof. We begin with the case (71,72, ) = (eo, €%, x0). We know -3 must be disjoint
from v; = eg. There is a one parameter family of simple closed curves on ¥, disjoint from
ep. (To see this, observe that o — {eg} is topologically a four times punctured sphere.
It is well known that simple closed curves on the four punctured sphere are parametrised
by QU {oc}.) It is not hard to show that all curves disjoint from ey, must have one of the
following six types, see Fig. 4.4.2.
(a,0,b,b) € Ay, (a,0,b,a+b) € As, (a+10b,0,a,b) € A5,
(a+b,0,a,b) € A1z, (a,0,b,a+b) € Ay, (a,0,b,0) € Asg.

It is easy to see that the intersection numbers of these curves with v = e are: a + 2b,
a+2b,b, b, a+2b, a + 2b respectively. Since 73 should intersect 72 = €3> exactly once we
obtain the result.

Now we turn our attention to the case (71,72, 5) = (€32, €0, x0)- All curves disjoint
from v; = €5 must have one of the following four forms, see Fig. 4.4.3

(CL,O,CL, b) € A67 (CL,O,CL, b) € A137 (CL,O,CL,b) € A207 (CL,O,CL,b) € A27-

b b a atb atb a
a |a a |a
5 b
b b
a |a a |a
atbh a a atb y b

Fig. 4.4.3. The curves disjoint from eZ2.
The intersection numbers of these curves with v, = eq are b, b, 2a + b, 2a + b respec-
tively. The result follows as above. 0

The next proposition is a similar characterisation of v3 when (v1, 72, 3) is (e°, e, x2)

or (ega e07 XQ)'
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Proposition 4.4.5. If (y1, 72, 8;73) is a Farey block with (v1,72,3) = (€°,e%, x2) then,
for some non-negative integer a, 3 has one of the following forms:

(j) €o,
(ii) el +e;t taxa=(a+1,0,a,1) € AjgN Ay,
(111) e;ol + el_l +axz = (CL +1,0,a, 1) c A26 N A27.

If (71,72, B) = (X, e, x2) then, for some non-negative integer a, 3 has one of the follow-

ing forms:

(iv) e; ' +axz2 = (a,0,a,1) € Ajg N Ay,

(v) el +ax2 = (a,0,a,1) € Agg N Aoy

Proof. This follows by applying ts to the results in Proposition 4.4.4. U

Observe that in this case we have (71, vz, 3;73) = (e°

are in Alg U AQO = CQ or AQG U A27 = Cg.

, €2, X2; o) or else all four curves

4.5. Subdividing F: the states of the word acceptor.

In the next section we shall extend the Markov map f> to a map on the space of Farey
blocks F. Inverting this map will give the word acceptor. This construction will resemble
that given in section 2.3 but will involve some extra steps. The first part of this process is
to divide F into subsets which will form the states of the word acceptor.

We begin by stratifying F into three subsets. Define

Fo={(1.72:8;73) € F: B =x0, {71,72} = {eo,eX} or B=x2, {11.72} = {e”,e2}},
Fir={(.72:8;73) € F: B = x0, {71,712} # {e0,eX} or B=x2, {11.72} # {e”,e2}},
Fo={(71,72,8;73) € F: B & {x0, x2}} -

Our goal is to define a map f on F so that for each Farey block (71,72, 3;73) there is
a non-negative integer n so that

(1,72, B v3) = (eo, €2, xo; €°).

At each stage, we want f to equal a specific one of the sixteen possible values of f5, so
that for any Farey block we have

F(r, 72, B3 73) = (fa(11), f2(12), f2(B); f2(3)) = (¢(11), (72), 9(B); d(73))

for some ¢ € MCG(X3). The difficulty is that, if the members of the block (71,72, 5;73)
lie in different regions, it is not clear which value for ¢ to pick. This happens, for example,
in the case of the Farey block (el e, B;eX).
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We resolve this difficulty by using the results of the previous section and the strat-
ification above. Roughly speaking, f will be defined as follows. On F5, the map f will
take the value of fs on the region which contains the dividing curve . Applying f will
decrease the length |3| of 3. We continue applying f until 8 = x¢ or x2. Thus, there will
be a non-negative integer no so that f™2(v1,72, 8;7v3) € F1UFy. On F; the map f will be
the Markov map f; on ML(X;) constructed in section 2.3. This map will fix 5 and reduce
|71] +|¥2|. Thus, there will be a non-negative integer ny so that f™1 72 (~1, v, 3;7v3) € Fo.
Finally, on Fy the map f will fix |y1| 4+ |y2| + |5 and decrease |y3|. There will be a
non-negative integer ng so that frormitn2(yy ~y 3;43) = (eg, e, xo;€).

In order to carry out the details we shall introduce a number of extra regions which
will become the states of the word acceptor. These regions will all be subsets of the space
F of Farey blocks.

We begin by considering F». By definition, if the Farey block (1,72, 3;73) is in Fo
then the dividing curve (8 is neither yo nor y». Using Proposition 4.4.2, we see that either
[ is in the interior of one of the sixteen regions Ag,..., D3 or else 3 is one of the four
dividing curves (o, (1, B2, 3. (Recall that for these four curves §; € A; N B;). We divide
JF> into twenty regions as follows. We call these A, B;, C;, D;, E; for j =0,1,2,3. The
sixteen subsets Ag,...,D3 of F5 are defined to consist of all Farey blocks for which 3 is
in the interior of the region Ay, ..., D3 in ML(X,), respectively. The four subsets E; of
JFo are defined to consist of all Farey blocks for which 8 = 3; where j = 0,1,2,3. That is
when j = 0:

{(v1,72: B373) € F: 8 € (A1 UAL)°},
{(v1,72: B373) € F: 8 € (A3 UAL)°},
{(v1,72,B573) € F: B € (A5 U Ag)°},
{( )
{( )

7177276;73 GF:BEA$}7
V1,72, B573) € F: = Po}.

Ay
Bo
Co
Dy
Eo

For k =1, 2,3 apply the symmetry ¢, to the above five regions in order to obtain A, By,
Ck, Dk and Ek.

By abuse of notation we will frequently drop the bold face notation A, and simply
write A; when the meaning is clear from the context. Thus the reader should keep clearly
in mind that A; may either denote a region of ML(X3) as defined in section 4.2 or the
subset A; C F» of Farey blocks.

The subsets Aj, Bj,..., E; will be states in the word acceptor we are aiming to
construct. Before defining the map f on each of these twenty regions (whose inverse will

give the arrows in the word acceptor), we will proceed to define the states for the strata
Fl and .7:0.
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We consider first the Farey blocks in F;. Here we have 3 = xg or x2. For the sake of
definiteness we will describe the situation for yo in detail. In order to perform the same
constructions for s it is necessary to apply the symmetry t5. The curve xq divides ¥
into two components, one of which is a twice punctured disc and the other is a torus with
a hole. All homotopically non-trivial, non-peripheral simple closed curves on ¥, that are
disjoint from Y are contained in the one holed torus component of ¥ — xo. In particular,
this is true for 7, and 7,. The stabiliser of yg in MCG(X3) is the group generated by dg
and 2. The action of the group they generate on the one-holed-torus component of ¥5 — g
exactly corresponds to the action of MCG(X1) on ¥; considered in section 2. Therefore,
we divide F; into states which correspond to the intervals Iy, I7, Is and I3 for the space
of Farey pairs on the once punctured torus. This is done as follows:

Fo = {(71,72,8;73) € F: B =X0; 71,72 € Sp+{eo,e°°}}
{71,72,6;73 € F:3=x0; 71,72 €sp{eX, e} },
V1,72, B;73) € F: 8= Xo; 71,72 € P {ean—l}}

)

)
V1,72, 3;78) € F: 8= x0; 71,72 € spT{eX, e }},
Y1, Y2, B573) € F: B = X2; 11,72 € Sp+{e el ot
)
)
)

V1,792, B;73) € F: 8= X2; 71,72 €sp T {eX, el }},

(
(
(
(
(
(

e N e N e N e N N

V1,72, B573) € F: = X2; 11,72 € Sp+{e e s
Gs = {(71,72,8;73) € F: 3= x2; 1,72 €spt{eX, e }}.
Finally, we consider Fy. Here either 8 = xo and {y1,72} = {eq,eX} or 8 = x2 and

{71,72} = {€°,eX}. In Propositions 4.4.4 and 4.4.5 we analysed the different possibilities
for v3. We divide F3 into states according to these different possibilities:

Hy = {(eX,ep, x0;73) € F:y3=(a,0,a,1) € A5 N Ag where a € NU{0} },

J2 = {(e°, e, x25€0) € F}.

In each case, notice that (a,0,a,0) corresponds to the loop (3, that is xo or xa.

)
Iy ={(eo, e, x0;73) € F:y3 = (a+1,0,a,1) € A5 N Ag where a € NU {0} },
H, ={(eX, e, x0;73) € F:y3 = (a,0,a,1) € A12 N Ay3 where a € NU {0} },
I ={(eo, e, x0;73) € F:y3 = (a+1,0,a,1) € A12 N A3 where a € NU {0} },
H, = {(e ,e ,Xg,’)/g,) € Fiys = (a,0,a,1) € A1g N Agg WhereaENU{O}},
I ={(e’ e, x2:73) € Fiv3 = (a+1,0,a,1) € Ajg N Ay where a € NU{0} },
H; = {(e§ 0 x2:73) € F:y3 = (a,0,a,1) € Agg N Agy where a € NU{O}},
Iy = {(e", e, x2;73) € Fiys3 = (a+1,0,a,1) € Agg N Agy where a € NU {0} },
Jo = {(e0, €2, x0;€°) € F},
€o)
(
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4.6. The definition of the map f.

Having defined the states which partition the space F of Farey blocks, we now turn our
attention to the definition of the map f. First we consider states in Fs.

For Farey blocks in Aj,..., D; we define f to be the same as the Markov map f» on
the corresponding regions A;, ..., D; in ML(X2). We need to be slightly more careful in
computing the images of these blocks.

Lemma 4.6.1. On F> the Dehn twist d; maps Ay onto AqgU By UCyU Dy U Ey and (50_1
maps DO onto AO U BO U DO U Eo.

Proof. This is an immediate consequence of Lemma 4.4.3. 0

To define f in E; we have a choice since, as in Proposition 4.4.2, 3; € A; N B;.
We choose f|g;, = f2]a, so that, for example, f|g, = f2|a, = 1. It is easy to check
that d1(8y) = xo so that, with this definition, f maps Eq into F; U Fy. (We remark that
f2lBo (Bo) = 621001 (Bo) = x2 so this would also be true if we had made the other choice.)
Since 5171(X0) = [ it is easy to see that f maps Eq onto that subset of F; UF{ consisting
of all Farey blocks with 3 = xo. Applying symmetries, corresponding results are true for
f(E;) for j =1,2,3. We can now summarise the effect of the map f on all states in F».
In each case, the arrow indicates that f maps the gives state onto the union of the states
listed on the right. Note that for simplicity, we have now replaced the bold A;,..., E;
with A;,..., E; for j =0,1,2,3.

fla, = 61: Ag — Ao U By U Cy U Dy U Ey,
flB, = 02 160" By — A3 U B3 UC3 U D3 U Es,
fleo = 020001: Co — A3 U Bo U Cy U Dy U By,
flp, = 00 ': Dy — Ag U By U Dgy U Ey,
fle, =01: Eg— FyUGo U HyUTyU JoUF, UG, UH, U,
fla, =6 A — A UB, UC, UD, UE;,
flB, = 0200: By — Ay U Bo U Co U Dy U Es,
floy =02""07"61 7" Cy — A3 UB3 UC3 U D3 U Ej,
flp, = d0: D1 — A1 UBy U Dy UEq,
flg, =61 “E — FoUGo UHo ULy UJoUF, UG, UH, UL,
fla, = 62: Ag — Ay U By UCy U Dy U Ey,
flp, =616 "t By — Ay UBy UCL UDy UEy,
fle, = 010002: Co — Ay U By U Cy U Dy U Ey,
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flpy =80 i Dy — Ay U By UDy U By,
flE, =020 By — F, UG, UH, UL, U Jo UF3 UG3 U Hs U3,
flag =021t Ag — A3 U B3 U C3 U Dy U F,
flBs = 6180: B3 — Ao U By U Cy U Dy U Ey,
fles =61 100 07 C3 — Ay UB,UC, U Dy U By,
flps = d0: D3 — A3 U B3 U D3 U E3,
flo, =62 LBy — Fy UG, UH, UL, U Jy UF3 UGy U Hy U I,

Having defined f on all of F5, we now consider F;. As we described in the previous
section, we may regard (v1,72) as lying on a one-holed torus (one of the components of
Y9—f). Moreover, as 77 and -, intersect exactly once they correspond to Farey neighbours.
Therefore, we define f to agree with the map f; on the space of Farey pairs and described
in section 2.4. Results about the image of this map follow as in that section. Thus we
have:

flr, = 62: Fo — Fo UGy U Hy U Iy U Jo U Hy U T4,
Flae =60 1 Go— Fy UGy UHyUIyU Jo U Hy UT,,
flm =0 % F — FLUGUHyUIyUJyUH; UIL,
fle, =60:G1— FL UGLUHyU Iy U JyUH; UIL,
flm =011 Fo— F, UGo U Ha Uy U Jo U Hy U I3,
flas =60 Ga— F, UGy UH UL U Jo U Hy U T,
fles =61 % Fy— FsUGs UHy UL, UJy U Hy U I,
flas = 00: G3 —— F3UG3U Hy Ul UJy U Hy U I3.

Finally, we consider Farey blocks in Fy. If we were in the case of the once punctured
torus we would need to apply a power of the involution §;d¢d;. For the twice punctured
torus, this element has infinite order (its fourth power is Dehn twist about ys). Therefore
we need to investigate the effect of powers of 410901 and d209d>. For simplicity we denote
00005 by p; for j = 1,2. We have the following lemma.

Lemma 4.6.2. If the Farey block (v1,72,3;73) is in Hy then its image under py~! is in

Iy ifa>1orisinJyifa=0. If (71,72, 3;73) is in Iy then its image under p,~2 is in Iy
ifa>1orisin Jy if a = 0. Moreover any Farey block in Iy or Jy arises as the image of a

Farey block in Hy or Iy in this way.

Proof. The curve g is fixed under application of §y or d5 and so under any power of p,.
It follows by a similar argument to those given in section 2.1 that ps interchanges ey and
e>X. It remains to check the effect of ps on the possible curves ~s.

59



1 he Mapping CUlass (Group oI the lwice Functured lorus

If the Farey block (y1, 72, 3;73) is in Iy then v3 = (a+1,0,a,1) € A5 N Ag. We claim
that po~! sends (a+1,0,a,1) € AsNAg to (a,0,a,1) € AsNAg. Likewise, if (v1, V2, 5;73)
is in Hy then 73 = (a,0,a,1) € AsNAg and we claim that p,~! sends (a,0,a,1) € AsNAg
to (a,0,a—1,1) € AsNAg if a > 1 or to e’ if a = 0.

This claim is proved using Propositions 3.3.2 and 3.3.3 as follows:

(a4+1,0,a,1) € As N Ag (a,0,a,1) € A5 N Ag
st st
(a+1,0,a,1) € A5 N Ag (a,1,a—1,1) € Ag
5ot 5ot
(a,1,a,1) € Aj (a,0,a—1,1) € A5 N Ag
571 571
(a,0,a,1) € As N Ag (a,0,a—1,1) € A5 N Ag

where we assume a > 1 in the right hand column. If a = 0 then
p2t(ely) =80 0 (ely) =800 (en) = 82 (%) = e
O

Corollary 4.6.3. Applying ps 7 to Farey blocks in Hy, Iy decreases the length of 3 by
27. O

Therefore we define f on Fy as follows.

fla, = p2 't Hy — Io U Jy, flry = pa =2 Iy — Io U Jo,

fla, = p2: H — I U Jy, flr, = po>: 11 — I, U Jy,

flas =p1 " Hy — I U Jo, flo=p1 %L — LU Js,

flas = pr:Hy — 13U Ja, fl =p1*i s — I3 U Ja,
flo, =e:Jo — Jo, fla, = ta: Jo — Jo.

This completes the definition of the map f.
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4.7. The word acceptor.

We have now subdivided the space F of Farey blocks into states and defined the map f
on each state, in such a way that

(i) for each state U, we have f|y = ¢ for some ¢ € MCG(X3), and

(ii) for any states U and V if f(U)NV° # 0 then V C f(U).
In order for f to define a normal form leading to a suitable word acceptor, we now only
need to verify that successive applications of the map f always eventually terminate in
the end state Jy. Of course, this requirement was central to our choice of definition of the
map f. In analogy with the case of the once punctured torus X; we have:

Proposition 4.7.1. Let (v1,72,8;7v3) be any Farey block in F. There exists a non-
negative integer n so that

fn(717727ﬁ;73) = (e()?eg?XO;eO)'

Proof. This is similar to Proposition 2.3.5. First, if (y1,72, 8;73) € Fa it follows from
Proposition 4.2.2 and Proposition 4.4.2. that f strictly decreases |3|. Thus there is a non-
negative integer ng so that f2(y1,72, 8;73) is in Fy or Fy. For any Farey block in F; the
map f strictly decreases |y1|+|7y2|. This follows from Corollary 2.3.4. Thus there is a non-
negative integer ny so that f™2%"1 (yy,7s, 8;73) is in Fy. For any Farey block in Fy other

0

than (eg, e, xo;€") or (e, e, x2; eq), using Corollary 4.6.3 we see that the map strictly

decreases |y3|. Thus there is a non-negative integer ng so that f72T71570 (~y ~y 3:q3) is
either (eq, e, xo;e?) or (e, e, x2;€0). Finally
Fl (€%, €3, x25 €0) = 12(€”, €32, x25 €0) = (€0, €2, X0; €).
0

Remark. Just as in section 2 this proposition proves that the actions of f and MCG(3)
are orbit equivalent, in other words, for any (v1,72,3;73) and (v1,7%,0';75) in F we
have

(11,72, 8'575) = (6(11), ¢(12), 6(8); d(73))
for ¢ € MCG(X,) if and only if there exist non negative integers m, n so that
I (s B5y3) = ™ (015755 85 73)-
See the remark following Proposition 2.3.5 for the significance of this observation.

Proposition 4.7.1 allows us to construct a normal form for elements of MCG(%s).
Namely, for any ¢ € MCG(32), we determine the map f™ for which

f" (¢(e0)7 d)(eg), ¢>(X0); (Z)(eo)) = (eOa egv X0; eO)_
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% 5

Fig. 4.7.1. A diagram of the arrows from states Ay, ..., Jy. An arrow from (or to)
a box means that there should be an arrow from (or to) each state in that box.
Each arrow should be labelled with the inverse of f on the state it points towards.

Since at each stage f is a fixed element of MCG(X3) this, together with the fact that
MCG(32) acts freely on F, gives a unique expression for ¢. The details of the normal
form are now rather complicated and are best described in terms of a word acceptor for

MCG(3s).

The states of the word acceptor are obviously A;,..., I; for j = 0,1,2,3 and Jy, Js.
To get the arrows we need to invert the map f on each separate state. The alphabet A
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which labels these arrows will consist of all possible values of f~!, namely:

A — €, L2, 60:t17 61i17 62i17 61507 517160717 52507 527160717
(016002)F", (020001) %, p1 1, pott, p12, po*2, '

We list the labelled arrows leading from each state. We begin with Jy. It has the following
arrows which may be read off from the definition of f. The arrows from Jy are.

57t 5t do P2 P2
JOHE(b JOHF()a JOHGO7 JOHH()a JOHIW
01 P S0t p2 ! p2 2
Jo——FE1, Jo——F, Jo——=G1, Jo——=H, Jo——11,

Jo —2= ;.

The arrows from Jo; may be found from those from Jy by applying the symmetry ¢o, with
one exception: there is no arrow from .J5 to Jy.
The arrows from I; may be found by applying ¢; to the following arrows from Iy:

§17 1t St 5 p pa?
IOéEm IOQHF(D IOHOG07 IOHQI——IO? IO$]()7
51 5o 8ot
Iy ——=FE, Iy——F;, Iy——Gj.

The arrows from H; may be found by applying ¢; to the following arrows from Hy:

5171 5271 5o

HO > E07 HO > F07 HO > G07
51 5 501

Hy ——F,, Hy——F, Hy——0G;

The arrows from F; and G; are very similar. They may be found by applying ¢; to the
following arrows from Fjy and Gy:

51t o1 551 do
Fo ——Ey, Fy——=FE1, Fy——F,, Fy—— G,
571t o1 551 do
Go—=FEy, Go——F1, Go——Fy, Go——=CGh.
The arrows from Ag, By, Dy and Ey are all similar. They are
do 517t R L Pt T T
AOHD(M AOHA07 AOHB& AO%C%
do 517t §o ot L Pt T T
BO > D07 BO > A07 BO > B37 BO > 027
do 57t So 1ot 5o 15" ts,
DOHD(M DOHA07 DOHB& DO%C%
do 5t So 1ot 5o 16 ts; 1
EOHD(% EOHA(L EOHB37 EO%CQ-
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Finally the arrows from Cj are

517" S0 ot P T
Co—=4Ayp, Co—>B;s, Co——>0Co

The arrows from A;, Bj, C;, D; and E; for j = 1,2,3 may be found by applying the
symmetry ¢; to Ag, By, Cp, Dy or Ey respectively.

In Fig. 4.7.1 we have given a schematic representation of the arrows from Ag,..., Jy
listed above. In order to simplify the diagram we have drawn a single arrow to represent
several between different pairs of states. In order to reconstruct the word acceptor, the
diagram should be reproduced with all suffices j = 0,1,2,3 by applying symmetries ¢;.
The arrows to the right hand columns indicate how these four different diagrams are linked.
An arrow between two of the rectangular boxes should be replaced with arrows between
all the states in each of the two boxes. Finally, the arrows from state U; to Vj should be
labelled with the inverse of f|y, . Observe that all arrows between boxes either go upwards
or across but never downwards. This gives the word acceptor the structure of a partially
ordered set.
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5. The word difference machine

In this final section, following the procedures of sections 1.2 and 2.5, we construct a word
difference machine for the word acceptor of MCG(X5).

5.1. Outline of the construction

The construction of the word difference machine is very similar to the construction for
the once punctured torus given earlier. Our notation will follow that established in the
introduction to section 2.5. As before, the word difference machine is a 2-stringed finite
state automaton. Its states are the elements of a set of word differences D. As before, the
basic building blocks are squares

v—Y vy (+)

o(U) —2= B(V)

where now U, V' are subsets of the states Aj,..., I;, Jo, Jo C F. As usual, in such a

square ¥,¢ € D, p(U) =V, a = fly, B = flv and ¢' = fpa™".
In addition to degenerate squares, or triangles, of type ()

v— = W) vy Ly (45)
| )
P'=e P '=e
a(U) B(V)

used un section 2.5 we also introduce further degenerate squares where we only apply f to
either U or to V. If we do not apply f to U, then we may relax the requirement that U
be contained in a single state in the partition of F. In this case we write ) ~1(V) in place
of U. Likewise when we do not apply f to V we write ¢(U) instead of V' and allow it to

contain points in more than one state.

U Y(U) YL (V) %4 (% * %)
a(U) BV)

We require that 1/ = a~! or ¢ = 1 respectively is in D. We need to be careful that
only finitely many such triangles occur in each path through the word difference machine.
This is a key point which we will discuss later.
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The arrows in the word difference machine will consist of pairs (o™ !, 371) correspond-
ing to the diagram (x) or (™1, —), (—, 871) corresponding to (**) or (xxx*). For example,
a square of type (*) will give an arrow (a~!, 371) from ¢’ € D to ¢ € D.

The set D should contain all elements of the alphabet A constructed in the previous
section. In fact we will begin by considering the set

DO = {67 L2, 50:t17 61:t17 62:t1}-

As all the elements of A have length at most six in these letters we can break squares in-
volving word differences in .4 down into at most six squares (placed horizontally) involving
word differences in Dy (see section 5.5 below). During our construction we will add to the
list Dy. Recall that in Section 3.3 we found various relations in MCG(%3). We will use
these when constructing the squares. The fact that we need to use no more relations is
the proof that the presentation for MCG(X5) given in Theorem 3.2.1 works.

Because of the stratification of states in F described in section 4.5, the normal form
given by the word acceptor for each element ¢ in MCG(¥3) may be broken down as
¢ = G210 where ¢;(ep, e, xo;€°) is in F; for j = 0,1,2. We will break the word
difference machine into subgraphs which correspond to these pieces. There will additionally
be a fourth subgraph which will correspond to certain special word differences, which we
call exceptional (see section 5.4 below).

5.2. Squares and triangles arising from states in F.

We begin by constructing squares and triangles where U and V' are contained in F> and
where 1 € Dy = {5jil\j =0,1,3} U {2}. By use of the symmetries ¢; for j = 1,2,3 we
may restrict our attention to the case where U and V' are subsets of Ay, By, Cy, Dy and
Ej. As usual, we drop the distinction between Ag, ..., Eg and Ag,..., Ey.

Since §; = f|a, we already know its effect on Ay. Thus we can write down the triangle:

Ag Ao U By UCoU Dy U Ej

51l /

A()UBQUCOUD()UEO

In order to simplify things further, we define Q; = A, UB; UC; UD; UE; for j =0,1,2,3.
Now suppose that U is one of By or (y. Using Proposition 3.3.1, we obtain two

squares:
51 61
By ——C4 Co —— B,
52—150—1l laflao—lal—l 525051l l@éo
Qs — Qs Q2 e Q2
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When considering Dy and Fy we make the following definitions which again simplify

the notation.
Rj:AjUBjUDjUEj fOI‘jZO,l,Q,?);

Sj:FjUGj fOI‘j:O,l,Q,?);
Tj IH]UI]UJ]UHJ+1UIJ+1 fOI'jIO,2.

We obtain
DOL>D1 E0461>50U81UT0
501J/ J/ao &J/ /
610001
Ry—— R, So U ST UTy

Now we do the same for ¢ = §; '. We obtain one triangle:

Now we consider squares where v = d5. From Proposition 3.3.2 we know the effect of
(52 on Al, ceny A7. We know that 522 AO I AO and (522 BO — B()UD(). We divide U = BO
into maximal subsets U; = (52_1(30) or Uy = (52_1(D0). This gives:

52 52

Ay ——= Ay (52_1(30) — By 52_1(D0) — Dy

lch \Lél laflao—l J/52—150—1 J/52—150—1 lao—l
P

QO—>QO CgUDgLQg AgUBgUEg(%QQ

Now d2(Co U Dg) = Cy. Therefore we divide V' = Cp into subsets Vi = d5(Cp) and
VQ = (52(D0)

C() —62> (52(00) DO —62> 62(D0) EO o2 EO
l525051 \L525051 l&)_l l525051 llsl lfsl

L -1 1
Q2$CQUD2 R0—262>A2UBQUE2 SQU51UT0—2>S()U51UTO

We remark that it is not immediately obvious that the bottom lines of these squares are
as claimed. We now do an example which illustrates how the bottom line is found. The

rest are simple and are left to the reader.
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The example we choose is

6
52_1(30) N BO 2—> BO

62_160_1l lég_léo_l

Cs U Dy —>— Qs
We do this using the following result
Proposition 5.2.1. If (a,b,c,d) € A3 U Ay = By and 62(a,b,c,d) € As UAy = By then
62 100 (a,b,c,d) € Agg U Agr U Agg = C3 U Dy

and
62 1007 02 (a, b, ¢, d) = 60 100 M (a, b, ¢, d) € Q3.

Moreover, any point of (Q3 arises in this way.

Proof. The word difference can of course be found without reference to the states on the
bottom line of the diagram. It is clear that in the present case the new word difference v’
is

(6271607 1) 02 (52_150_1)71 = 0y 0o 820002 = do
using the relation d200d2 = dgdadg.

We now justify the claims about the regions involved in this diagram. We begin by
identifying U; = By N (52_1(30). We know that By = Az U Ay. By Proposition 3.3.2 (iii)
and (iv) we see that (a,b,c,d) € Ag is sent to Az U Ay = By provided a < b+ d and that
(a,b,c,d) € Ay is sent to By provided a < d. Thus,

Ui = {(a,b,c,d) € As:a < b+d}U{(a,b,c,d) € Ay:a < d}.

By definition d2(U;) C By, and it is not hard to check that d2(U;) = Boy.

We now investigate the effect of d, 'dp " on U. We know from Proposition 3.4.3 (i)
that 6o~ sends As and Ay to Ags and Agy respectively by 6o~ '(a,b,c,d) = (a,b,c,d).
Thus U is sent to the appropriate subset of As. Applying 3 to Proposition 3.3.1 (i)
we see that if (a,b,c,d) € Agy with a < d then 6, '(a,b,c,d) is in Agg. Similarly, if
(a,b,c,d) € Ayz with a < b+d then 52_1(a, b,c,d) is in Agy or Asg. It is not hard to show
that this map is surjective and so 52_160_1(U) = (C3U Ds.

Finally, we know that 8> *dp "' maps By onto Q3. O

By similar reasoning we construct all the squares and triangles for which ¢ = 5 L.

5y 1 5y 1
Ay —=— Ay By —> 6, Y(By) N By
61\L \Lél 52_150_1\L lég_léo_l
52_1 5071
Qo — Qo Qs C3U Ds
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527t 5,71
(52(00) N C() —— C() 52(D0) N C() —_— D()
525051l l525051 525051l léo_l
-1 L251
CQUDQLQQ AQUBQUE2—>R0
52—1 1 52_1
Dy —— 65 (DO) N By Ey Ey
50_1l lég_léo_l 51l/ lél
15 —1 5y 1
ROMAg,UBgUEg SoUS1UTy ——= So U S UTy
Similarly, when ¢ = &y or "' we obtain:
50 60
Ry —— Dy Co——=Cy
x l&o_l 525051l/ l525051
o
Ry Q2 —— Q2
5ot 5ot St
Ay —— B3 By —— A3 Co ——=Cy
51l/ l‘sléo 521501l l(SQl 525051l/ l/525051
S —1
Qo —— Qo Qs —= Qs Q2 ——= Q>
8o 1 8o 1
Dy —— Ry Ey Es
S A
Ro SoU St UTy —2 85U S5 UTs
Finally we consider the word difference 5.
Ay —2= Ay By —>> B, Co —2> Cy
51\L \L(SQ 52_150_1\L \L51_150_1 525051\L \L515052
Qo —> Q> Qs —> Q1 Q2 —> Qo
DO L> D2 EO - E2
A
R0L>R2 50U81UT0L>SQU83UT2
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Now consider the diagrams we have constructed above. If the bottom line consists
of a word difference between regions we have already constructed then we have no more
work. However, there are some diagrams for which this is not the case. First, there are
those diagrams where the bottom line involves the regions making up S; or T;. We will
consider these in the next section. Secondly, there are word differences between regions in
Q; or R; which we have not yet considered. We consider these individually.

The easiest case is where we have a word difference of 191 where 1 is one of the word
differences that we can already deal with. These can be analysed as follows. For each of
the squares we have constructed with word difference ¢ and written in the form (x) we
add a new square with word difference 11):

vty 2oy
S G
U/ ¢’ V/ b2 W/

where W = 13(V'), W' = 12(V') and v = 128t is f|lw. If ¢’ has the form 129" for some

2 — ¢ to get a word difference of ¥”. This is illustrated in the example

y", then we use 1o
given in section 5.5 below.

The remaining word differences we have to consider are

(52(502 A3 U Bg U E3 — Ro, (1)
507152712R0 — A3 U B3 U Fjs, (2)
P1 = 5150(512 RQ — Rl. (3)

The word difference (3) is slightly more complicated than the others. We will treat this
word difference and those arising from it separately in section 5.4. These will be called
exceptional word differences and will constitute a separate subgraph of the word dif-
ference machine.

We now consider the word difference (1). By examining which point goes to which,
we see that this may be broken into four new arrows. Namely

(52(502 50_1(52_1(B0) N Ag — Bo, 52(50: (50_152_1(1)0) N Ag — Do,
52502 Bg S Ao, 52502 E3 — EO

Now 50715271(30) C Az and 60*162*1(190) C Asz. Thus we obtain the following squares

620 620
50_1(52_1(30) —0 > Bo 50_1(52_1(D0) — > DO
52_1l l52_150_1 \Llszl \Llsol
CgUDg %0 Qg AgUBgUEgLRO
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0260 0260

By ——— Ay Es Ey
\L(ﬁéo \L(sl \Lﬁgl lfsl

62 L250715171
Q() Qo SQUSgUT2—>SQU51UTQ

The word differences on the bottom lines of these diagrams either have been considered
above or else involve S; and 7. In the latter case we will consider them in the next section.

& ¢

N

A

Fig. 5.2.1. Non-exceptional arrows in the word difference machine where U is one of
Ay, By, Cy, Do. Each arrow is labelled by a pair (a~!, 37!) as described in section 5.1.

We now consider the word difference (2). It is rather similar to (1), and splits as
50_152_12 B() — 50_152_1(B0) N Ag, 50_1(52_1: A() — Bg,
50_152_12 D() — 50_152_1(D0) N Ag, 50_1(52_1: EO — Eg.
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5 _152_1 5 _152_1
By ————>3 "0 (By) Do —————>0d '8, (D)
l&zl%l l&zl l&ol J{&zl
501 I
Q3 C3 U D3 Ry A3z U B3 U FEs
5 _152_1 5 —15 —1
Ay ———— B3 Eq - E3
\L&l \L(sl&) lél légl
2_1 L2525
Q06—>Q0 SoUS1 UTy === S, U S3UTh

The word differences on the bottom lines of these diagrams either have been considered
above or else involve S; and T}, again to be treated in the next section.

Fig. 5.2.1 shows the non-exceptional arrows constructed above where U is one of
Ag, Bg, Cy or Dy. The labels on the arrows may be obtained from the squares listed
above. For example, the three arrows from e to §; are labelled ((51_1, =), (dpd2, d19002)

and (51_1(50_1(52_1, 50_1(52_1).

5.3. Squares and triangles arising from states in F; and Fj.

We proceed along the lines of the previous section. What we do now is essentially the same
as in section 2.5. Recall that S; = F;UG; for j = 0,1,2,3and T = H;UI;UJ;UH ;41U

for j = 0,2. We begin with the word diffences 4; and 5;1. We have:

So U Ty
We now consider 9s:
Fy— 2> S UTh Go— 2> Gy
LT T
So UTp SoUTy 2= 8, UTy

(Recall that py = d20002.) We now consider 551 and dy:

—1

To —— 1

N

SOUTOLFO SOUTOLGO

Sl T SOk

So U T
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. —1
We now consider dg ":

5ot 8ot 8ot

F04>F1 G040>50UT0 T0—>Gl
l(sz lézl \L&)/ x \Ltso
SOUTOLS]_UTO So U Th To

We now consider ¢s:

L2

FO +>F2 GO FQ
J{@ lél l%l léol
SQUT0L>SQUT2 SQUTQL>SQUT2

As for word differences between states in F, if we have a square for the word difference v
of the form (%) then we add a new square with the word difference 159:

vty 2oy
S G
U/ ¢’ V/ ‘L2 W/

where W = 15(V'), W/ = 15(V') and v = 1202 is f|w. Now if ' were 129" then we have
1) = 152" = 1" since 15?2 is the identity.

This has completed the construction of squares and triangles for the standard word
differences. There remain a few cases that we have not dealt with. These arise is the
bottom line in some of the diagrams we have found. The relevant word differences are

p2:SoUTy — S1 UTyp,

pgflz SoUTy — S1 UTy,
6o 101 S U Sz UTy — Sy U Ss U T,
0200: So U ST UTy — So U S UTy

where, as in section 4.6, p; = d,;000; for j = 1,2. We consider them separately.
The word difference (1) splits as

p2: o — G1, p2:Go — F1, p2:HoUJo — In, pa:lo — Ho,

as well as py acting on H; and I;. Applying the symmetry ¢; this is equivalent to py !

acting on Hy and [y which we consider under (2). Thus we get diagrams

FO P2 Gl GO P2 F1
b e e
SQUTOL>81UTQ SOUTOLS]_UTO
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HQUJOLIO 10$>H0
x po_l p2_1l \LPQ_Q
HOUJO HQUJ0—6>H0UJO

Similarly for (2). We get

pa Vi Fy — Gy, p2 'iGo— Fi, pa'tHo— Iy, pa "Iy — Ho U Jp.

L acting on H; and I;. Applying the symmetry ¢, we can obtain

In addition, there is ps~
these word differences from p, acting on Hy and Iy. This was done above. The remaining
word differences give the following diagrams

1 —1

P2 P2

by Gy Go o)

F e e
SoUTy 2> S UTh SoUTy 2> 8, UTh
Ho—"" o1, To—"" " HyU Jo
S s
Hy U Jy — Ho U Jy Hy U Jy

We now consider the word differences (3) and (4). The only way that these word
differences can occur is from one of the following diagrams

1262680 1260 12T

E3 Es Ep Ey
lég_l \L(SQ \Lél l(ﬁ_l
So~ et 8280
SQUSgUT2—>SQU53UTQ SQUSlLJTO—)SQUSlUTO

Applying the symmetries we see that it is sufficient to consider the following word differ-

ences

8002: So U Ty — So U Sy U Ty,
6o 10yt Sy U Ty — Fi,

0200: So UTy — G,
6 100 SoUTy — Sy U S UTy.
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These break down into diagrams as follows

Fy %002 Gy Go f0%2 S UTy, 1o %FO
\Llsz l&)l l(so% \’x \Llsz
SQUT0—6>SQUT0 So U Th To
S0 toa Tt 8260
S() U T() F1 SO U TO C7Y1
p2~t l%_l x l%
Sl U To Sl U TO
Sy 1ot 5o 1ot P
Fy 2 ST UTy Gy ————F, Ty ————= G

i 7
19,9, \ l 26_01 _2

15,5 / 15,5
w6 e

Fig. 5.3.1. Arrows in the word difference machine where U is one of
Fy, Go, Hy, Iy, Jy. In addition there should be word differences to1).
The square boxes denote word differences where V' is Ej.
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We remark that all these squares have introduced no new word differences in their
bottom lines.

5.4. The exceptional word differences.

We have now completed the word difference machine except that we have not dealt with
word differences arising from the following square (which was called (3) in section 5.2):

Do —2> D,

|

Ry—2> Ry

and its symmetric images. Recall that R; = A; U B; UD; U Ej.

Observe that §;: Dy — D7 and its symmetric images do not arise in the bottom
row of any of the squares or triangles we have constructed so far. We call them excep-
tional initial states. There are some states which only arise in paths beginning with an
exceptional initial states. We call these exceptional states.

Because they never occur in a bottom row, once we have gone from an exceptional
state to a non-exceptional state (that is any of the states considered in sections 5.2 and
5.3) we can never return to an exceptional state. In order to get from an exceptional to
a non-exceptional state it is usually necessary to pass through a triangle. Thus a triangle
of this special type can only occur once in any path through the word difference machine.
The exceptional states constitute a separate subgraph of the word difference machine.

We now construct the exceptional states arising from the map: pi: Ry — Rj.
Intersecting this with the states of F» gives:

prip1~(D1) N Ag — Dy, (1)
p1:p1 " (B1) N Ay — B, (2)
p1:Do — p1(Do) N Ay, (3)
p1:Bo — p1(Bo) N Ay, (4)
p1:Eg — Ejy. (5)

Each of these five maps is the top line in a square or triangle of the form (x), (%) or ().
We claim that p; ~!(D;) and p; ~1(Bj) are subsets of Ay and that p;(Dg) and p1(By) are
subsets of A;. This may be checked using Propositions 3.3.1, and 3.3.3. The maps (1) and
(3) above give rise to squares of the form (x) for which the new word difference 1)’ is again
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p1. They are
p1 H(Dy) 2 -~ D, Dy L>,01(Do)
lﬁl l(So lﬁo_l l(sl_l
P1 pP1

Ry

Ry Ry

The map (5) gives a square which leads directly to a non-exceptional state involving F;

and Fy. It is
P1

EO El

L

S()US&UTO&)S()US&UTO

The maps (2) and (4) are immediately followed by a triangle and a square.

p1~H(B1) > B, By —"> p1(By)
01 % l5250 52_150_1l k\ 5171
Co Q2 Q3 Cy
920001 / x P P
Q2 Q3

O

Fig. 5.4.1. Arrows between exceptional word differences ending at
the initial difference d;. The square boxes denote non-exceptional word differences.

When we form arrows in the word difference machine, we reverse the arrows in each

of the squares and triangles listed above. Recall that exceptional initial states never occur
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as the bottom line in any of the squares we have constructed. This means that there are
no arrows leading out of exceptional initial states. In other words they are dead ends in
the word difference machine. Moreover, there are no arrows to non-exceptional states from
the subgraph of the word difference machine consisting of exceptional states.

5.5. Synchronising the word difference machine

Sections 5.2, 5.3 and 5.4 contain a full list of all word differences. There is one last technical
problem because, as in section 2.5, the word difference machine we have constructed using
this process is not synchronised. This is because of the presence of triangles rather than
squares. We need to check that only finitely many triangles can occur in any path through
the difference machine and to then compensate for this by adding padding symbols $.

In the previous sections we have constructed, up to symmetry, all the squares and
triangles that give rise to arrows in the difference machine. As before, we use the following
notation for triangles:

P P

U 14 U 1%
| AN
a(U) svV)

There are exactly three ways that triangles can arise. First, there are triangles where v’
is the identity. Clearly, this can occur at most once in any path through the difference
machine. This is equivalent to saying that the only arrows leading to the state e in the
difference machine also start at e.

Secondly, there are triangles between non-exceptional states where 1) is (5j50)il or
(606;)*! and " is p;*! for j = 1,2. For example

00902

Go ST UTy
J{ao/
P2
So U Th

Any subsequent squares have the word difference e or pjil. Therefore this type of triangle
can occur at most once. This is equivalent to saying that, in Fig. 5.3.1, the only arrows
leading to the state poT! begin either at po*! or at e.

Thirdly, there are triangles occurring during transition from exceptional states to non-
exceptional states. Once we leave exceptional states we never return and so this can occur
at most once. In other words, in Fig. 5.4.1 there are no arrows from exceptional states to
non-exceptional states and the triangles occur on the arrows from 019y and dgd1 to p1.
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We now give an example which contains all three types of triangles. This is the worst
possible case we must deal with. This is the word difference §; for the following Farey
block in Dy:

Y1 = (0, 1,2,3) € Ay, Yo = (1, 1,5,8) eA;, = (3,3, 11, 15) € Ar; Y3 = (1, 1,4,6) e Ar.

The squares associated with reducing this Farey block back to Jy are:

Dy o D,
8ot do
Ay & B
g /
Co 4200
528001
Bs i Bs
81 ot 81 oot
Cq % Cq
E T T M P I P
Cs i Dy
PR T P do
B2 p 2. D,
0260 50l do
E252*15 > Ey ——=> E3
d2
GQ §o 1
6o~ \
H3 pP1 J2
) /
J2 L2
L2
Jo Jo
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In order to synchronise the word difference machine, as we saw in section 2.5, it is necessary
to add to the set of word differences by adding in diagonals to squares. Because we can have
more than one triangle these diagonals may carry over several squares. In our example,
we need word differences 92010001 between Hs and Es; 8y 020001 between Go and Ds
and so on. Adding all possible diagonals in groups of one, two and three squares adds
considerably to the possible word differences.

Finally, we need to make further changes in the collection of word differences. This
is because we need to consider initial word differences for all elements of the alphabet A.
So far we have only considered initial word differences in Dy as indicated in section 5.1.
Because all words in A have length at most six in the letters of Dy this means we need
to concatenate up to six word differences. For example, the word difference 619302 on the
state Dy gives rise to three squares concatenated horizontally:

d2 do 01
DO —_— (52(D0) N C() —_— 50(50(D0) N Co E— 51(5052(D0) N Bo

601\L 525051\L \L525051 \L5250

ROﬁAQUBQUEQ 5 R2 R2

1209 1

In fact, this may be simplified to give the square

DO & 51(5052(D0) N BO

60_1\L l5250

RO R2

All these changes make the final collection of word differences D rather large but it
is still finite. Thus we have a word difference machine in the usual sense. This makes
MCG(32) automatic.

It seems likely that the same structure shows that MCG(32) is biautomatic (in other
words generators can be added at either end) but we have not explored this possibility.
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