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43)

We want the monic ged(X4 + X3 +2X2 + X +1, X3 +2X? + X +2). We use the Euclidean algorithm:

XU X3 42X+ X+ 1= (X3 42X+ X +2)(X — 1)+ (3X% 4+ 3)

X+2>

X3+2X2+X+2(3X2+3)< =(X2+1)(X +2)

Hence a ged is 3X? + 3, and the monic ged is X2 + 1. To re-express this in terms of f(X) and g(X), we have

XU X3 42X?2 4+ X+ 1= (X3 42X+ X +2)(X — 1) +3(X%2 4 1)

— hence

X2 +1=1f(X)+559(X)

451)

Let o = a1 + a2t and 8 = by + bai be in Z[i], with § # 0. Write

« . . 1
EZQJFP, q€Zil, p=pi+psu, pi1,p2€Q |p1|7|p2|§§~

As B # 0, we can multiply throughout by S:

a=qB+pb

We know that « € Z[i], and ¢, 8 € Z[i] which implies ¢8 € Zli], so « — g8 € Z]i], and hence pf € Z][i]. Let
r = pB. Then

r = (p1b1 — paba) + (p1b2 + p2b1)i,

and hence

N(r) = (p1by — p2b2)® + (prba + paby)?
= pibi — 2p1pabiba + p3b3 + pibs + 2p1p2biby + pab
= pibi + pab3 + pibs + p3bi
= (pi + p3) (b7 + b3)

N(r) = (p] +p3)N(B).



We know |p1],|p2| < 4+ — so p},p} < 1 and hence

45iii)

We have oo = 38 + 41,8 = rg = 8 + 31i. Then

and hence q; =2 — i, p; =

88 4 415

8+ 317

63 — 315
41

=q +p

=q1+p1

1947

@-i+—5

=q; + p1,

—19+7i
- So

38 +41i = (2 —14)(8 + 314) + (=19 + 74)(8 + 317)

41
38 + 417 = (2 — 9)(8 + 314) + (=9 — 134). )
Now
LR U
9 _13; BT
“W-n_
10 T
143
727 ; =
( Z)+ 10 QQJFPQ’
and hence go = —2 — i, pgs = 14{031‘. So
-9 —134)(1 + 33
8—|—31i:(—2—i)(—9—13i)—|—( 110)( + 3i)
8+431i = (—2—1)(—9 — 13i) + (3 — 44). 2)
Now
—9—13:
34 3140
and so



—9—13i = (1 — 3i)(3 — 44).
So a greatest common divisor of 38 + 41¢ and 8 4+ 31¢ is 3 — 4¢. We express this in the form
(38 + 414) 4+ 6(8 4 314)
by back-substitution. By (2),
3—4i=8+3li+ (2+4)(—9 — 1347).
Then by (1),

—9 —13i =38 +41i + (—2 +4)(8 + 31i),

and hence

3—4i=8+3Li+ (2+14)(38+41i+ (-2 +1¢)(8 + 31:)) = —4(8 + 314¢) + (2 + ¢)(38 + 413).
So

| 3—4i = —4(8+31i) + (2+4)(38 + 414) |




