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A 60-fold cross ratio product identity

Herbert Gangl

Abstract. We extend the well-known Plücker identity for individual cross ratios to prod-
ucts of cross ratios. In particular, we exhibit an expression ξ in four variables such that
both ξ and 1 − ξ are products of 60 cross ratios.

To Masanobu Kaneko, in friendship, admiration, and gratitude

1. Motivation

Every mathematician is familiar with the cross ratio of four points in a projective line
P1

F over a field F, its essentially unique projective invariant. It is often given as

cr(x, y, z,w) =
x − z
x − w

y − w
y − z

,

an ambiguity arising from permuting the variables, and one notices the symmetries

cr(x, y, z,w) = cr(y, x,w, z) = cr(z,w, x, y) = cr(w, z, y, x) .

Writing λ = cr(x, y, z,w), any permutation of the four variables gives either of the six
values

(1.1) λ,
1
λ
, 1 −

1
λ
,

λ

λ − 1
,

1
1 − λ

, 1 − λ .

In particular, f = cr satisfies the symmetry (swapping roles of the two middle arguments)

(1.2) 1 − f (x, y, z,w) = f (x, z, y,w) ,

amounting to one of the famous Plücker identities.

Products of cross ratios play an important role as the arguments in functional equations
of polylogarithms Lin(z) =

∑
k≥1 zk/kn and, hence, in explicit avatars of algebraic K-groups

([8],[10]). Important functional equations were found, typically in two variables, for n = 2
by Spence, Abel and many others, and for n = 3, 4, 5 by Kummer ([7]). For n = 3
Goncharov provided a crucial new one [5], and we gave the first ones for n = 6, 7, the
current record, in [4], see also [9], [2], [3]. No non-trivial such equations are known beyond
weight n = 7, and in order to find such one would need to exhibit many expressions ξ such
that both ξ and 1 − ξ are highly factorisable into a comparably small set of factors.

In this short note we will exhibit highly factorisable expressions f (x, y, z,w) in four
variables, in fact products of cross ratios in rational functions of the individual variables,
which satisfy the same identity (1.2).
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2. Examples and a general statement

Example 2.1. It is easily checked that we have the identity (1.2) for the following
functions in 4 variables

(i) f (x, y, z,w) = cr(x, y, z,w) cr(x, y, 1 − z, 1 − w) ,
(ii) f (x, y, z,w) = cr(x, y, z,w) cr(x, y, 1

z ,
1
w ) , and

(iii) f (x, y, z,w) = cr(x, y, z,w) cr(x, y, 1 − 1
z , 1 −

1
w ) cr(x, y, 1

1−z ,
1

1−w ) .

These examples are special cases of the following more general result.

Theorem 2.2. Let H be any finite subgroup of PGL2(C), viewed as a group of Möbius
transformations in Aut(C(t)). Then we have the identity

(2.1) 1 −
∏
σ∈H

cr
(
x, y, σ(z), σ(w)

)
=

∏
σ∈H

cr
(
x, z, σ(y), σ(w)

)
.

Note that the right hand side expression in the Theorem has the exact same form as
the product on the left, except that the roles of y and z have been swapped.

Proof. We will consider poles and zeros of the two rational functions on either side.
1) The left hand side has poles (involving two of the variables), all arising with multiplic-
ity 1, for

(i) for x = σ(w) , ∀σ ∈ H and
(ii) for y = σ(z) , ∀σ ∈ H,

whereas the right hand side has poles, all arising with multiplicity 1, for
(i) for x = σ(w) , ∀σ ∈ H and

(ii) for z = σ(y) , ∀σ ∈ H.
In view of H being a group we have agreement in (ii) which proves the claim about poles.

2) The zeros on the left hand side of 2.1 are given by the zeros of the numerator

(2.2)
∏
σ

(x − σ(z))(y − σ(w)) −
∏
σ

(x − σ(w))(y − σ(z)) .

Whenever x = τ(y) for some τ ∈ H, it becomes∏
σ

(τ(y) − σ(z))(y − σ(w)) −
∏
σ

(τ(y) − σ(w))(y − σ(z)) ,

which we rewrite as

(2.3)
∏
σ

(y − σ(z))(y − σ(w))
(∏

σ

τ(y) − σ(z)
y − σ(z)

−
∏
σ

τ(y) − σ(w)
y − σ(w)

)
,

where all products run through the elements in H. Now we rewrite both summands in the
right hand factor, e.g. the left one can be rewritten as∏

σ

τ(y) − σ(z)
y − τ−1σ(z)

,

since τ ∈ H.
Then we use that, for a Möbius transformation τ(t) = at+b

ct+d , we get an expression

τ(y) − τ(z)
y − z

=
det τ

(cy + d)(cz + d)
,
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where the variables y and z have been separated. Hence the same separation property holds
for the product ∏

σ

τ(y) − σ(z)
y − τ−1σ(z)

.

But now the denominator part in z of each τ(y) − σ(z) (in the numerator) cancels the
denominator part in z of y − τ−1(τσ)(z) (in the denominator) when σ runs through H, and
hence the product is independent of z. As a consequence, the right hand factor in (2.3)
vanishes and we have indeed shown that τ(y) is a root of the polynomial (2.2) of degree |H|
in x. For reasons of degree {τ(y) | τ ∈ H} constitute all the roots.

Conclusion: We have found that the divisors of the rational functions on the LHS and
RHS of (2.2) agree, and hence the functions themselves differ by some non-zero constant
factor. It remains to verify that the constant factor is 1, which can be seen by setting x = z
as the product on the LHS then vanishes and the RHS also equals 1. �

3. A 60-fold cross ratio product

In Klein’s work on the icosahedron [6] he studied the finite automorphism groups of
PGL2(C) in terms of fractional linear transformations, and in this context he expressed the
symmetry groups of the Platonic solids as such. In particular, the arguably most intriguing
cases are the octahedral group, of order 24, and the icosahedral group, of order 60. In order
to represent these as Möbius transformations, one passes to rational functions in Q(ζ8) and
Q(ζ5) (ζn a primitive n-th root of 1), respectively. The former one can be written in terms
of three generators of respective order (as projective transformations) 4, 2 and 3 as

Octa =

〈 (
ζ8 0
0 ζ−1

8

)
,

(
0 1
−1 0

)
,

1
2

(
1 + i 1 − i
−1 + i 1 + i

) 〉
,

and the latter one in terms of three generators of respective order 5, 2 and 4 as

Icosa =

〈 (
ζ2

5 0
0 ζ3

5

)
,

(
0 1
−1 0

)
,

1
√

5

(
−ζ5 + ζ4

5 ζ2
5 − ζ

3
5

ζ2
5 − ζ

3
5 ζ5 − ζ

4
5

) 〉
.

The numbers of their subgroups are well known to be 30 and 59, respectively. Hence
we can find, e.g., 57 expressions corresponding to the non-trivial subgroups of A5 of orders
2 (15), 3 (10), 4 (5), 5 (6), 6 (10), 10 (6) and 12 (5 such), together with their translates under
the group action.

Remark 3.1. Each of those 30 resp. 59 rational expressions in four variables satisfies
Theorem 2.2, and the special cases where we take the full group H = Octa and H = Icosa
lead to products of 24 and 60 cross ratios with the property (1.2). The upshot is that all
these rational functions constitute exceptional S -units (i.e. S -units f such that 1− f is also
an S -unit) for a comparably small set S of irreducible polynomials, and as such there will
be plenty of non-trivial functional equations for polylogarithms (of small weight) among
them. It is conceivable that, by suitable specialisation of the variables, say, one might even
be able to improve upon the current “highscore” of weight 7 (cf. [4], [2]). Classically, most
of the known functional equations have as their arguments rational functions in several
variables with Q-coefficients, with a noteworthy exception of the so-called distribution
relations (which hold for any weight and are considered to be trivial) and certain algebraic
functional equations, for instance

∑
i[pi(t)] vanishes under the Bloch-Wigner dilogarithm

as pi(t) runs through the algebraic roots of xa(1 − x)b = t, with a, b ∈ N, cf. [1], §5.
By contrast, in the above picture we allow Q(ζn)-coefficients (n = 5, 8) which results

in a plentiful source of potentially interesting new arguments.
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