
Chapter 2

Finding the Correct Number is
Simplicity Itself

Simplicity, simplicity, simplicity. I say let your affairs be
as two or three, and not a hundred or a thousand; Instead of a

million count half a dozen and keep your accounts

on your thumbnail.

Henry David Thoreau, Walden.

And calculate the stars.

John Milton, Paradise Lost, VIII, 80.

We have seen that positions in Hackenbush and Ski-Jumps are often composed of several

non-interacting parts, and that then the proper thing to do is to add up the values of these parts,
measured in terms of free moves for Left. We have also seen that halves and quarters of moves can

arise. So plainly we’ll have to decide exactly what it means to add games together, and work out

how to compute their values.

WHICH NUMBERS ARE WHICH?

Let‘s summarize what we already know, using the notation

{a,b,c,...ld,e,£.t.}

for a position in which the options for Left are to positions of values a,b,c,

to positions of values d,e,f,. ... In this notation, the whole numbers are

0={l}, 1={o{}, 2={1|}, n+1={n|},

for from a zero position, neither player has a move, and from a position with n +1 free moves fol-

Left, he can move so as to leave himself just n moves, whereas Right cannot move at all.
The negative integers are similarly

—1={|0}, ‘2={|-1}, -3={|-2},

We also found values involving halves:

%= 1% = {112}, 2% =

—§= —1§={—2|—l}, and soon.
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. . . and those for Right

..,
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ves like half a move was contained in the discussion of the Hackenb ‘Eh
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Our proof that {0|1} beha
' ‘ ‘ ' Cha ter 1. .

WSWZHaigongsglzgg a Hickenbush 905mm (Hg 8(3) Of Chapter 1) Whose Value w
and showed that it beh 113T Of a move. so we can gueSS that we havfaé‘llt}

aved like one qua the

equations = i, and so on,1

{0|1} = i, {01% = I,
hese equations mean until later.

‘ ' ' hat t

c more reelse dlSCUSSlon of wand Ieav a p ame with a pOSition of value g? Yes, of course! All we have to doi

WM there be any g . . . ,

togethler two positions of values § and % as in the Hackenbush pOSItlon Of Flg- l.
Sadd

Figure 1. A Blue-Red Hackenbush Position Worth Five-Eighths of a Move.

What are the moves from the position that is from the position

a + t
which we write

{0|1} +
in the new notation?

Each player can move in either the first or second component, but must then leave the

other component untouched, so Left’s options are the positions

0+§ (if he moves in the first), and

% +0 (if he moves in the second).

I-_Ie should obviously prefer the latter, which leaves a total value of half a move, rather than one
eighth of a move, to him. Right’s options are similarly

1 +§ and g +%

of which he should prefer the second, since it leaves Left only three-quarters of a move, rather Ill!

one-and-one-eighth. We have shown that the best moves from .3 are to % (Left) “‘1 itRish‘lv‘
in our abbrevrated notation, we have demonstrated the equation

E=l3
8274'

In a PICCISCIY similar way, we can add various fractions 1/2" so as to prove that

EL 2p+2 p p+1
2u+1 _ W = 57' 2.
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or in words. that each fraction with denominator a power of two has as its Left and Right options

the two fractions nearest to it on the left and right that have smaller denominator which is a ain

a power of two. For example g

SIMPLICITY’S THE ANSWER!

The equations we’ve just discussed are the easy ones. What number is the game X = {1%[2}?

We have already seen in our discussion of Ski-Jumps that we should not necessarily expect the

answer to be the mean of 1% and 2, that is, 1%. Why not? We can test this question by playing

the sum

X+(—1%>={1%12}+{—1%l—1%}

since we already know that — 1% = {— 1%| —- 1%} Only if neither player has a winning move in
this sum will we have X = 1%.

The two moves from the component X are certainly losing ones, because 1% is strictly between

1% and 2, so that Left’s move leaves the total value 1%— 1% which is negative, while Rights leaves
it 2 —— 1% which is positive. But Right nevertheless has a good move, namely that from - 1;} to — 1%.

Why is this?
The answer is that in the new game

X+(-1%)={1t|2}+{-2l-1}

it is still true that neither player will want to move in the component X, for essentially the same

reason as before, since 1% still lies strictly between 1% and 2. So Left’s only hope for a reply is to

replace - 1% by — 2 which Right can neatly counter by moving from X to 2, leaving a zero position.
So the reason that {1%|2} is not 1% is that 1% is not the simplest number strictly between 1%

and 2, because it has the Left option 1% with the same property, and we therefore find ourselves

needing to discuss X +(— 1%) before we can evaluate X
Now 1% must be the simplest number between 1% and 2, because the immediately simpler

numbers are its options 1 and 2, which don‘t fit.We shall use this to prove that in fact X = 1%.

It is still true for the position

1%) = {l%|2}+{—2|— 1}

that neither player has a good move from the component X, so that we need only consider their

moves from — 1%. After Right’s move the total is X +(— l), to which Left can reply by moving

from the component X so as to leave the positive total 1%— 1, because 1 is not strictly between

1% and 2, but less than 1%. After Left’s move from — 1%, the total is X + ( — 2) and Right’s response
is to the zero position 2 — 2, because 2 is no longer strictly between 1% and 2, but this time equal to

2.

The argument can be used in general to prove theSimplicity Rule, which we shall use over and

over again:

If there’s any number that fits,

the answer’s the simplest number that fits.

THE SIMPLICITY RULE

l



DING THE CORRECT NUMBER IS SIMPLICITY lTSELFFIN
24

1f the options in {a,b,c,...ld,€,)€-- _}

s I ' ‘t7s

are all numbers, we’ll say that the number x tits Just if 1

strictly greater than each of a,b,c,. . ., and

strictly less than each of d,e,f, .

d x will be the simplest number that fits, if none of its options fit For thC Options of x youan
‘ d in the previous section,

ld use the articular ones we foun _ ' .$11020; examplle) if the best Left move from some game G is to a posmon of value 2%, and niche“
. f value 5, we can show that G itself must have value 3, which we found before

5112:2123: 3'01: fir in this form 3 has only one Option, 2, WhICh does not be strictly between
21 and 5, while 3 does. Note that the simplicrty rule still works when one of the players, here Right,
hits no move from the number c. It also works for games of the form {al } or { lb} in Which again
one of the two players is deprived of a move. For example, {al } IS a number c which is greater

than a, but has no option with this property. This Is in fact the smallest whole number 0 orl

or Z or . . . which is greater than a. Thus } = 3, } = O.

SIMPLEST FORMS FOR NUMBERS

Figure 2 displays most of what we’ve learnt so far. The central ruler is the ordinary real
number line with bigger marks for simpler numbers, while below it are the corresponding Hack-

enbush strings; the simpler the number, the shorter the string.

The binary tree of numbers appears upside-down above the ruler, although we can't draw

all of it on our finite page with finite typeifor more details see ONAG, pp. 3—14.‘r Each fork of

the tree is a number whose best options are the nearest numbers left and right of it that are higher

up the tree. For example I and 2 are the best options for 1%. For % we find % and %, so

L3. = {all}
1 6 4 B

as a game. (The numbers on the leftmost branch have no Left options and those on the rightmost

branch no Right ones.)

The options of a number that we
find in this wa deli ' ' ' lost form. Here

are the rules for Simplest forms: y no its canonical or sunp

 
79={78'}"53‘{"52}’ and 41= telepath-

“1° root (top!) of the tree.

“do” and New York, 1976 ‘K CWWIY. "011 Numbers and Games", Auden“ M
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Q

CUTCAKE

Mother has just made

into little squares, although she has scored the

Lefty decide to play a game breaking them up.
along one of the North—South lines, and Rita will cut some rectangle along a E Smaller 011%

ll ast_wEst _
lll]e_

When one of the children is unable to move. the game ends, and that child is th

6 loser.

s shown in Fig. 3 She hasn’
. . t

m along the lines indicated. grim“

Lefty Will cut any rectangle into tindO

the oatmeal cookie
[1 them up

her brother

\

Fl gure 3. Ready for a Game of Cutcake

We’ll evaluate h ~ ~

El leaves no 1 t e DOSltlons in this '
. , egal mm, . game usmg the - - -

gives Just a Single free goal-fem“ PlaYer, and so is a :31 phcrty Rule. Plainly a single squareor Lefty, the I x 3 rectangle [Egmon’ The IX 2 “dangletwo free moves for him and so
on. When these 1-

on 60{angles are tur .rec moves for Rita instead ned through a nght angle they yield the
. , corresponding numbers
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The 2 x 2 square is the zero position { —2|2}, for when Lefty starts, he leaves two moves for

Rita. and if she starts, she must leave two moves for him. So lets consider the 2 x 3 rectangle

Egg} Since this has more vertical lines than horizontal ones, it should perhaps be a win for
Lefty? No! If he starts, he must leave a 2 x I rectangle, which is one move in favor of Rita, together
with a 2 x2 square, which we can ignore as having value zero. But Rita can‘t win either, for her

only opening move gives Lefty four free moves. So the 2 x 3 rectangle is the zero position {— 1|4).

But the Z x 4 rectangle EBB} is long enough to favour Lefty, for if he chops it into two 2 x 2

squares at his first move, he wins, and he plainly wins if Rita is made to start. In fact, we have

B333= BEBE $33

0,0 + O |3+3}

={_1,0|6}=

which the Simplicity Rule tells us is worth one move for Lefty.

  
 

  
  

Breadth

12345678910111213141516

1 21—3 4 5 e 718 9[1011J12F3F4

2:
o l 2 3 4 s 6

4—3 —1i— .4
S —4

6 —5

Depth
7 H

s —7

Table 1. Values of Rectangles in Cutcake.
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up a table (Table 1) Showing the Values Q

is an interesting pattem~the border greasing!“

ifferent integer, corresponding to the Value thetablek
0 squares which is a bit harder to es 01" Strip,x

5 have the same Value, _1 mplairr Th:

dy saw that the 2 x 2 and 2 x 3 reCthngl:m:g‘balS M111:

Wed

blend:
variable

ve for Rita. (We alrea

en the table continues wit
So all rectangles whose depth is 4’ 5’ 6, or 7 and

S x 8 squares, and so on. le free move for Lefty, despite their

1, and behave like a sing

shapes.
Let’s consider a fairly complicated example, the 5 X 10 rectangle. thy can Split 10ican read the values of the corresponding rectangles 151101”,

X and

2+8, 3+7, 4+6 or 5+5 and we

5x9, etc. from Table 1 to see that Lefty’s options have values
-4+1, -1+1,—1+0, 0+0, 0+0

Rita can split 5 into 1+4 or 2 + 3 yielding pairs of breadth 10 rectan 1e

So the S x 10 rectangle has value g S Of values 9+1 or 4+4’

{—3,0,——1,0,0|10,8} = {0|8} = 1,

and Table 1 is continued in this way.

MAUNDY CAKE

Every Maund ‘

Lefty’s move is to 3'1 vli'ggnjfeazallgefty and Rita play a different cake-cutting game in whiche into any number of equal pieces, using only vertical’cuts while

12345 61011317891011121314151617134174611018615113

2-100 1

3_100 0103110401170410103110401 1

6—4

7-10 0—10_1100_10101 1‘100 ~11

8_7_3 O 3110

9 —3_1—3—1_3 O 4 011 0 4
‘1—1_ 3 0-3—1—1 14 o

 
o—I 100_11_100

10
‘1

ii_10 0‘1o_110 3-110 O.10103111‘100341
1 °40117o4
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Rita does likewise, but with horizontal cuts. Once again the cuts must follow Mother‘s scorings,

so that all dimensions will be whole numbers.

This game was proposed and solved by Patrick Mauhin—can you see the general pattern

in his table of values (Table 2)? We worked them out as follows:

value of = twelve of six 01 four of three of two of | five of

5x12 5x1 ’5x2 ' 5x3 ’ 5x4 ’ 5x6ilx12

= twelve of six 01 . four of three of two of five of

— 1 ‘ 0 O ’ 1 ‘ 1 to

={—12,0,0,3,2l50}=4.

 

It you haven‘t guessed a general rule, you’ll find ours in the Extras. If you have, try it out on the

999 >< 1000 cake. or the 1000 x 1001 one.

A FEW MORE APPLICATIONS OF THE SIMPLICITY RULE

The more questionable values for Ski-Jumps and Hackenbush positions are easily understood

in terms of the Simplicity Rule. For example the Ski-Jumps position

 

   
LJ__L_

we said. The last Hackenbush

{2%|4§} which the Simplicity Rule requires to be 3, just as

6 L2 )A

position

of Fig. 18 in the Extras to Chapter I can be seen to have {5312; = I by another applicatiOn

of the Rule. Values of more complicated positions such as the horse of Fig. 4 can be found by

repeated applications. We have followed the recommended practice of writing against “ch
edge the value of the position which would result if that edge were deleted. “as: positions
will either be found later in the figure or are sums of the simple positions discussed in Chapter 1.
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Figure 4. Working Out a Horse.

POSITIVE, NEGATIVE, ZERO AND FUZZY POSITIONS

, . ~ nin strategy

We can classify all games into four outcome classes, Wthh SPCleY who has the wm g

. ~ a happen

when Left starts and who has the winning strategy when nght starts, as 1n Table 3' It m y

. . . . - carcinfavor

that Left can Win no matter who starts—1n thls case we shall call G posrtlve, 511106 W

. cases,
ms whoever starts, we shall call G negative. In the other two

starts is

the player who Wins may be Left or Right depending on who starts. If the player Who

the loser, we have already called
‘ Winn”,

the game a zero game, and if the player Who starts is the
we shall call it a fuzzy one.

If Left starts:

Left Wins Right mm

It Left wins

Right
starts Right Wing  
Table 3. The Four Possible
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A handy way of remembering these four cases is just to describe the player who has the winnin g

strategy—this is either Left, Right, or the first, or the second player to move from the start. In
symbols, we have

G > O or G is positive if player L (Left) can always win

G < O or G is negativeif player R (Right) can always win

G = O or G is zero if player 2 (second) can always win

G ll 0 or G is fuzzy if player I (first) can always win.

In Blue-Red Hackenbush we’ve already seen that a picture with only blue edges is positive

(if there are any), and one with only red edges is negative. A picture having no edges is zero, but
there are also other zero pictures, for example any picture with as many red edges as blue in which

each edge is connected to the ground by its own color, or the rather simple picture of Fig. 6(c)

in Chapter 1, which has two blue edges and three red.

There are no fuzzy positions in Blue-Red Hackenbush, which makes it rather unusual, because

in most games it is some advantage to be the first player. So to get more varied behavior, we intro-

duce a new kind of edge.

HACKENBUSH HOTCHPOTCH

This game is played as before except that there may also be some green edges, which either

player may chop. But blue edges are still reserved for Left, and red ones for Right and we continue
to use the normal play rule, that when you can’t move, you lose. .

The pretty flower of Fig. 5(a) is an example of a fuzzy position in Hackenbush Hotchpotch,

for since its stalk is green, either player may win the game at the first move by chopping this edge.

  
(ii)

Figure 5. Two Fuzzy Flowers make a Positive Posy.

It might be thought that, like a zero game, a fuzzy gameconfers no particular advantage on

either player, and so should also be said to have value 0. But this would be a misleading convention,

because often a fuzzy game can be more in favor of one player than the other, even though either

player can win starting first. For example, the flower of Fig. 5(a) has more blue petals than red
ones, and this favors Left by just enough to ensure that the sum of two such flowers, as in Fig. 5(b),

is positive. For no matter who starts in Fig. 5(b), Left has enough spare moves to arrange that

Right is first to take a stalk, whereupon [eh wins by taking the other.
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32 , r reater than 0, less than 0, nfor equzln: :‘gol'ather Comm

In fact a fuzzy g me is elthemsntal picture, illustrating at;z:ly0lgld Since thize place In the
, o . ted y e . COVers 0

re 6 ws 3 O . in represen - ’ h and v
With 0- I25; 15 rather indeterminate, hem tell exactly Where G Is" It S pmbably buzzmg abom i;

number ther Sid , we 0 some times, and negative at Others, “Coming to its

Figure 6. How Big is a Fuzzy Game?

SUMS OF ARBITRARY GAMES

Now that we’ve learned how to work with numbers and how to find when games are positive,

negative, zero, or fuzzy, we should learn what it means to add two games in general. Being very
clever, Left and Right may play a sum of any pair of games G and H as in Fig. 7. We shall refer
to the two games G and H as the components of the compound game G + H, which is played as

follows. The players move alternately in G+H, and either player, when it is his turn to move.

61100565 one of the components G or H, and makes a move legal for him in that component.

:1.

fl":
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The turn then passes to his opponent, Who plays in a similar manner. The game ends as usual

when some player Ends himself unable to move (this will only happen when there is no component

in which he has a legal move) and that player loses.

symbolically we shall write 6" for the typical Left option (Le, a position Left can move to)
nd 0” for the typical Right option, so thatfrom G. a

G = {GLIGRI j 
We use this notation even when a player has more than one option, or none at all, so that the

symbol G need not have a unique value. Thus if G = {a,b,c,...[d,e,f,...},GL means a or b or c
or . . . and GR means d or e or f or . . .. In the game 2 = {II },GL has only the value 1, but GR has

no value. In this notation the definition of sum is written

G+H = {GL+H,G+H'-|G"+H,G+H“} I 
actly the sums G" + H or G+ H" in which he has moved in

he similar sums GR +H, G+ H".

o restriction on the component a player moves in at any

time other than his ability to move in that component. You need not follow your opponent’s

move with another move in the same component, nor need you switch components unless you

want to, Indeed in many games (e.g. Blue-Red Hackenbush and Cutcake) a move may produce

more than one component.

since Left's options from G+H are ex

just one component, and Right’s are t
It should be made clear that there is it

THE OUTCOME OF A SUM

The major topic of this book is the problem of finding ways of determining the outcome of a

mm of games given information only about the separate components, so we cannot expect to

answer this question instantly. But we should at least expect that if both G and H are in favor of

Left, so is G + H and this turns out to be the case. In fact we can strengthen the assertion a little,

by allowing zero games.
I

If G and H are greater than or equal to 0, so is G +H,

G to be greater than or equal to O? From Table 3, we see that these are just

Left has a winning strategy provided Right starts. If this is true of G and H,

it is 3150 true of G+H, for if Right starts, he must make a move in one of G and H, say G, and

Left can reply with the responses of his winning strategy in G for as long as Right continues to

move in that game. Whenever Right switches to H, Left responds in H with the moves of his

winning strategy in that game, and so on. If he plays like this, Left will never be lost for a move
in G + H, for he can always respond in whatever component Right has just played in so he cannot

lose. ’

What does it mean for

the two cases in which



' ' ' hose from which Left

or fuzzy games are Just t. . has a

om Table 3 that the Poslttileiat we have to Show is that If Left has a Wmning Stl'ategy.S . .
M Leftsmm o'th Right starting, he has one 1n G + H Wlth Left Starting

'n H W1 . . .

atrsitilnoge; H by making the first move of hls wmnlng strategy for G, and
of Right’s moves with another move 1n the same component, 50 that

the sequence of moves played in G is begun by Left and that m H by nght. If Left f0110ws his

two winning strategies in the two components he will therefore win their sum.

We can summarize these results, and those obtained by interchanging the roles of Left and

Right, in symbols.

For we see fr .

winning strategy prov:

in G with Left starting,

This is easy. He star

then always replies to any

KG 2 OandHZOthenG+H 20,

KG s 0andH<0thenG+H < 0,

[£6 u>0andH 2 Othen G+H u> O,

lfG<nOandH <0thenG+H<II O.

Hm means or “:1 means “<” or“ H ., etc

In articular ' ' ‘ ' ’ . ' h

the m: if H 15.8 zerogame, it may be used 1n all four lines, and then G+H W111 havee outcome as Gm all Circumstances.

Adding a zero game never affects the outcome.

We ve already seen SO t 686 C t [ll Blue'Red IlaCk
me ()f h prlnCIpl S In ac Ion

evaluated in Hackenbush turned y games, and did not depend on the fact that the positio
. out . -

come of G+H,»g1ven those of G and E) be numbers. Table 4 shows the possibilitles for the out
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Any Hackenbush picture in which only blue edges touch the ground is positive, for plainly

the last move will be Left’s. In particular the house of Fig. 8 is positive. But the garden is also

positive for it is made from two of the positive flower beds of Fig. 5(b). So the whole picture can
be won by Left, no matter who starts.

Figure 8. A Positive House and Garden.

THE NEGATIVE OF A GAME

In our examples of Blue-Red Hackenbush we found that whenever we interchanged the colors

red and blue throughout, the number representing the value changed sign. This suggests that in

general we define the negative of a game by interchanging the roles of Left and Right throughout.
So, from no matter what position of G, the moves that once were legal for Left now become legal
for Right, and vice versa. If G is the position

G = {A,B,C,...|D,E,F,...},

then —G will be the position

—G = {—D,—E,—F,...|—A,—B,—C,...}.

For the general game G = {GL|G“} we have

—G={—GR|~GL}.

This definition works even when applied to fuzzy positions. Let’s see what it means in practice.

The negative of any Hackenbush position is obtained by interchanging the colors red and blue.

Any green edges are unaltered. So for example the negative of the flower of Fig. 5(a) is a similar
flower, but with three red and two blue petals instead of three blue and two red. A Hackenbush
picture made entirely of green edges will therefore be its own negative. This means in particular
that the little forest of Fig. 9 is a zero game, for it consists of the sum of two trees and their negatives

(which have the same shape).
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Fig

gle tree of this forest is zero (the first player could win by Chopping its trunk
e and one small treefrom Fig. 9 is also non-zero (chOp the largerlgand

He’s

But no sin

bout Gs being zero. In fact we’ll meet the commo
nest

in fact the sum of one larg

horizontal branch). So G + G can be zero wit
such game, Star, in just a few pages. Star is i

CANCELLING A GAME WITH ITS NEGATIVE
Is the negative of a game properly deflned‘l Is it reall

. . . y true that the su -

negative 15 a zero game? How does the second player win the compound germ: fGa+g :1 mg?“ m

ts own negative.

Figure 1 '0. Playing a Game with its Negative
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The answers are fairly obvious. The first player must move in some componentilet‘s suppose

he moves from G to H. making the total position H+(—G). Then by the definition of — G, the

move from —G to -H will be legal for his opponent, who can therefore convert the whole

position to H + ( - H). The first player might then move to H +(— K), but this the second player
can convert to K +1-Kl. and so on. In other words, the second player can always mimic his

opponent‘s previous move by making an exactly corresponding move in the other component.
If he does this. he will never be lost for a move, and so will win the game. This is, of course, simply

the Tweedledum and Tweedledee Argument, which we learned in Chapter I.

r

l-or any game G. the game G+(—G) is a zero game]

We are only discussing finite games. so the ending condition prevents draws by infinite play.

COMPARING TWO GAMES

We shall say that G is greater than or equal to H. and write G 2 H, to mean that G is at

least as favorable to Left as H is. What exactly does this mean? We can get a hint from ordinary

arithmetic. when x ,2 r if and only if the number x— y is positive or zero. Let’s take this as the

definition for games:

G 2 H means that G+(—H) Z O.  
 

Then it’s easy to see that ifG 2 H and H 2 K, we have G 2 K. For G+(—K) has the same

outcome as G + (H+(—K)) + since H+(—H) is a zero game, and this can be written

as the sum of G+( —H) and H +( — K), which are both 20. Appealing to our results on sums of

games, we see that G + ( — K) 2 O, that is, G 2 K. In a similar way, from Table 4 we derive Table

5. showing what we can deduce about the order relation between G and K from those between

G and H and H and K.

   
H=K H>K H<K HIIK

= G=K G>K G<K GIIK

G>H G>K G>K G?K Gii>K

a< G<K G?K G<K G<HK

GHH GIIK GII>K G<iIK 67K

Table 5. What Relation is G to K?

Here G = H means that G and H are equally favorable to Left

G > H means that G is better than H for Left

G < H means that G is worse than H for Left

G If H means that G is sometimes better, sometimes worse, than H for Left.

Once again “ u>” means “>” or “ Ii ”, etc.
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The same kind of argument proves a much more general result, that any Hackenbush picture

in which all the ground edges are green has a value which lies strictly between all negative and

all positive numbers. Right can win when we subtract Ti? from such a picture by giving first

priority to chopping any ground edge of the picture, and removing his free move allowance only
when the rest of the picture has vanished. So the house of Fig. 13 is less than every positive number.

 
Figure 13. A Small but Positive House.

But Left can win in this picture by itself. so although the house is small, it’s quite definitely positive

(compare Fig. 5(b)). (The fight is about who first chops one of the walls, for his opponent will
win by chopping the other. If Left works down the edges available to him from the chimney,

he can make at least 5 moves to Right‘s at most 4 before a wall need be chopped.)

THE GAME OF COL

Colin Vout has invented the following map-coloring game. Each player, when it is his turn

to move. paints one region of the map, Left using the color blue and Right using red. No two regions

having a common frontier edge may be painted the same color. Whoever is unable to paint a

region loses. Let us suppose that Right has made the first move in the very simple map with three

regions shown in Fig. 14(a). What is the value of the resulting position?
The effect of Right’s move has been to reserve the central region for Left so that we can think

of it as being already tinted blue (Fig. 14(b)). In general any unpainted region next to a painted

one automatically acquires a tint ofthe opposite color, indicating that only one player may use

it thereafter. In the figures tinting is represented by hatching Figure 14(c) shows the results of

Figure 14. A Simple Game of Col.
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In Fig. 15(a) the only available region is not restricted in any way. Either player may therefore

paint it and so move to a position of value zero. The value of Fig. 15(a) is therefore {0|0}.Hov
should we interpret this? The Simplicity Rule will not help us, for there is no number strictly

between 0 and 0, but we should expect the value to be less than or equal to each of
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More generally. we consider positions of value {XIX} for any number x. This is strictly greater

than every number .\‘ < x and strictly less than every number 2 > x, but neither greater than, less

than nor equal to \' itself. We can also add such values to other values of the same kind or to

numbers.

Let us add 3 to a. that is {HI} + {0|0}. Left has two options % +* (moving from :2) and %+0

(moving from xl. and Right has the two options 1+»r, Since a: < Left’s best option is

j. and this is also Riglit's best option for the same reason. So we have

%+* = {iii}
and more generally

x+ae = {XIX}

for any number x.

THE VALUE X:

This type of value occurs so often that we’ll use an abbreviated notation

xxx for x + a:

just as people write 212- for You must learn not to confuse x: with x times it, just as you
don't confuse 2% with 2 times i.

COL CONTAINS SUCH VALUES

For example, in the position of Fig. 16(a), which has tints as in Fig. 16(b), the players have the

options shown in Fig. 16(c). It therefore has the value Since the values a: and —1
are both less than I, this simplifies to {Ill} = 1*.

You‘ll find more about Co] in the Extras.

Figure 16. The Value of a Col Position.
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Of course we use edges slanting to the left for Left’s moves and to the right for Right’s. This can

help you to see'that games that superficially look very different may have the same essential
structure (e.g. Figs. 15(a) and In complicated positions we often combine nodes to avoid

repetitions and we sometimes draw the diagrams upside-down as we did for Ski-JumpS and
Toads-and-Frogs in Figs. 12 and 16 of Chapter 1.
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“o

_ .. 111:-

i llll h

   
Figure 17. Later anguis in herbs (Virgil, Eclogue. Ill, 93).

Plainly any move will affect just one snake, and will replace that snake by a strictly shorter
one. This means that if we write m for the value of a snake with n edges (counting the head loop,

if present). then we have

i *0 = i I l = O,

; *1 = {~0|~0} = {0|0}, the game we called as,

I *2 = {*0,*1l*0,*1} =
in = {*0,~1,t2,. . .,m(n— 1) *0,~1,*2,. .

These special values are called nimbers and you'll hear about them incessantly from now on.

The fact that the same options appear on both sides of the | emphasizes the impartiality of the

game.

.3, It might be safer to play the game with heaps of counters instead of snakes. In this form, the

general position has a number of heaps, and the move is to remove any positive number of
counters from any one heap. In the normal play version, the winner is the person who takes the

last counter. So this is the same as the snake game, with an n-edge snake replaced by a heap of

n counters, and Fig. 17 becomes Fig. 18.

am.“
h

.“

Figure 18. A Simple Nim Position.
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CHILDISH HACKENBUSH

Figure 19. Childish and Grown-Up Pictures.

We call a Hackenbush picture childish because every edge is connected to the ground, perhaps

Via other edges. For example, the house of 19(a) is childish, but that of Fig. 19(b) is not, because

the window will fall down and no longer be part of the position. The rule in ordinary Hackenbush

is that edges which might make a picture non-childish are deleted as soon as they arise. However,

in Childish Blue-Red Hackenbush (J. Schaer) you are only allowed to take edges which leave

all the others connected to the ground; nothing may fall off. It might be thought that this is not

a very interesting game. However Childish Blue-Red Hackenbush is far from trivial and the reader

may like to verify the values of the positions in Fig. 20, and to compare them with the values of

ordinary Blue-Red Hackenbush in Fig. 16 of Chapter 1.

  l ":1 ' o 2 -2 2

Figure 20. Values of Childish Blue-Red Hackenbush Positions.

    

Some Childish Hackenbush positions with non-integer values on be found in the Extras.
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Figure 21. A Dinner to Celebrate the End of Chat"ter 2-

' ' ' turns to seat couple

Figure 21 shows the dining table around which Left and Right at: Ekigihe left ofher partner,
for a dinner to celebrate the end of this chapter. Left prefers to seat 1a a y ma be seated next tot

while Right thinks it proper only to seat her to the right. No gent emtand himself unable to seat

lady other than his own partner. The player, Left or Right, who. first to s (1 so may be saidto
a couple, has the embarrassing task of turning away the remaining guests, an

lose. - . m seating two

or course the rules have the effect of preventing either player Left or nghtttinies Will be next

couples in four adjacent chairs, for then the gentleman from one of 1115 two cp peserveS thew"
‘0 ‘he lady from the other. So when either player seats a couple, he effective y rd the available

seats on either side for the use of his opponent only. So after the game has starte ,

chairs will form rows of three types:

LnL, a row of n empty chairs between two of Left’s guests,
RnR, a row of n empty chairs between two of Right’s, and e of “gm.
LnR or RnL,a row °f" empty chairs between one of Left’s guests and on disallowing

' ' ‘ ' . rse

:hkugiigjsgiggk It ‘5 c01}Ven1e.ntto start the numbering from n = 0, but.0f :Z‘t’couples. WW
we do this we havgnd R0 R In “101! one player has illegally seated two ad!ac

!
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LnL={LaL+LbL|LaR+RbL}
RnR={RaL+LbR RaR+RbR} (= —-LnL)
LnR={LaL+LbR LaR+RbR} (= RnL)

where u and b range over all pairs of numbers adding to n — 2, but excluding the disallowed posi-

tions LOL and ROR. Of course this is because whenever a player seats a couple they occupy 2

of the n seats.

As an example. we have

R3L+LOR ar+0

R5R= R2L+L1R R2R+R1R 0+0 l+0
R1L+L2R R1R+R2R _ 0+0 0+1

ROL+L3R 0+*

which simplifies to {03-h}. What value is this'2'I‘o find out, we use the inequalities —§ S t S L

which tells us that

{0,—§|l} s RSR s {0,{|l},
and so we must have RSR = é since the Simplicity Rule tells us that this is the value of both

{0.—il1‘,- and {Gill }. Verify in like manner the first few entries of Table 6. Who wins Fig. 21?

 
n O l 2 3 4 S 6 7 S 9 10 ll 12 13 14

T
LnL — o —i —l . —g —g 0 —§ —} —§ —§ 0 —,Jg

LnR=RnL O O O t t t O O O t t O O O

RnR — O I l t § § 0 k % e g 0 1%

Table 6. Values of Positions in Seating Couples.


