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ABSTRACT. We use the Mackaay—Vaz universal sl3-link homology to deepen
the study of s-invariants on Khovanov’s link homology associated to sl3. Such
s-invariants have already been studied by Lobb and Wu in characteristic 0
and we show how to extend this to other characteristics, particularly to p = 3.
We also use Bar-Natan’s scanning algorithm for efficient calculations of these
invariants, and exhibit more examples of unusual behaviour that has been
previously observed by Lewark—Lobb.

1. INTRODUCTION

Rasmussen’s groundbreaking work [Ras10] on a lower bound for the slice genus of
a knot coming from Khovanov homology [KhoOO] has been generalized in many
different directions. One of these directions was pursued independently by Lobb
[Lob09] and Wu [Wu09] using Khovanov—Rozansky sl,-link homology [KR08] for
n > 3.

Many of the formal properties of Rasmussen’s s-invariant carry over to the setting
using sl,,, n > 3, but one big difference lies in computability. While the s-invariant
can easily be computed in bulk for knots with up to 20 crossings, and even knots
with 60 crossings do not represent a serious difficulty, the same can certainly not
be said for sl,-link homology. However, for n = 3 Lewark [Lew13] showed that
the scanning technique of Bar-Natan [BN07] can be adapted for fast calculations of
sl3-link homology as defined in [Kho04], and for general n this can be done provided
the knot is bipartite, see Lewark—Lobb [LL16].

Whether a knot is bipartite or not is generally difficult to tell, but certain pretzel
knots are, compare [LL16], and Lewark—Lobb were able to use these knots to show
that the resulting s-invariants for sl,, can be quite different for various n, and that
other interesting phenomena appear for n > 3. One of these phenomena is that
there are more spectral sequences starting from sl,,-link homology than one might
expect, and that their F.-pages can even lead to different slice obstructions.

In this paper, we focus on the case of sls-link homology. This allows us to perform
reasonably fast computations without having to restrict ourselves to bipartite knots.
Furthermore, Lewark [Lew13] restricted himself to computations of the standard
sl3-link homology, making s-invariant computations somewhat reliant on being able
to infer the spectral sequence from the homology.

The calculations of s-invariants in [Lew13, LL16] are done in characteristic 0, but

recent results for standard Khovanov homology, compare [LZ21, Sch25, DLS24,

Lew?24], suggest that different characteristics should also be of interest for sl3-link

homology. The extension to characteristics p # 3 is straightforward, but we also
1
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get a homomorphism s3 : € — Z in this case, where € is the smooth concordance
group of knots.

Theorem 1.1. The homomorphism sglgz ¢ — Z satisfies

(1) ga(K) > |52, (K)|/2 for each knot K, where gy refers to the 4-genus of K.

(2) s2,(T(p.q)) = (p — 1)(q — 1) for the (p,q)-torus knot T(p, q).
(3) The image of 53[3 is generated by the image of T'(2,3).

The first two conditions mean that s3 is (up to a scalar) a slice-torus invariant,
compare [Liv04]. The third condition is worth mentioning, since for p # 3 the
homomorphism only satisfies (1) and (2), but not (3). This puts s3;_ closer to the
standard Rasmussen s-invariants, but we will see that they are not the same. It also
shows that si’[a is linearly independent of 82[3 and we will also see that p =0,2,3
give linearly independent homomorphisms.

The aforementioned spectral sequences, which can also be used to calculate 515’[3,

are closely related to Frobenius algebras of the form F[X]/f(X), where f(X) is a
separable polynomial of degree 3. In particular, X2 — 1 is used for p # 3 in the
definition of s?, , and X3 — X for p = 3.

sl

Concordance invariants can also be derived from other separable polynomials, but as
was observed in [LL16] need not give rise to homomorphisms from the concordance
group, at least not in a straightforward way. Lobb-Lewark [LL16, §3] introduced
a notion of KR-equivalence (depending on a knot K') on polynomials over C to get
a better grasp on the various invariants. While X? — 1 and X3 — X are easily seen
to not be KR-equivalent, finding other separable polynomials not KR~equivalent to
X3—X is more difficult. Lobb-Lewark showed that X3 —X —1 is not KR-equivalent
to X3 — X for certain connected sums of pretzel knots.

We make calculations that show that for some torus knots with 4, 5, or 6 strands
the polynomials X3 — X and X2 — X — 1 are not KR-equivalent. We also give a
criterion (see Proposition 8.1) that explains why X? — X and X3 — X — 1 are so
often KR-equivalent for knots with a small number of crossings.

Acknowledgements. The author would like to thank Lukas Lewark for useful
comments and clearing up a few technicalities, and Andrew Lobb for useful discus-
sions.

2. RANK THREE FROBENIUS SYSTEMS

A Frobenius system F = (A, A, e, A) consists of an inclusion of commutative rings
1: A — A, a A-module map €: A — A, and a A-bimodule map A: A — AR A
which is co-associative and co-commutative, such that (¢ ® id)A = id. We say
that F is of rank 3, if there exists X € A such that 1, X, X? is a basis of A as a
A-module.

We note that all our rings are assumed to have an identity 1, and any ring homo-
morphism sends 1 to 1.

Example 2.1. The Mackaay—Vaz system
Fuv = (Z[a,b,c],Z[a,b,c, X]/(X? —aX? —bX —c),e,A)



ON VARIATIONS OF S-INVARIANTS FROM sl3-LINK HOMOLOGY 3
is given by

and
AD)=-1X’ - XX -X’®1+a(leX+X®1)+b®l,
AX)=-X@X*-X’@X+aX®X-c®1, (1)
AXY)=-X?0X?2-bX@X -clX+X®1).
This Frobenius system has a g-grading given by
1lg =0, lal[¢=2, [|blg=4, [c|g=6, [X][z=2.

Following Khovanov [Kho06], a ring homomorphism ¢: A — A’ induces a Frobenius
system (A’, A’,&’, A), called a base change, where A’ = A@p A, ¢’ = e®idy/, and
A= (/' ®ida) o (A®idp), where v/ A — A’ is given by ¥/(a) = a ® 1.
Example 2.2. Let A be a commutative ring and a, b, ¢ € A. Define the polynomial
f(X)=X%—aX?-bX —c (2)
Then F; = (A, A[X]/(f(X)),e,A) is the base change from Fyrv via the ring ho-
momorphism ¢: Z[a,b,c¢] — A sending 1 to 1, a to a, b to b, and ¢ to ¢. If

a =0b=c = 0 we get the Frobenius system JFkp considered by Khovanov in
[KhoO4]. If A = C, we get the Frobenius systems from Mackaay—Vaz in [MV07, §3].

We want to keep the grading of Fyv intact, while also having a more flexible system
as in [MV07, §3]. We will therefore be mainly interested in the following systems.

Example 2.3. Let K be a commutative ring, a, b, ¢ € Kand A = K[h], and consider
the polynomial

f(X)=X3—ahX? —bh*X — ch®. (3)
Define A = K[h, X]/(f(X)). We then get a Frobenius system F; = (K[h], A,¢, A)
as a base change from Fypy. Setting |h|, = 2 turns it into a graded Frobenius system
(with elements of K having ¢-grading 0). The base change K[h] — K sending h to

1 recovers Example 2.2 for general a, b, c € K, while sending h to 0 recovers Fgy.
Any base change from Fyv is a system Fy = (A, A,¢,A), with A = A[X]/(f(X))
for some f(X) as in (2). Given a € A, define

f(X)=X3—(a—3a)X% — (b+2aa —3a*)X — (c+ ba + aa® — o),
and A" = A[X]/(f'(X)).
Lemma 2.4. The Frobenius systems Fy and Fy are isomorphic via the ring iso-

morphism ®n: A — A’ given by D,(X) = X + a.

Proof. The polynomial f’(X) is chosen exactly so that the ring homomorphism
®: A[X] — A[X] mapping X to X +a sends f(X) = X® —aX?—bX —cto f/(X).
Hence @, is a well defined ring homomorphism. It is also an isomorphism with
inverse X — X — «. It remains to show that ®, commutes with co-units and
co-multiplication. For the co-unit we have
' (®a(1)) = '(®a(X)) =0, ' (@a(X?)) = ~1,
so &' o @, = . For the co-multiplication, we only need to check that
S, RP,0A(1)=A"0d,(1),
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since A and A’ are bimodule maps. A straightforward calculation reveals that this
is indeed the case. ([

The dual system of the Frobenius system F = (A, A,e, A) is the Frobenius system
F* = (A, A*;v*;m*), where A = Homy (A, A), m* is the dual map of the multipli-
cation map on A, and ¢* is the dual of the inclusion A C A. If F is isomorphic to
F* as Frobenius systems, we call F self-dual.

Proposition 2.5. The Frobenius system Fyry is self-dual.
Proof. Since Fyy is a rank 3 system, we have that A* is a free Z[a, b, c]-module of
rank 3. Define X* € A* by
X*(1) =0, X*(X) = -1, X (X% =0.
It follows from (1) that
X*@X*oA(l)=-1, X*®@X*o0A(X)=a, X" ®X*oA(X? =-b.

Therefore £, X*, X*? is a basis of A%, and F3;y, is a rank 3 system. Now consider
X*3. We have

X331 =X2@2X 0 A(l) = —X*?(X)® X*(X) +aX*?(1) @ X*(X) = 2a,
X*3(X)=-X*"?(X?) @ X*(X) +aX*?(X)® X*(X) = —b — a%,
X*3(X?) = -bX*?(X)® X*(X) - cX*?(1)® X*(X) =ab —c.
We can express X*2 in terms of the basis £, X*, X*? and get
X*3 = 2aX*? 4 (b—a?)X* + (c+ab)e.
In particular, A* = Z[a, b, c, X|/(f(X)) with
f(X)=X%+2aX?— (b—a?)X — (c+ab).

We also have that ¢* vanishes on ¢ and X*, while X*2 is sent to —1. Hence 2 can
be identified with e from F;. Now consider m*(¢) = eom: A® A — Z[a,b,c].
This vanishes on 1®1, 1® X, and X ® 1, while each of 1® X?, X ® X, and X2 ®1
are sent to —1. Also, X ® X2 and X2 ® X are sent to —a, and X2 ® X? is sent to
—b — a?. It is straightforward to check that

XXX - X"?®c-2aEE0 X +X*®e)+ (b-—at)e®e

is the same map A ® A — Z[a, b, c|. Therefore Fy = Fy. By Lemma 2.4 Fyry is
self-dual via the isomorphism ®,. O

This means that all base changes of Fyry are self-dual as well.
Let F = (A, A,e,A) be a Frobenius system and € A be a unit. Then F* =
(A, A, &%, A") given by
e®(r) = e(ar), A%(a) = Az a) = 27 A(a)
for r € A and a € A, is a Frobenius system, called the twisting of F by x.

Consider the Frobenius system F; from Example 2.2, and let 8 € A be a unit.
The ring isomorphism ¥g: A[X] — A[X] induced by ¥s(X) = X induces a ring
isomorphism ¥g: A[X]/(f(X))A[X]/(9(X)), where

g(X)=X3—af7 X% - b372X — B3,
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For this to induce an isomorphism on Frobenius systems, we need to twist one of
the systems by 572.

Lemma 2.6. The ring isomorphism ¥g: A[X]/(f(X))A[X]/(9(X)) induces an iso-
morphism Fy = ]-'572.

Proof. Tt remains to show that e;(X*) = 55_2(X”“) for £k = 0,1,2, and Vg ®

Ug(Ar(1)) = Agiz(l) = ?A,(1). Both calculations are straightforward from the
definitions. g

3. GENERALITIES ON 5l3-LINK HOMOLOGY

A closed web T is a finite trivalent oriented graph in R2, possibly with vertex-less
loops, such that at each vertex all edges are either incoming, or all are outgoing.

An oriented link diagram D with n crossings gives rise to 2™ closed webs by resolving
each crossing in two different ways as in Figure 1.

~
I

FIGURE 1. The 0 and 1 resolutions of a positive (the lower dia-
gram) and negative (the upper diagram) crossing.
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The Kuperberg bracket (I') of a web I' is the Laurent polynomial in one variable ¢
determined by the relations

(TUQ) = (¢* + 1+ ¢ >)(I),

() = +a H—),

GF0-0 0-C=)

In [KhoO4], Khovanov used foams and the rank 3 Frobenius system Fgj to con-
struct graded free abelian groups Fxn(I') for a web T' such that the graded rank
of this abelian group is (I'). Moreover, given an oriented link diagram D he used
these groups to construct a g-graded cochain complex Cyg, (D; Fkn), whose bigraded
homology groups, denoted here by H, ;[i (L; Fkn) only depend on the underlying ori-
ented link L.

This construction was generalized by Mackaay and Vaz [MV07] to any base change
system F = (A, A,e,A) of Fmy, so that F(I') is a graded free A-module of graded
rank ('), and the resulting homology groups H}! (L; F) are link invariants.

To define F(T') and the sl3-homology groups, we need the notion of a foam. We refer
the reader to [KhoO4] for a precise definition. Here we think of a foam as a surface
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that admits singular arcs, so that each point of a singular arc has a neighborhood
homeomorphic to the letter ¥ crossed with an interval. Removing the singular
set we get a surface which is oriented in a way that induces an orientation on the
singular arcs. We call the closures of the components of the non-singular set facets,
so that each singular arc has three adjacent facets.

In particular, we think of foams as cobordisms between webs I'g, I'y embedded in
R? x [0, 1], where T'; is embedded in R? x {i} for i = 0,1. The embedding of a foam
into R3 gives rise to a cyclic ordering of the facets around a singular arc using the
left-hand rule, see Figure 2.

()

FIGURE 2. The cyclic ordering of facets adjacent to an oriented
singular arc.

Finally, foams are allowed to have finitely many marked points away from the
singular arcs, called dots. A dot can move freely on its facet, but cannot cross
singular arcs.

A notable closed foam is the theta-foam
0 ={(r,y,2) eR® |2 +y* + 22 =1or (z =0 and 2* + 3y < 1)},

which has one singular circle consisting of the equator 22 + 3% = 1. A compatible
orientation on © induces a cyclic ordering on the three facets. We assume the
standard orientation on © to be such that the facet {(z,y,0) | 2* +y> < 1} is
followed by the facet {(z,y,2) | 2> +y*> + 22 =1, z > 0}.

As in [MV07] we define Foam to be the category whose objects are closed webs
and whose morphisms are Z[a, b, c]-linear combinations of isotopy classes of foams.

Also, we need the following relations from [MV07], which reflect the usual geometric
interpretation of Frobenius systems in terms of dotted surfaces, compare [Kho04,

§3.1].
//: / /+b/ . /—1—(:/ / (3D)

We also require a relation reflecting the evaluation on theta-foams. For non-negative
integers k,1,m let ©(k,l,m) be the theta-foam with standard orientation, such that
the facet with positive z-coordinate is dotted k-times, the facet with negative z-
coordinate is dotted [-times, and the remaining facet is dotted m-times. If all
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k,l,m € {0,1,2}, we set

1 (k,I,m)=(1,2,0) or a cyclic permutation
O(k,l,m)=< =1 (k,1,m)=(2,1,0) or a cyclic permutation (©)
0 else

compare Figure 3.

B -

FIGURE 3. Theta foams evaluated to 1.

If U is a closed foam, one can perform finitely many surgeries until it is a disjoint
union of spheres and theta-foams. In particular, we can use the relations (3D),
(CN), (S), and (O©) to assign an element Fyy (U) € Zla, b, ¢] which is well-defined
by [Kho04, MV07].

Definition 3.1. The category Foamy, is the quotient of the category Foam by the
local relations (3D), (CN), (S), and (©). For webs I', T we get

HomFoamg (Fa F/) = Hompoam (F, F/)/Nv
where ). ¢;U; ~ 0 (with ¢; € Z[a, b, c] and U; foams from I to I") if and only if

> aFuv(V'oUioV) =0

for all foams V from () to ' and V' from I to ). The Z[a, b, ¢]-module Fyy (T') is
defined to be

Fuv (T) = Hompoam, (0,T).

As in [Kho04, MVO07], foams can be given a ¢-grading so that Fyy(T') is a graded
Z[a, b, c]-module. This grading is given by

Ulg = =2x(U) + x(9U) + 2d(U),

where x is Euler characteristic of the underlying CW-complex, and d(U) is the
number of dots on U. As in [Kho04, MV07], we have

Proposition 3.2. Let T be a web. Then Fyy(T) is a graded free Z]a, b, c]-module
of graded rank (T). O

If ¢: Z[a,b,c] — A is a ring homomorphism and F the base change system, we
get an analogous category Foam;;/J where the morphism sets are A-modules, and
a free A-module F(I") for every web. Furthermore, if A is graded and -grading
preserving, the graded rank of F(I') is still (I').

Now let D be an oriented link diagram with n ordered crossings ¢y, ...,c,. Let p4,
respectively p_, be the number of positive, respective negative, crossings. Each J €
{0,1}"™ leads to a web D via the resolution rule in Figure 1. For J = (ji,...,jn)
let |J| =), ji- Given a grading preserving base change system F from Fyrv, we
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define a g-graded cochain complex Csi,(D; F) as follows. The cochain group in
homological degree! i — p, is

ColH(DsF) = €D ¢+ -"F(Dy).
J\J|=i
The boundary map is induced by the unzip-foam for a positive crossing, and the
zip-foam for a negative crossing, see Figure 4.

FIGURE 4. The unzip-foam (left) associated to a positive crossing,
and the zip-foam (right) associated to a negative crossing.

By [MV07, Thm.2.4] the corresponding homology groups Hs, (L; F) are invariants
of the underlying oriented link L.

If the base change ¢: Z[a,b,c] — A does not preserve the grading, we still get a
cochain complex Cs(, (D; F) and link invariants He, (L; F) from this construction,
but without g¢-grading.

Now, for a base change ¢: Z[a,b,c] — A write a = ¢(a),b = (b),c = ¥(c) € A
and let f(X) € A[X] be given by

f(X)=X3%—aX?-bX —c.
Also, for a € A let
f(X)=X%—(a—3a)X? - (b+2aa — 30*)X — (c+ ba + ac® — o?) € A[X].
We have already seen in Lemma 2.4 that the Frobenius systems F; and Fj are

isomorphic with the isomorphism induced by ®,: A[X] — A[X] given by ®,(X) =
X + a. This isomorphism extends to the cochain complexes.

Proposition 3.3. Let D be an oriented link diagram. Then ®, induces an iso-
morphism of cochain complexes Cs,(D; Fy) and Cyi, (D; Fyr). Moreover, if the base
change v: Zla,b,c] — A is grading preserving and |a| = 2, this isomorphism is
grading preserving.

Proof. Denote by Foam” the category whose objects are closed webs and whose
morphisms are A-linear combinations of isotopy classes of foams. Let I', I be closed
webs, and let U be a foam from I' to IV. Let Ty be the set of dots on U and for
S C Ty let Ug be the foam with dots given by Ty — S. In particular, U = Uy.

Define ®°T": Hompgama (0, I7) = Hompoama (I, I7) by
oL (U = Y ol (4)

SCTy

IWe note here that our convention for a positive crossing is the opposite as used by Khovanov
in [KhoO4]. Nevertheless, the O-resolution for what we call a positive crossing agrees with the
0-resolution of what Khovanov calls a negative crossing.



ON VARIATIONS OF S-INVARIANTS FROM sl(3-LINK HOMOLOGY 9

First notice that that @E’F, sends the local relations using (a, b, ¢) to local relations
using (a — 3a, b + 2aa — 302, ¢ + ba + aa® — o). For example, for (3D) this just
reflects the fact that ®,: A — A’ is a well defined ring homomorphism, while (CN)
holds since this ®,, preserves the co-multiplication.

In particular, we have

FrU) = Fp(@2"(U)) (5)
for all closed foams U.
Also, if V' is a foam from I" to the closed web I'’; then

o (Ve (@) = 3 al®lVs 0 3 al®iU,

S1CTv SoCTy (6)
= Y Flvou)s=olT (Vo).
SCTvou

Now assume that >, ¢;U; € Hompgama (0,T") satisfies Y, ¢; Fy(VU;) = 0 for any
foam V from I' to §. We claim that 3, ¢;®%T(U) represents 0 in the quotient
category corresponding to f'(X), that is, we need 3, ¢;F (V o ®LT(U)) = 0.

By (6), we have

Vodll(U)=a%vor)- > al¥lvg 0dhT (). (7)
0#£S1CTv

We now get >, ¢;Fp(V 0 ®2T(U)) = 0 by an induction on the number of dots on
V, using (5) and (7).

This shows that ®%T induces a A-linear map F;(I') — Fp(I'). Using this map
with —a shows that it is in fact an isomorphism. [l

If 8 € A is a unit, Lemma 2.6 describes an isomorphism between F; and a twisting
of F,, where g(X) = X? —af ' X? —bB72X — ¢f73, induced by ¥5(X) = 5X. In
the case of link-complexes we can compensate for the twisting.

Proposition 3.4. Let D be an oriented link diagram. Then ¥g induces an iso-
morphism of cochain complexes Cq1, (D; Fy) and Cyi,(D; Fg). Moreover, if the base
change v: Zla,b,c] — A is grading preserving and |B| = 0, this isomorphism is
grading preserving.

Proof. Let T be a web and U a foam between () and I'. Define
\Ijg(U) = pUU—xW)y,

It is straightforward to see that \I/g is compatible with the relations (3D), (CN),
(S), and (©) between F; and F,. Hence this induces an isomorphism \Ilg: Fr() —
Fo(T).

Now notice that adding a zip-foam to a foam U decreases the Euler character-
istic by 1, while adding an unzip-foam does not change the Euler characteris-
tic. However, if J € {0,1}", there is a well defined number z(J) which is the
number of negative crossings that have been resolved with 1. We then define
Us: Coi,(D; Fr) = Caiy(D; Fy) by using ﬁ_z(‘])\llg" between the direct summands
Fi(Dy) and Fy(Dy), which because of the extra factor commutes with the bound-
ary. ([
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4. EQUIVALENCE CLASSES FOR POLYNOMIALS

In this section we consider a field F and polynomials f(X) € F[h, X] of the form
f(X)= X3 —ahX? — bh*X — ch?, (8)

where a,b,c € F. The corresponding Frobenius system over F[h] is, as before,
denoted by Fy.

Lewark and Lobb [LL16] introduced the notion of KR~equivalence classes for such
polynomials to analyze the corresponding link homologies.

Definition 4.1. Two polynomials f, g of the form (8) are called KR-equivalent over
a link L, if Cy,(D; Fy) and Csi,(D; Fy) are chain homotopy equivalent as graded
cochain complexes over F[h] for some link diagram D of L. The polynomials are
called KR-equivalent, if they are KR-equivalent for all links L.

Proposition 3.3 and Proposition 3.4 are simple criteria to determine KR~equivalence
between some polynomials, compare [LL16, Prop.3.3]. Furthermore, Lewark and
Lobb [LL16, Thm. 3.7, Cor. 3.8] show that over F = C for a fixed link L there
exist only finitely many KR-equivalence classes, and hence only countably many
KR-equivalence classes. Moreover, one of these classes is generic in that it is a
countable intersection of Zariski-open sets.

We note that [LL16] also considers sl,-link homologies for all positive integers n.
In the case n = 3 we are now going to complement their results slightly and also
consider other characteristics for F.

Proposition 4.2. Let f be a polynomial of the form (8) and assume that F is
algebraically closed.

(1) Assume charF # 3. Then f is KR-equivalent to the polynomial
o g(X)=X3—h2X —wh?® for some w € F, or
o g(X)=X3—h3 or
e g(X)= X3
(2) Assume charF = 3. Then f is KR-equivalent to the polynomial
e g(X)=X3—hX%—wh? for some w € F (provided a #0), or
e g(X)=X3—-h%2X (provided a =0 and b #0), or
e g(X) = X3 (provideda =b=0).

Proof. If charF # 3, we can use Proposition 3.3 to get the X2-coefficient equal
to 0. If after that the X-coefficient is non-zero, we can normalize it to —h? using
Proposition 3.4. This leads to the first case.

If, after making the X 2-coefficient equal to 0, the X-coefficient is also 0, we either
have the third coefficient 0 (leading to the third case) or we can normalize the third
coefficient to —h® using Proposition 3.4.

If char F = 3, we cannot make the X2-coefficient equal to 0 with Proposition 3.3.
But if it is non-zero, we can normalize it to —h using Proposition 3.4. After that
we can use Proposition 3.3 to make the X-coefficient equal to 0. This leads to the
first case.

If the X2-coefficient is 0 to begin with, we cannot change the X-coefficient with
Proposition 3.3, but we can make the constant coefficient 0. After that we are
either in the third case, or use Proposition 3.4 to get to the second case. (]
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Remark 4.3. Choosing the correct o or 8 for Propositions 3.3 and 3.4 may have
required us to solve a quadratic or cubic equation. Hence the assumption that F
is algebraically closed in Proposition 4.2. We now want to show that this is not a
serious restriction.

Since F is a field, the polynomial ring F[h] is Euclidean. In particular, we can use the
standard Smith-Normal-Form algorithm on the finitely generated and free cochain
complexes Cs, (D; Fy) over F[h]. Since this can be done in a grading-preserving
fashion, Cs, (D; Fy) is graded-chain homotopic to a direct sum of complexes of the
form

o Cr = u'¢'F[h], and
o Ci(k) = w@F[h] 25 uitlqi+2*F[h] with k > 1.
Here u’q’ indicates the bi-degree which the copy of F[A] has in the cochain complex.

So if ¢: F — F is a ring homomorphism between two fields, we get another base
change Frobenius system that we denote Fy ®p F. Then Cyi,(D;Fy ®p F) =
Csi,(D; Fr) @r F, and this has the exact same Smith-Normal-Form decomposi-
tion as Cs,(D; Fy). Since the Smith-Normal-Form determines the graded chain
homotopy type, we get the next lemma.

Lemma 4.4. Let ¢: F — F be a ring homomorphism between fields and f, g poly-
nomials of the form (8). Then f is KR-equivalent to g if and only if ©(f) is
KR-equivalent to p(g). O

Since every field includes into an algebraically closed field, we can drop this re-
quirement from Proposition 4.2. It will still be convenient to assume that a field is
algebraically closed. Indeed, let F be algebraically closed, let w € F and f(X) =
X3 —h?X —wh®. First observe that f is KR-equivalent to g(X) = X3 —h?X +wh?,
as an application of Proposition 3.4 with f = —1. It is also KR-equivalent to
h(X) = X3 —h2X 4 p(w)h? for every ring automorphism ¢: F — F by Lemma 4.4.
Now let F be the prime field contained in F. Then f can also be considered a
polynomial over F(w)[h], where F(w) C F is the simple extension of F by w. Galois
Theory provides us potentially with many ring homomorphisms ¢: F(w) — F such
that p(w) # w. Although for some w we may only ever get p(w) = w. Maybe the
neatest result we get is when F(w) is a transcendental extension of F. In that case
we can send w to any other transcendental w’.

Corollary 4.5. Let w,w’ € F be transcendental. Then X3 — h*X — wh? is KR-
equivalent to X3 — h2X — w'h3. O

In particular, for F = C we get that the Lewark-Lobb generic equivalence class from
[LL16, Cor.3.8] contains all polynomials X —h?X —wh? with w € C transcendental.

5. sl3-HOMOLOGY FOR SEPARABLE POLYNOMIALS

The purpose of this section is to slightly generalize [MV07, §3.1]. There, Mackaay
and Vaz show that for F; = (C,C[X]/(f(X)),e,A) with f(X) a separable (that
is, a polynomial with three distinct roots) polynomial of degree 3, the homology
Hg,(L; Ff) has C-dimension 3", where n is the number of components of L, and is
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concentrated in even homological degrees with at least 3 generators in homological
degree 0.

The Frobenius system we want to look at here is going to be of the form F; =
(A, A[X]/(f(X)),e,A), where A is a commutative ring with 1, and f(X) = (X —
ri)(X — ro)(X — r3) with r1,79,73 € A. We also need to require the following
condition on the roots of f.

ri —rj is a unit in A for ¢ # j. (9)

This condition forces the roots to be different, and if A is a field, the condition is
equivalent to f being separable. The purpose of this condition is to use a general
form of the Chinese Remainder Theorem, compare [Lan02, II.Thm.2.1].

We note that for A = K[h] and f(X) = (X — rmh)(X — r2h)(X — r3h), where
r1,72,73 € K this condition cannot be satisfied, since (r; — r;)h is not going to be
a unit. However, the base change to h™'A = K[h,h™!] will often satisfy (9), in
particular when K is a field and all three roots are different. This ring carries a
g-grading respected by h_l]:f, and so Hgy, (L; h_lj’:f) is bigraded.

The analogue of [MVO07, Thm.3.11] is

Theorem 5.1. Let L be a link and Fy = (A, A[X]/(f(X)),e,A) a Frobenius system
over a commutative ring A with f(X) = (X —r1)(X — r2)(X — r3) such that (9)
is satisfied. Then Hg,(L; Fy) is free over A of rank 3™, where n is the number of

components. Moreover, all homology is concentrated in even degrees, with at least
three copies of A in homological degree 0.

The proof mostly just follows [MV07, §3.1], but there are a few steps where A not
being a field requires a more involved argument. We will also have use later for
some of the constructions required.

As mentioned before, condition (9) ensures that the Chinese Remainder Theorem
applies, that is, we have an isomorphism of A-algebras

AXT/(f(X)) = AX]/(X =) @ A[X]/(X —7r2) ® A[X]/(X —r3).
Moreover, the ring homomorphisms x: A[X]/(X —r;) = A[X]/(f(X)) are given by
X(1) =1, (X) = (X = rj)(X =) (ri —r5) " (ri = 7)™,

where {i,7,k} = {1,2,3}.
Let T" be a closed web and F(I") be the set of edges in I' (this includes the loops).

Following [Kho04, §6] and [MV07, Def.3.3], we associate to this web the commuta-
tive A-algebra R(T") with generators X; for each i € E(T"), modulo the relations

Xi+ Xj+ X =r1+r2+rs,
X X5+ XX + Xy Xy, = rimg + 1913 + 1113, (10)
XiX; Xk = rirars,

for any triple of edges i, j, k which share a trivalent vertex. If i is a closed loop, we
also require the relation

f(Xz) = (Xl - Tl)(Xi - TQ)(Xi - 7"3) =0. (11)
If i is a non-closed edge, (11) follows from (10).

We now define colorings of closed webs, following [MV07, Def.3.4]. In [Gor08], these
were called states.
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Definition 5.2. Let I" be a closed web. A coloring of T' is defined to be a function
p: E(T') = {r1,72,r3}. The coloring is called admissible, if
r 4712+ 13 = (i) + 0(j) + k),
riry +rars +rirs = @()e(d) + () (k) + (D) (k), (12)
rirars = @(1)e(j)e(k),

for any edges i, j, k incident to the same trivalent vertex. The set of all colorings is
denoted C(T"), with AC(T") the subset of admissible colorings.

Since (11) holds for all edges i € E(I'), we have a homomorphism of A-algebras
Nt A[X]/(f(X)) — R(I‘) for each i € E(I') sending X to X;, and we define

Hm o(i) (X)) € R(T')

i€ E(T)
for each coloring ¢ € C'(I"). As in [MV07, Cor.3.6], we have
S (D) =1eR), (13)
pec()

and

— LP(F) :wv
ronm={ 7 22

The next result is slightly more involved for general A than the field version in
[MV07, Lm.3.7].

Proposition 5.3. Let I be a closed web. Then there is an isomorphism of A-

algebras
)= P A
peAC(T)
with the copy of A corresponding to an admissible coloring ¢ generated by I,(T).

Proof. We first show that if the coloring ¢ is not admissible, then I,(I') = 0. Note

that X;I,(T") = ¢(i)I,(T") for any coloring by the definition of I. ( ). Together
with (10) this leads to

(1 + 72 +73)1,(T) = (¢(2) + ¢ (J) + o (k) [,(T), (14)

(rirz +rars + rirs) L, (T) = ((i) (i) + (i) e(k) + (i) p(k)) L,(T),  (15)

whenever the edges ¢, 7, k have a trivalent vertex in common. If ¢ is not admissible,
then there exists such a triple 4,j,k with ® = {p(4),0(4), o(k)} # {r1,72,7r3}.
Assume first that ® contains two elements, say r1 and 7o, with r1 being hit twice.
Then (14) is ((r1 + 72 +13)1o(I') = (2r1 + r2)[,(T'), that is,

(rg —r1)I,(T) = 0.
But since (rs —r1) is a unit, we have I,(I") = 0.
If ® only contains one element, say r1, then (14) reads
(ro +13)I,(T) = 2rm I, (T), (16)
while (15) together with (16) implies
rarsl,(T) = 17 I, (T). (17)
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For the unit r = (ro — r1)(r3 — r1) we get
rl,(T) = (rors — ri(ra + r3) + 7)1, (T)
= (rf =21} + ) 1,(I) =0,

by using (16) and (17). Hence I,(I') = 0 also in this case. In particular, the sum
in (13) need only be done over admissible colorings.

The rest of the proof works as in [MV07, Lm.3.7]. O

As in [Kho0O4] and [MVO07], R(T") acts on F;(I'): if U is a foam, X; - U puts a dot
on the facet of U that bounds the edge i. This action now leads to a decomposition

as A-modules
FO= D FrD.,
peAC ()
where F¢(I'), = I,(I") - F¢(I'). Furthermore, the proof of [MV07, Lm.3.10] carries
over to show that for an admissible coloring ¢

ff(r)w =A
as a A-module.

If D is an oriented link diagram, let E(D) be the set of edges in the graph obtained
from D by using crossings as vertices and forgetting whether the arcs in the diagram
are overpasses or underpasses. A coloring of D is then a function ¢: E(D) —
{r1,72,73}. Such a coloring may or may not give rise to colorings of resolutions T’
of D, compare Figure 5.

PyTTVk TN Tk r; i
— _
Vw T It T U

FIGURE 5. To get a coloring of the right resolution, we require
r; = rj and 7, = r;. To get an admissible coloring on the left
resolution, we need {r;,r;} = {r;,r;} to be a two-element set.

As in Section 3 we write Dy for J C {0,1}" for the resolutions of D, depending on
an ordering of the crossings.

Definition 5.4. A coloring ¢ of D is called admissible, if it admits an admissible
coloring of at least one resolution Dj;. An admissible coloring ¢ of D is called
canonical, if the edges belonging to the same component of the underlying link
have the same value. We denote the set of canonical colorings of D by C.(D), and
the set of admissible colorings by AC(D).

Remark 5.5.

(1) If the coloring of D is admissible, the admissible coloring of any D is
uniquely determined. Also, if ¢ is a coloring of the web D, there is a
unique coloring of D corresponding to ¢.

(2) If the link has n components, there are 3™ colorings ¢: E(D) — {ry,r2,r3}
which are constant on components. Each of these colorings has exactly one
resolution D ; where it admits an admissible coloring of the web: in Figure
5 we have r; = r, and r, = r;. If r; = r; we have to resolve to the right
to get an admissible coloring, and if 7; # r;, we have to resolve to the left.
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In particular, all of these colorings are canonical. Furthermore, we have
to resolve to the left an even number of times, so that the resolution D;
is in even homological degree. A more precise statement can be obtained
using linking numbers of components with different color, compare [MV07,
Thm.3.11].

Given an admissible coloring ¢ € AC(D), we can form

Caty (D; Fy ) EBq3p+ w=HIFH(D)g,

where the sum is over all J such that D; admits an admissible coloring coming
from ¢. As in [MV07, §3.1], this is a subcomplex of Cy, (D; F¢), and

Co,(D; Fp) = D Coy(D; Fy)g,
peAC(D)

as a direct sum of cochain complexes. To show Theorem 5.1 it remains to show
that Cs,(D; Fy), is contractible for ¢ € AC(D) — C.(D) and isomorphic to one
copy of A for ¢ € C.(D). But this follows as in the proof of [MV07, Thm.3.9].

6. CONCORDANCE INVARIANTS FROM §[3-HOMOLOGY

In this section we assume that F is a field, f(X) = X? — ahX? — bh2X — ch® a
polynomial with a,b,c € F which has three different roots when viewed over F[h],
where F is the algebraic closure of F. Let F; = (F[h],F[h, X]/(f(X)),,A) be the
corresponding Frobenius system, and h~!F + the base change system corresponding
to the inclusion F[h] C F[h, h™1].

Let K be a knot. By Theorem 5.1 HSOIJ(K h=1F¢) = (F[h,h™1])? as a graded

module. Since localization is flat, F[h] is a Euclidean ring, and the inclusion F[h] C
F[h] is also flat, we get an isomorphism of graded F[h]-modules

(K; Fr) = ¢ Flh) @ ¢ F[h] & ¢* " Flh] & T, (18)
Where s’ < s < s are even integers, and T is a torsion module. In particular, the
s',s",s"" do not change if we pass to a field inclusion F C F.

Observe that Hgfg (K;h=1F;) 23 for every even integer j. Now define

4[3

sp(K) = min{j € 2Z | dimp (im(Hy (K; Fy) — Hy (K3 h 1 Fy))) > 1} + 2,

sls sl3
s(K) = min{j € 2Z | dimg(im(H,;’ (K; Fy) = Hy (K; ™' Fy))) > 2},
s . . 0,j 0,5 -
s'(K) = min{j € 2Z | dimp(im(H,’ (K; Ff) = H! (K;h ™' Fy))) > 3} — 2.
From (18) we get s’(K) = s’ + 2, s7(K) = 5", and s}'(K) = s — 2. We note that
the shifts in the definition of s%(K) and s’ (K ) are there to ensure that all three
numbers vanish for the unknot. In analogy with the s-invariant from Khovanov
homology one may expect that for a given knot these three numbers agree, but
Lewark-Lobb [LL16] have given examples where this is not the case, the smallest
one being 10125 from Rolfsen’s table.

These numbers are concordance invariants of K and give lower bounds to the slice
genus via

|57 (K) /4] < ga(K),
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see [Lob09, Wu09]. Both papers work for general sl,-link homology over C. A
proof along the line of Rasmussen’s original argument [Ras10] can be done using
the functoriality statement of [MV07, §2.3] while keeping track of the canonical
generators along the cobordism.

As we already mentioned, the three numbers s (K), s7(K), and s7'(K) need not
agree. We will see later that they often do not agree for all K except for one f.
But in each characteristic there is a polynomial for which they do agree.

Let charF # 3 and let f(X) = X3 — h3 = (X — h)(X? + hX + h?). For the
polynomial g(X) = (X2 + hX + h?) we have g(h) = 3h? # 0, so h is a simple root
of f. Moreover, g(X) = (X — ah)? = X? — 2ahX + a®h? for some a € F requires
a? =1, that is @ = 1. Since we ruled out characteristic 3, this is not possible.

Hence f(X) is separable over any algebraically closed field F of characteristic differ-
ent from 3. While f(X) is defined over any prime field, we will assume that there
is p € F with

PP +p+1=0.
By the discussion above, this will not change the invariant. Recall the idempotents
in F[h, X]/(X3 — h3)

L(X) = (X = ph)(X = p*h)(h = ph) "} (h = p*h) ™" = —=(X = ph)(X = p*h),

(%) = (X = W)X = ) (ph — 1) (ph — o)~ = 222 (0 — ) (X — 7).
21, —2

1,2(X) = (X~ )X — ph)(ph — B) (o — ph) ™ = 25— (X~ )(X — ph)

Then H°(D;h=!Fxs_ps) is freely generated by the elements
I =6L(Do)=5L(X1) - I(Xg),
I, = Ip(DO) = Ip(Xl) T Ip(Xk)»
Ip=1.(Do)=1,p(X1): - 12(Xg),
where Do is the resolution of D consisting of loops only, with k loops. Note that
h= Fxs_p3(Do) = (Flh,h™', X]/(X3 — h3))*, so I1, 1,12 are cochains, which by
Section 5 are cocycles that generate HSIS (K;h Y Fxs_ps).
Recall the ring automorphism ¥,: Flh, X]/(X? — h®) — F[h, X]|/(X? — h3) with
V,(X) = pX. By Proposition 3.4 this induces a grading preserving automorphism
of the cochain complexes Cyr, (D; Fxs_ps) and Co,(D; h™ ! Fxs_ps), which we also
denote by ¥,. A quick computation shows

Up(1(X)) = 12 (X), U ([,(X)) = 1, W, (Ip2) = I,

and therefore ¥, permutes the generators Iy, I, and I, in the same way. Further-
more, U, HY (K;h ' Fxs_ps) — HY (K;h™'Fxs_yps) has three eigenvectors

sls sl
Ey =1 +1,+1,, U, (Ey) = E,
E, =1 +pl,+ p*L,, V,(E,) = pE,,
Ep =1+ p°I, + pl 2, U, (Eyp) = p°E,pe.

Notice that there is a free F[h3]-cochain complex C' C Cyr, (D; Fxs_ps) with
Cuty(D; Fxs_ps) = C @ hC © h*C
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as F[h?]-cochain complexes, where hC' = {h®c € F[h]®@p3)C | ¢ € C} and similarly
for h2C. In particular, C' = hC = h?C as F[h3]-cochain complexes. Furthermore,
we get the analogous decomposition

Coty (D; ™ Fxs_ps) 2 C @ hC @ h2C,

as F[h3, h=?]-cochain complexes, with C = C ®p(p2) F[h?, h™3]. The automorphism
VU, keeps C, and therefore also C invariant. Now

HYP (K h™ Fya_ps) 2 F3 = H%(C) @ H*% (hC) & H*¥ (h*C)
and the latter three cohomology groups are all F. Since ¥, preserves H 021 (C'), and
we have this is an eigenspace. In particular, thpi € H%%(C) for some integer k
and i € {0,1,2}. Similarly, H%% (hC) and H%?(h?>C) are also eigenspaces of U,,.
Consider the diagram

HY(K;F) = H%(C)@ H% (hC) @ H% (h*C) = H%I(C) @ H%=2(C) & H7~4(C)

B e Y e

HY (K;h='F) = H%(C)@® H (hC) & H%I (h*C) = H%(C) & H%~*(C) & H*/~*(C)

There exists a minimal j such that i: H%/(C) — H%(C) = F is surjective. The
diagram shows that this minimal j = s’ from (18), and

imi: H (K; Fxs_ps) — HY(K;h™ Fys_ps)

sl3 sl3

is 1-dimensional for j = s/, and at most 2-dimensional for ;7 = s’ + 2. In particular,
there exists a € HSI’;/(K; Fxs_p3) with i(a) = h*E,m with k € Z and m € {0, 1,2}
(the purpose of k is to move the eigenvector into the correct g-degree).

Choosing a basepoint on the knot diagram D gives an action of F[h, X]/(X?3 — h3)
on Cyi,(D; Fxs_p3), where X acts on a foam by placing a dot on the facet that
bounds the arc with the basepoint. This action carries over to the localized version
and commutes with the base change.

Then
0= (X—h), 0= (X —ph)l,, 0= (X —p°h)L,.
From this it follows that
XE, =hE, XE,=hE, XE, =hE;,

and therefore i(Xa) = h*" ' E,ni1 and i(X%a) = h*"2E,n-1. Hence s = s’ + 2
and s’ = s’ + 4. We therefore define the sl3-s-invariant as

Sery (K) = 8xs 33 (K) /2 = 8% _ps (K) /2 = 8% s (K) /2,

sl3
where p = charF # 3. We divide by 2 to get the invariant closer to Rasmussen’s
original s-invariant.

Now assume that charF = 3. We focus on the polynomial f(X) = X3 — h2X =
X(X — h)(X + h), which already factors over the prime field F3. The relevant
idempotents are

Io(X) = —h72(X? = h?),
L(X) = —h"3(X? + hX),
I (X)=—-h"%X?-hX),
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giving rise to the generators Iy, I1,I_1 of H), (K;h™'F), where we drop the poly-
nomial from the Frobenius system F.

By Proposition 3.3 there is a grading preserving automorphism
Py Cory (D5 F) = Coty (D3 F),
which, after localization, permutes the generators
&y (1ly) =11, Oy (1h) = I, O,(I-1)=1.
This time, there is only one eigenvector £y = Iy + I; + I_1, but together with
Ji =1 —I_; and Jy, = I_; we get a basis in Jordan Normal Form
Op,(J2) = Jo + Ji, ®p(J1) = Ji + Eu, P (Ey) = Ei.

In particular, the only 1-dimensional subspace of Hggg (K; h~LF) invariant under
®;, is the eigenspace of E7, while the only 2-dimensional ®-invariant subspace is
generated by E; and J;.

The definition of ®, given in (4) shows that
Op(x) —x=hT(z), (19)

for all x € Cs,(D; F), and some T': Cy,(D; F) — Coi,(D; F) lowering g-degree
by 2. Since multiplication by h is injective and ®5 — id is a cochain map, T also
commutes with the boundary.

Let s’ = j be the minimal ¢-degree for which i: Hg[’g(K;}') — Hg[’sj(K; h=1F) is
non-zero, and let a € HS[’;/ (K; F) be such that i(a) # 0. Then i(a) is an eigenvector,
for otherwise i(T'(a)) € Hgfj/_z(K; h~=1F) satisfies

i(T(a)) = b~ (®(i(a)) — i(a)) # O,
by (19), contradicting the minimality of s’. In particular, the image of ¢ in this

g-degree is 1-dimensional. Now note that X acts on Cy, (D; F) and Csy, (D; h~1F)
as before, and

X1, =0, XI, = b, X1 =—hl_y,

so that
XE1 = th and X(El — Jl) = th

Hence the image of i: Hg[’g (K;F) — Hg[’g (K;h=1F) is at least 2-dimensional for
j =5+ 2, and 3-dimensional for j = s’ + 4. If i was also surjective for j = s’ + 2,
we would use that T'(h¥J_;) = Jy, showing that the image for j = s’ would also be
at least 2-dimensional. Hence s'5 ;o (K) = 8512 (K) = 8%5_ ;24 (K) and we
define

32[3 (K) = S/X3—h2X(K)/2'

Remark 6.1. The proof that s}(K) = s7(K) = s}/(K) for f(X) = X — h% is
mainly along the lines of Rasmussen’s argument [Rasl10, §3], compare also [Lob12,
Thm.1.3], while the argument for f(X) = X3 — h2X in characteristic 3 is similar
to the one used in [LS14, §2] in characteristic 2.

It is shown in [Lobl12, Thm.1.7] that 52[3 induces a homomorphism from the knot-
concordance group to the integers. We show that this also works in other charac-
teristics.
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Theorem 6.2. Let p be a prime number or 0. Then the slz-s-invariant induces a
homomorphism 55[3: ¢ — Z from the knot-concordance group € to the integers.

Proof. Let K, and Ky be knots, s; = sb (K;) for i = 1,2, and f(X) be the
polynomial X3 — h3, if p # 3, and X3 — h2X, if p = 3.
If we denote the split union by K; LI K5, we have an isomorphism of cochain com-
plexes

Csty (D1 U Da; Fy) = Coy (D13 Fy) @p(p) Csty (D2 F),

and surgery implies a commutative diagram
. . S .y
HYP (K13 Fr) © Hol? (Kos Fr) ———"——— Hy?" " (K\ # Ka; Fy)

S S |

HO (K b Fp) @ HU (K b Fy) HO 22 (K Ko ™ )

5[3

In the bottom row, applying S to the generators I,. for r a root of f gives S(I,®I,) =
I., and S(I, ®I,,) = 0 for r # 1/, as surgery is just multiplication on the Frobenius
system for these generators. Hence eigenvectors are mapped to eigenvectors, and
the vertical map on the right is therefore non-zero for j; = s; — 2 and js = s — 2,
that is, for j; + jo + 2 = s1 + so — 2. This shows that

S§[3 (Kl#KQ) é 85[3 (Kl) + S§[3(K1). (20)
By Proposition 2.5 and (18) we have s} (—K) = —sb (K) for any knot K with
—K the mirror knot. Hence (20) is actually an equality. O

In [Lob09, Wu09] the s-invariants are defined via a filtered complex rather than a
graded complex. We can obtain the filtered version as follows. Consider the base
change n: F[h] — F sending h to 1. This factors through F[h, h~!] and we get
a IFrobenius system as in Example 2.2 that we denote here as Fy. The natural
projection

n: Coty(D; Fy) — Cot, (D; Fyp)

becomes injective, if we restrict to a particular grading, that is, to C:[’sj (D; Fy).
This leads to the filtration

. Fj C Fj+2 c---C 05[3(D;Ff),
for even j with Fj = n(C’(D; Fy)). In particular, Fj/Fj_o = Cyy, (D;F), the sls-

5[3
link homology corresponding to the polynomial X 3. This gives rise to a spectral

%

sequence (E%7) starting with E}Y = H;’[z(L; F) converging to He, (L;Fy).

If charF # 3, we have E;J = Eij by Proposition 4.2. Furthermore, for f(X) =
X3 — 1 the relevant pages are Ej 3, while for f(X) = X3 — X the relevant pages
are F1ok. In the case of X3 — X this is because the cochain complex Cyy, (D;Fy)
splits into a direct sum

Csty(D;Fxs_x) = Co @ Cy

of cochain complexes, where Cj is generated by the generators whose g-degree is
0 mod 4, and C3 by those with g-degree 2 mod 4. We note that this holds in any
characteristic.
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Given a link diagram D denote the cocycle arising from the canonical coloring
of D using the constant function 0, and giving rise to Iy € H(L;Fxs_x), by
Io(.D) S 05(3(D;]Fx3_x).

Lemma 6.3. Let D be a diagram for the link L. Then Iy(D) € Cs.., where c is
the number of components of L mod 2.

Proof. This is true for the standard diagram O of the unknot, since then Iy(0O) =
—(X?-1) € F[X]/(X3—X), and both X? and 1 are generators of g-degree 2 mod 4.

Now if D is an arbitrary link diagram, we can turn it into the standard unknot
diagram in a finite sequence of Morse and Reidemeister moves. So, if the statement
being true for a diagram D’ implies the statement being true for any D obtained
from D’ by a Morse or a Reidemeister move, we get the result.

If D’ is obtained from D by a birth, Iy(D’) = —Iy(D) ® (X2 — 1) and the g-degree
changes by 2 mod 4, but we also have an extra component. A symmetric argument
works if D’ is obtained from D by a death.

If D’ is obtained from D by an orientation-preserving surgery, again Io(D’) differs
from Iy(D) in that one has an extra tensor factor of —(X? — 1). Since the number
of components also changes by 1, the correct statement for D’ implies the correct
statement for D.

If D' is obtained from D by a Reidemeister I move, one of Iy(D’) and Iy(D) has an
extra factor —(X? — 1) without producing a new component. However, the extra
crossing results in a global shif in g-degree by +2 on the cochain complex, which
compensates for this.

If D’ is obtained from D by a Reidemeister II move, we have to distinguish two
cases, namely whether the two arcs point in the same direction or not. If they
point in the same direction, Iy(D’) = Iy(D). If they point in opposite directions,
we get a small extra circle in one of the smoothings, but the rest also differs by
an orientation-preserving surgery. Then either Iy(D) = Io(D’), or they differ by a
factor of (X2 — 1) ® (X2 — 1). The two extra crossings have opposite sign, so do
not contribute to a global shift in g-degree. In particular, the correct statement for
D’ implies the correct statement for D.

If D’ is obtained from D by a Reidemeister III move, have again two cases to
distinguish. One case leads to identical smoothings, while in the other case the two
smoothings differ by two orientation-preserving surgeries. As the crossing signs are
the same, we again obtain the correct statement for D from the correct statement
for D'. O

Proof of Theorem 1.1. The first two properties follow from the usual arguments.
For the third property, note that since Ip(D) € Cs for a knot diagram, we get
s%s_x(K) € 4Z, and therefore s3 (K) € 2Z. Since s3 (T(2,3)) = 2, the result
follows. O

7. A TANGLE VERSION

In order to perform effective computations, a tangle version for the sl3-cochain
complexes is needed. In [MNOS8] such a tangle version is developed, but only after
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inverting 3. Lewark [Lewl3] describes a tangle version that allows for computa-
tions over Z, albeit only for f(X) = X3. From these two papers one can readily
interpolate how to get the right setting for the correct tangle version over Z[a, b, ],
and we will only describe certain properties useful for computations.

Given a link diagram D, we can always find a sequence of tangle diagrams
@ZT()CTlC"‘CTn:D,

with T; — T;_1 being the diagram of a single crossing. Furthermore, we can assume
that each T; C B; with B; a closed disc, B; = B;_1UC;, B;_1NC; = J; an interval,
and C; a closed disc containing T; — T;_1.

Since we are mostly interested in applying the scanning technique for fast calcula-
tions developed by Bar-Natan [BNO7] using the sequence of tangles above, we will
restrict ourselves to tangles contained in discs B. Given a closed disc B C R?, let
B C dB be an oriented 0-dimensional compact manifold bordant to the empty set.
A web T in (B, B) is a finite oriented graph in B which intersects B transversely
in B , possibly with vertex-less loops, such that its vertices are either of degree 3 or
of degree 1. At vertices of degree 3 all edges are either incoming, or all are outgoing.
The vertices of degree 1 agree with B, and the induced orientation from the edge
agrees with the orientation at the point in B.

Foams between webs in (B, B) are defined similarly, with the condition that near
B they are the product foam. Then Foam(B, B) is defined as the category whose
objects are webs in (B, B) and whose morphisms are Z[a, b, c]-linear combinations
of isotopy classes of foams.

As before, we want to consider Foam(B, B) modulo the relations (3D), (CN), (S)
and (©), but we will also need a few relations that are automatically true over
Foam,.

First we need the following relations, which revolve dots around a singular arc with

either orientation.

Iy
oj+ °j+ ]b@j (RB)
7 j _c (RC)

If the arc is part of a circle, these relations can be shown to hold using (CN) and
(©), so we really only need them for a singular arc which is not a circle.




up to sign, ask Lukas
about that
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We also need the digon removal relation

g -

L

and the square removal relation, compare [MV07, Lm.2.3].

- ﬁ (SR)

L

Define Foamy (B, B) to be the quotient of Foam(B, B) modulo the relations (3D),
(CN), (S), (©), (RA), (RB), (RC), (DR), and (SR).

We can now define the cochain complex Cs, (T; Fary) of a tangle diagram T C B
over Foam,(B, B) as before, and get it to be invariant under Reidemeister moves
as in [MVO07, §2.2]. Furthermore, we can remove digons and squares inside webs as
in [Lew13, (D), (S¢)]. We can also remove loops, but the isomorphism is slightly
more complicated than in [Lew13] because of the more complicated (CN) relation.
It is given by

To run the usual scanning algorithm of [BNO7] effectively, the only thing missing
is a good way to simplify foams. In particular, we need the singular circle removal
relation described in [Lewl3, Fig.5]. To see that we get the same relation, let us
first derive the bursting bubbles relation of [Kho04, Fig.18].

Lemma 7.1. The following relations hold in Foam(B, B).

7 0= A3
\.*) _
gy -- W - A

Proof. We have a cylinder just outside the singular circle. Performing the surgery
leads to the plane and a ©-foam. The result follows from (CN) and (0). Note
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that [KhoO4, Fig.18] uses a different orientation on the singular circle, hence the
difference in signs. ([

Lemma 7.2. The following relation holds in Foam, (B, B)

(3 <)
- — n .o n

OFGOLO

Proof. By (CN) we have

= -/ +
-

where for the second equation we used (RA) twice, and for the third (RB). Using
(CN) below the singular circle gives

@ o
(&Y - B
SRS
@ o

+ T + T+
BT
o o
Y + [
: g

- & & & © © ©
o = L) + A —allY) - LY - LY Hally

+a + +

mé@m
@@@@
040 © 04
©40} O 0%
o@Q 0o
@é@@

where we already use Lemma 7.1 on the bubbles having no dots. Using the other
relations of Lemma 7.1 gives

— © © © ©
o — 5 + + o _ 5
& & &) & &)
© © ~ ~
+ 5 — — o + 5
&) &) &) &)

and this is the statement we need. O
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8. COMPUTATIONS

The author has developed a computer programme, knotjob, which can perform
computations of the s-invariants and various spectral sequences, and which is avail-
able from his website. Memory consumption and speed are noticeably worse when
compared to ordinary Khovanov homology. While the (5, 6)-torus knot works fairly
well, the (6, 7)-torus knot represents a challenge for a 32GB desktop PC.

8.1. S-invariants. We calculated 82[3 (K) for p = 0,2,3,5,7 for all prime knots
with up to 14 crossings, and found 372 knots for which 7 (K) # s?(K) for at least
one p € {0,2,3,5,7}, and where sP(K) denotes the s-invariant from Khovanov

homology in characteristic p. In fact, for all of these knots we have st (K) =
3

55;3 (K) for p,p’ € {0,2,5,7}, and 52 (K) # 3 (K). Furthermore, for all of these
knots we have s3 (K) € 27Z, and o, (K) ¢ 2Z for all p € {0,2,5,7}.

There are two knots with up to 14 crossings for which s, (K) # s, (K), but
these are the same two knots for which s®(K) # s?(K). One of these knots is the
Whitehead double D, (T'(2,3),3). Another interesting Whitehead double in this
vein is Dy (T'(3,4),8), the first observed example [LZ21] where s?(K) = 0 for all
p# 3, and 2 = s3(K). We get a similar behaviour for the sl3-s-invariant.

52, (D1 (T(3,4),8)) _{ 0 » ep{i, 2,3},

For prime knots with 15 and 16 crossings we only computed 55[3 (K) forp € {2,3,7}.
We found 17,901 knots (2,490 with 15 crossings, 15,411 with 16 crossings) where
at least one of s}, (K) differs from sU(K). Table 1 lists the number of knots with

sy, (K) > sP(K) for various values of p.

) P9 3 7 | Total

12 1 1 1 1
13 7 4 7 7
14 | 55 45 %) 95
15 | 57 397 | 448 | 459
16 | 3327 | 2689 | 3306 | 3342

TABLE 1. The number of knots with ¢ crossings where s% (K) > s?(K).

For prime knots with 17 crossings we restricted ourselves to those hyperbolic knots
whose Alexander polynomial satisfies the Fox-Milnor condition, the signature and
sY(K) equal 0. Of the remaining 120, 890 knots, 239 have a non-zero 55[3 (K) with
p=2,3 or 7. Of these, 238 are non-zero for p = 2 and 7, with 224 are non-zero for
p=3.

For 18 crossing prime knots we restricted ourselves even further, additionally re-
quiring that the complete invariant of [DLS24] has to vanish as well. Among the
first 15 million non-alternating hyperbolic knots (these knots, taken from [Bur20],
are ordered by increasing hyperbolic volume) we found 283,158 such knots, and
for 534 of them we computed 35[3 (K) # 0 for at least one p € {2,3,5}. Again, for
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p = 3 we have the most knots with vanishing s-invariant, only 466 knots have a
non-zero invariant. For p = 2, resp p = 5, the invariant is non-zero for 531, resp.
532, knots. Finally, we calculated 50 for these 534 knots and found that it agrees
with 85[3 there.

sl3

Among these knots, the knot K = 187/, .- stands out in that it has the property
that sZ (K) = 1, while for all other p < 19 we have s} (K) = 0, and all the
slice obstructions from the spectral sequences below also Vanish. Together with
1882 -, where sy, vanishes for p = 2, but not for p = 0,3, and 1828 60, Where
st , vanishes for p = 0, 2, but not for p = 3, we see that st (, are linearly independent
homomorphisms for p = 0,2,3, even when restricted to the kernel of all the s-
invariants from Khovanov homology.

In almost all examples of prime knots K with sj (K) # sP(K) and p # 3 we
calculated, we have 85[3 (K) ¢ 27Z. By Theorem 1.1 this cannot happen for p = 3. It
would be interesting to know whether 35[3 (K) being odd has other consequences for
K. One observation we made is that for such K the numbers s'y5  (K), s%s_ (K)
and s'Ys_ (K) tend to not all agree. Indeed, this happens for all knots with up to
14 crossings and scls (K) odd.

8.2. Spectral Sequences in characteristic 0. Let f(X) = X3 — X — w with
w € C. Lewark-Lobb [LL16] initiated the study of KR-equivalence and showed
that there are knots where the polynomial with w = 0 is not KR~equivalent to the
one with w = 1. By the results from Section 4 we can assume that real-part and
imaginary-part of w are non-negative.

A necessary and sufficient criterion for two polynomials to be KR-equivalent for
a link is that the associated spectral sequences are identical [LL16, Prp.3.9]. We
use the notation ,,Ey I for the spectral sequence to mdlcate the dependence on
w € C, noting that ,EY = ,EY = H”(L C), and ,Ey’ = oEy’ = (EY for
all w € C. We are therefore partlcularly 1nterested in bi- gradmgs (i,j) and w € C
with Ey7 # ,EY7.

The first such examples were observed in [LL16, Th.3], and include 10125#10;95 for
w = 1. Indeed, a good recipe for getting such knots is to look at K# K, where K
is a knot with s% (K) ¢ 2Z. However, we do not know if this holds in general.

knotjob can calculate wE,i’j for various values of w, including w = n, \/n for small
non-negative integers, w = y/—1, and for transcendental w. However, we have not
observed much variation when varying w, due to the following result and the fact
that our calculations are limited to fairly small knots due to memory restrictions.

Proposition 8.1. Let L be a link. Then Ey? =  E% for all w,w' € C — {0}.
Additionally, assume that the spectral sequence corresponding to the polynomial
X3 — X2 collapses at the Es-page, and the spectral sequence corresponding to the
polynomial X® — X collapses at the Es-page. Then all w,w' € C — {:I:QT‘/g} give
rise to KR-equivalent polynomials over L.

Proof. Consider the polynomial ring in two variables R = Q[h, t], which is graded
by |hl; = 2 and |t|; = 0 = |1|,. Consider the polynomial f(X) = X3 — h2X —
h3t € R[X] and let D be a diagram for the link L. Then Cs, (D;Ff) is a free
graded R-cochain complex which has a basis of homogeneous elements. The units
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of R agree with the units of the subring @, and we can do Gaussian elimination
on Csi,(D; Fy) until we obtain a free graded R-cochain complex C' with a basis
c1,...,c; of homogeneous elements such that

CY @r Q= H,! (L;Q),
for the base change n: R — Q sending h,t to 0. This means for a basis element ¢

that
dc =0+ %+,

where §%c is a linear combination of basis elements ¢;, , . .., ¢;, with |¢;,|q = |¢[q — €.
Furthermore, for ¢ = 4,8 we have

8l = nt? (Z aiécig) with a;, € Q, (21)
and

8% = h3t (Z aiﬁciﬁ) with a;, € Q. (22)

Now consider the base change x: R — Q[t] sending h to 1. The basis elements of
C=Cqpg Q[t] still have a well-defined ¢-degree, although the complex is now only
filtered. But we still have a spectral sequence (Ey) over Q[t], with BV = E37 =
C3. Moreover, E5 is obtained from C using &* and Gaussian elimination, and by
(21) we get that Ey” is a free Q[t]-module in every bi-degree. The boundary map
ds: E;j — E13=6 is induced by 0% and summands coming from the zig-zags
of Gaussian elimination. But these zig-zags involve either 9% o (94|)7! o0 94| or
0% o (0%)~t 0 8%]. Either way, because of (22) we get that d3 is of the form

ds(c) =t (Z biscis> with b;, € Q.

Now consider the base change o: Q[f] — C sending ¢ — w € C — {0}. Then
wEé’j = E;j ®@qy) C and d3 = d3 ®id. In particular, the ,d3 for varying w only
differ by an invertible factor. Hence the F, page does not depend on w # 0.

If we additionally assume that the spectral sequence for the polynomial X3 — X2
collapses at the Es3-page, we get that ds above needs to be the 0-homomorphism.
This is because X — X? is KR-equivalent to X3 — X + zgﬁ, and therefore covered
by the argument above.

Recall how E5 was obtained from € using Gaussian elimination. Since we now have
ds = 0, we get By = E3, and dy: Ei’j — Eiﬂ’jfs is induced by 0% and zig-zags
from the Gaussian elimination. These zig-zags can involve 98| o (9|)~! o 9% or
0% 0 (0%)~t 0 9%, but also 9°| o (9%])~1 0 8%]. By (21) and (22) we get that

d4(C) = Z(ais + t2bi8)Ci8 with Qg big c Q
Again, we can do the base change o: Q[t] — C sending ¢ to w, this time even
allowing w = 0. As before, for w = i% we need to get ,,d4s = 0. This means that
+w is a root for all the quadratic polynomials a;, + b;t? appearing in d.

If the spectral sequence for X2 — X collapses at the Fs3-page, these quadratic poly-
nomial also need w = 0 as a root, making all of dy = 0. Since the total rank of the
FE5 page is minimal, all other spectral sequences ., F53 also collapse.

If the spectral sequence for X2 — X collapses at the Es-page, but not sooner, we
need od4 # 0, and so at least one of these polynomials a;, + b;,t? is non-zero. But
then no other w # i% can be a root of any of these polynomials, and so ,,dy
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is also just gd4 up to an invertible factor. It follows that wE;"j = OEé’j for all
w # :I:%/g. Since gFE5 has minimal rank, so do all the other ,, Fs5. O

Computations show that the spectral sequence for X3 —X?2 collapses at the E3-page,
and for X3 — X at the Es-page for all prime knots with up to 14 crossings.

Corollary 8.2. Let K be a prime knot with less than 15 crossings. Then X3—X —w
is KR-equivalent to X* — X for allw € C — {i%}, O

If the spectral sequence for X3 — X? satisfies E, # Es, we get that X2 — X is not
equivalent to X — X — w for any w by Proposition 8.1. In particular, this gives a
strategy for finding knots with different spectral sequences.

The smallest knot example with this property is the (4, 5)-torus knot, and we also
observed this for other torus knots with 4 and 5 strands, and also for the (6, 7)-
torus knot. For torus links we observed this for (4,8) and (5,5), but not for (4,4)
or (4,6).

Table 2 shows the E3 page for the (4,5)-torus knot for the spectral sequence corre-
sponding to X3 — X —w. The two arrows indicate the boundary map ds: E5 — Es
for w # 0. If w # :I:%, the d4 map will kill all the remaining generators in
non-zero homological degree, as otherwise any survivors remain for the E.,-page.
In particular, for w,w’ € C —{0, :I:QT‘/g} we have X2 — X —w and X2 — X — ' are
KR-equivalent over the (4, 5)-torus knot.

h
q

52 1
50
48
46 V1
44 1
42 1
40 1
38 ¥1 1 1
36 1
34 1 1
32 1
30 1
28
26 1 1
24 1
22 1

-12|-11}-10|-9|-8|-7|—-6|-95|-4|-3|-2|-1]0

TABLE 2. The Es-page of the (4, 5)-torus knot for the polynomial
X3 — X —w. The boundary ds for w # 0 is indicated by arrows.
Notice that the spectral sequence has to collapse at the E5-page,
so that all polynomials with w # 0, :I:QT‘/g are KR-equivalent.



28 DIRK SCHUTZ

Most of the examples that we found where X3 — X — w for w # 0 is not KR-
equivalent to X3 — X have the property that the spectral sequence with respect
to X3 — X2 does not collapse at the Es-page, but at the E -page. The spectral
sequence with respect to X3 — X still collapses at the Es-page. For such knots we
do not expect different KR-equivalence classes for different w € C — {0, i%}.

Interestingly, for the (6, 7)-torus knot the spectral sequence with respect to X3 — X2
collapses at the E5-page rather than the E -page. The spectral sequence for X3 — X
also collapses at the Es5-page.

Question 8.3. Do there exist knots or links such that X3 — X —w and X3 - X —w’
are not KR-equivalent for w,w’ € C — {0, i%}?

We expect the answer to this question to be yes, but we may require that the
spectral sequence for X3 — X collapses only after the Es-page. There exist 4-
component links with 12 crossings and 3-component links with 13 crossings where
the spectral sequence collapses at the Er-page, but since their spectral sequence
for X3 — X? collapses at E3, we do not expect them to be candidates. The (6, 6)-
torus link has the property that the spectral sequence for X3 — X collapses at the
E;-page, and the spectral sequence for X — X2 collapses at Ej.

8.3. Spectral Sequences in characteristic 3. Let f(X) = X3 — X2 — w with
w € {£1} C F3. Unlike in characteristic 0, it is not clear whether 1 and —1 give
rise to the same results, although we have not found a knot where the spectral
sequences are different for these two values. Nevertheless, the spectral sequence is
very different from the case X3 — X. We usually have E, # FE;, and we found
examples where it collapses at Eg. The three numbers s (K), s (K), s} (K) can be

different, although this happens much less frequently than in characteristic 0.
"

As a slice obstruction, the numbers s’ (K), s’/(K), s/ (K) in characteristic 3 appear

more efficient than s2 . Recall from our computations in Section 8.1 that the s-

invariant for p = 3 was less efficient than other characteristics. In nearly all cases
of 17 and 18 crossing knots with one % (K) # 0 and 3, (K) = 0 we get a non-zero
entry from the polynomial X3 — X2 — 1.
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