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What is associatedron ? n-dimensional
associatedron :

vertices= triangulationa
edge #A
faces> partial

triangulations.

Figure from Fomin
,
Reading.
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1
.
Tamari lattice (Tamari's thesis , 1951)

S

n=2

n =4
· List all parenthesations a(bc)

of not letters
(ab)2

* Connect :

x(yz) - (xy)z n= 3

cassociativity) alb(cd))
· Partial order

alload) (ab)(ce)
x(yz) > (xy)z

Catalan number

- Get a lattice with Chelements (albe))d
x(yz) - (xy)z Xy have greatescommon predesasuccessor(

Same can be done with other Catalan objects (ab) e)e &
striangulations of n-gon, ginary trees with n leaves

,
etc

.)



1
.
Tamari lattice (Tamari's thesis , 1951)

n =4

any
x(yz) - (xy)z - X - M

Same can be done with other Catalan objects Figures from
Wikipedia

striangulations of n-gon, ginary trees with n leaves
,
etc

.)



1
.
Tamari lattice (Tamari's thesis , 1951)

n =4 Tamari noticed that the poset looks like
a one-skeleton of a polyhedron :

Tamari's
x(yz) - (xy)z thesis

Q : Can it be realized as a polyhedron ,
i

.
e a convex hull
of In points in R*?



2
.
Is it possible to realize a graph as a polyhedron ?

G is connectedand· dim = 2 : trivial question : a graph Gis
a

the

every vertex
ofG1-skeleton

polygon has valency a

· dim = 3 : Seinitz'sthm (1922) ·
G is the graph ()

G is simple -

can be drawn on the plane

of 3-dim polytope
planar

ted
without self-intersections

3-connec G cannot be disconnected
by removing 2 vertices

· dima
. 4 : No such theorem !

No even conjecture !
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.
Is it possible to realize a graph as a polyhedron ?

Dar Tamari gave coordinates
of vertices giving a polyhedron,
but not all vertices
were extremal points

Jim Stasheff in 1963 got a similar

(curvilinear) polytope when giving
a homotopy theoretic characterisation
of based loop spaces.

x(yz) - (xy)z
-> "Stasheff polytope"



2
.
Is it possible to realize a graph as a polyhedron ?

· Mark Haiman (1984) , "Constructing the associatedron
- named the polytope ;
- gave the first construction for associatedra in any dimension;
- never published the drafti Mythical polytope

N

&



2
.
Is it possible to realize a graph as a polyhedron ?

· Mark Haiman (1984) , "Constructing the associatedron
- named the polytope ;
- gave the first construction for associatedra in any dimension;
- never published the draft :

· Since then
, according to Ceballos , Ziegler

many realizations
constructed : Realizations arise from : (2012)

1994 Gelfand , Kaprana, Zelevinsky
↳ secondary polytopes1989 : Lee

↳1995 :"
Tank

after Gelfand , Kaprana, Zelevinsky
1995 : Stasheff Cluster comp lex
2002 Chapoton, Fomin , Zelevinsky after Chapoton, Fomin , Zelevinsky
2004 Loday
2009 Devadoss Minkowski sums
2009 Postnikov - . -g

after Postnikov



3
. Generalizations

⑭ Triangulate other surfaces (not polygons)
A

- Punctured polygon -

For allotherariented suteis ]triangulations

③ Triangulate a In-gon B2--symmetrically
I I

flip symmetric· simultaneously diagonals-S



3
. Generalizations

· 2001 : Fomin
,
Zelevinsky, #A

Used root systems to introduce

generalized associatedra of types %An
,
Bu = In

,
Dn

,
Ed Ez , Es ,

Fu , G2
-

For type A got Tamari-Stasheff associahedron
&

positive and
negative simple
S

How? ·Diagonals of a polygon a lebelled by roots
L · Diag . in zigzag triangulation to(simple roots)
ju

· Diagonal crossing - L - Stiri)"I im K21~

· faces of sets of sets of
associatedran

1

compatible roofs" non-crossing
diagonals



3
. Generalizations

· 2001 : Fomin
,
Zelevinsky, # As

&

Used root systems to introduce

generalized associatedra of types ·An
,
Bu = In

,
Dn

,
Ed Ez , Eg ,

Fu , G2

For type A got Tamari-Stasheff associahedron

· 2002 : Chapoton,
Fomin

, Zelevinsky :
Ba

they all are polytopes ! T



3
. Generalizations As& &

· 2001 : Fomin
,
Zelevinsky, definedassociated

An
,
Bu = In

,
Dn

,
Ed Ez , Eg ,

Fi , G2

· 2002 : Chapoton,
Fomin

, Zelevinsky : they all are polytopes !

· 2007 : Famin
, Reading : defined associatedra of

Now-crystallographic types (HzHy ,[c)
· 2024 : AF

,
PT

,
Emine Yildirim (Leeds - Sofia- Istanbul)

Thm 1, ⑨ Non-crystallographic associatedra are polytopes.
-

· Associatedra of types ButCa
, Fy , Ge , He ,

Hy
,
I
-2

can be obtained from "symmetric" associatedra otypes ADE
by crossing with some plane.



3
. Generalizations

Az· Be

· 2024 : AF
,
PT

,
Emine Yildirim (Leeds - Sofia- Istanbul)

Thm 1, · Non-crystallographic associatedra are polytopes.
-

· Associatedra of types ButCa
, Fy , Ge , He ,

Hy
,
I
-2

can be obtained from "symmetric" associatedra otypes ADE
by crossing with some plane.



4
, Triangulations of Mobius band

Diagrams from2011
, Dupont - Palesi ! quasi-triangulationsfor non-orientable surfaces Wilson'15

&
quasi-arc

↓

My M2 Mz

&
-> quasi-are complexes (only finite for Mobius bands)



4
. Triangulations of Mobius band

⑲2011
, Dupont - Palesi : quasi-triangulations

Dfor non-orientable surfaces
n points on boundary

-> quasi-are complexes (only finite for Mobius bands Mn)

2015
,
Jon Wilson : quasi-arc complexes of Mu

are spherical (and shellable)

But are they polytopal ?
2026 ?)

,
AF
,
PT
,
Salvatore Stella (Rome) :

It isobtained by
= crossing some

polyhedral but infiniteIhm2 Yes ! object in higher dimension
with some plane



Commercial break : Herbert Gangl-3D prints associahedra
land other math . Jewellery

online shop- castimize
.
comcoming soon



with PT and

Tilingspace by associahedra Zack Greenberg
[MPI-Leipzig]

tiles the squareI

#
cylinder

->

&

Moreover, this filing

& for anleasy to describe)

I set of points&
is by Voronoi cells

IN progress I hope to genera
le for higher dimensions

Cuse combinatories of cluster algefras)

some knowntilings by associatedia follow from

Andy Tanks "Relating the associatedra and permuthedra" 1 1995
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