Root Systems: Classification, Construction,

and Consequences

Contents

(1 _Introduction|

2 Root Systems|

[2.2  Simple Systems|
(2.3 The Weyl Group|

Callum Laval

[2.4  Coxeter Graphs and Dynkin Diagrams| . . . . ... ... ...

2.5 Classification| .

[3 Lie Algebras|

[3.2  Cartan Subalgebras| . . . . . ... ... ... ...

[3.3  Root Systems From Semisimple Lie Algebras| . . . . . . . . ..

[4  Applications|
[4.1 Lie Groups|. . .

(4.2 Differential Equations|. . . . . . . .. ... ... ...

[4.3  Hydrogen Atoms|

5 References|

14
18
21
25

34
34
37
40

47
47
48
20

51



1 Introduction

Historically, root systems came from the study of objects called Lie algebras
which is a big motivation towards the study of root systems. So to motivate
us as to why we want to look at root systems we will look at an example of a
Lie algebra based on an example from section 12.2.2 of the Math426 lecture

notes [I, p.105]. A definition of a Lie algebra can be found in [Definition 3.1

Consider the set of 3-by-3 matrices over the complex numbers whose diagonal
entries sum to equal zero i.e. the set of 3-by-3 trace-free matrices over C.
This set is traditionally denoted by s[(3, C) because of its relationship to the
set of special linear matrices (matrices whose determinant equals 1) [2], p.2].
For more details about this relationship look at [Example 4.5(ii)|

We can write a general element of s[(3,C) as follows

T a b
d vy c
e f —wx—y

with all entries being complex numbers.

It is clear that sl(3, C) forms a vector space since it contains the zero matrix,
additive inverses and is closed under matrix addition and scalar multiplica-
tion, so let us find a basis for it.

Let us define M;; to be the 3-by-3 matrix with zeros everywhere except in
the 7, 7 position for 1 <7 <3 and 1 < j < 3 for example

010
Mia=10 0 0
0 00
and define
1 0 0 0O 0 O
H=10 0 0 JHy=10 1 0
0 0 -1 0 0 -1

Then a basis for sl(3,C) is

{H17 H27 Ml,27 M2,17 Ml,37 M3,17 M2,37 M3,2}~



An important operation on sl(3,C) is the commutator bracket denoted by
[,] where for X,Y € sl(3,C) we have [X,Y] = XY — Y X. We can see that
this operation is closed on sl(3,C) as if we take X,Y € sl(3,C) we can use
standard properties of the trace to get

tr([X,Y]) =tr(XY —=YX) =tr(XY) —tr(YX) =tr(XY) — tr(XY) =0,

hence [X,Y] € sl(3,C). In fact, sl(3,C) together with the commutator
bracket form a Lie algebra [2, p.2].

The subspace b of all diagonal matrices in sl(3,C) forms something called
a Cartan subalgebra of sl(3,C) and is very important in constructing root
systems from Lie algebras [3, p.211]. A definition of a Cartan subalgebra can

be found in [Definition 3.12

We have that a general element H € § will have the form

6 0 0
g=(o0 6 o],
0 0 6

where 91 -+ 92 —+ 93 =0.

Now let us look at what happens when we take the commutator bracket of
H with the basis elements of sl(3,C). Since Hy, Hy and H are all diagonal
matrices, they commute with each other so

|H,H,|=HH, — HHH=HH, — HH, =0,

|H,Hy| = HHy — HoH = HHy — HHo = 0.

For M, > we have

6, 0 0 010 010\ /66 0 0
[H,Mo]=[0 6, 0 000]—-{000 0 6, 0
0 0 6) \0 00 000 0 0 6
06, 0 0 6, 0
=00 o0]-[0 00
00 0 00 0
= (91 - 92)M1,2-

In fact through similar calculations we get that

[H, M; ;] = (0; — 0;) M, j,



and since 03 = —#; — 0, we have

Notice how each M ; are actually eigenvectors of H with respect to the com-
mutator bracket instead of matrix multiplication with eigenvalue ¢; — 0;.

Now if we plot each of the non-zero eigenvalues on a coordinate axis where
we fix a basis {61,602} and write the eigenvalues with respect to this basis,
we get the following picture.

This is not a very enlightening picture as the points seem to not have much
symmetry and form an outline of an irregular hexagon.
But now let us plot these points where the axes are 2?” radians apart instead

of 5 radians.



Now we can see the points form a regular hexagon. Details on why we plot

the axis in this way can be found in [Example 3.20)

Let us consider these points as vectors in R? and let ® denote the collection
of these vectors. The vectors don’t form a subspace of R? since it does not
contain the zero vector although it is clear that they span R2. Let us discuss
some nice properties of ®.

First let us label the vectors like so.

We have labelled them in this way as we have 8; = —q;. So our first property
is that if « € ® then —a € .

Now let us consider the reflections of ® in the line orthogonal to a; and [
i.e the line 6; = 6,.



(@3]

—3 -9
B3

So aq is sent to [, as is sent to ag and 3 is sent to fJ5. Hence a reflection
of a vector in ® in this line will send it to another vector in ®.

The same thing happens if we look at the reflections in other lines orthogonal
to vectors in ®.

3
02
2
a 1 a3
/’ 3\ o
-3 2 _ 3
s

Hence ® is unchanged by a reflection in a line orthogonal to a vector in ®.

Our final property is that if we consider the orthogonal projection of a vector
a € ¢ onto the line through a different root § € ® and the origin, then the
projected « is equal to a half integer multiple of 5.



-3

So in the picture, the red arrow represents the orthogonal projection of ay
onto the line through a3 and the origin. We can see that ay is being pro-
jected to %043.

In fact ® is a root system called A;. We can apply similar methods to other
Lie algebras to construct other root systems. These root systems actually
determines the Lie algebra up to isomorphism and since root systems tend
to be simpler than Lie algebras it can make certain questions such as how
to classify Lie algebras easier to answer. We can also construct Lie algebras
from root systems which lead to the construction of Lie algebras that would
have otherwise been very hard to define such as the Lie algebra Gs.

Since root systems are simpler we will focus on root systems by themselves in
the next chapter and then in chapter 3 discuss Lie algebras and their relation-
ship with root systems. In chapter 4 we will then go over some applications
of root systems and Lie algebras in other areas of maths and physics.

2 Root Systems

This section is mainly based around the ideas from sources [2] and [5]. [2]
follows a structure of briefly discussing reflections then going into the axioms
of root systems and constructing the 2D examples. After that it discusses
simple systems (or bases as the source calls them) and the Weyl group which
leads to Coxeter graphs and Dynkin Diagrams which leads to the classifica-
tion theorem.

The structure for this section will be the same but the approaches to of



some of the topics will differ by bringing ideas from [5]. In particular we
will go into more detail on reflections by talking about more results and
our discussion of the Weyl group will mainly take ideas from [5]. We will
use the approach of proving the existence of simple systems from [5] which
differs from the approach in [2]. Finally we will approach the proof of the
classification theorem differently from [2] by taking ideas from the proof and
introducing them as their own lemmas or propositions.

2.1 Axioms

Before we define a root system we should first discuss what exactly we mean
by a reflection since a key property of root systems is its reflectional symme-
try.

Let V' be a finite dimensional real inner product space. That is V' is a vector
space over R with a map (,) : V' x V — R that is bilinear, symmetric and
positive-definite which we call an inner product. If V' is 2-dimensional then a
reflection in V' is a linear transformation that fixes a line in the vector space
and sends any vector orthogonal to that line to its negative. These properties
uniquely define the linear map [2], p.42].

Now we want to define reflections in higher dimensions which is where the
notion of a hyperplane comes in. A hyperplane of V' is a subspace of V'
whose dimension is one less then that of V' [4]. So for 1 dimension the hyper-
plane is a point, for 2 dimensions it is a line and for 3 dimensions it is a plane.

Hence a reflection can be generally defined as a linear transformation on V
that fixes some hyperplane in V' and sends any vector orthogonal to that
hyperplane to its negative.

Using the inner product (,) on V' we can define an explicit formula for re-
flections as follows.

Definition 2.1. [2, p.42|[5, p.3] Let a € V. let P, = {f € V : (B,a) = 0} be
the hyperplane in V' orthogonal to «, and let o, be the transformation on V'
representing the reflection in P,.

Then o, acts on g € V by

2(8.0),

(@, q)

oo(B) =8 —

Y

i.e. (8 is sent to 0,(f) when reflecting in P,.



We Wlll use the constant (( )) quite frequently so to simplify things let
(B,a) = )) so that the formula becomes

0a(fB) = — (B, a)a.

One property of reflections is that they preserve the lengths of vectors and
angles of between vectors. Since the inner product determines both of these,
we can state this property of reflections as the following.

Proposition 2.2. Let o, 3,7 € V. Then (0,3,047) = (B,7) i.e. reflections
are orthogonal transformations.

Proof. Using the fact that inner products are bilinear and symmetric we get

(0aB,007) = (B — (B, a)a, v — (7, )a)
= (8,7) — (v, a)(B, ) = (B, a)(a,7) + (B, a) (v, o) (e, @)
(1 )Ba) (B,a)(e) ,(B,a)(,q)
=02 T e T (wa)
=(3,7).

Another intuitive property of reflection is that a reflection applied to a vector
twice does not change the vector i.e. a reflection composed with itself gives
the identity map.

Proposition 2.3. Let o € V. Then 0,0, is the identity map on V i.e. for
all B € V we have g,0,(8) = p.

Proof. Let 8 € V. Since inner products are bilinear then (,) is linear in the
first argument hence

0a0a(B) = 0a(B — (B, )r)
=06—(6,a)a— (B —(B,0)a,a)x
B = (B, o) — (B, a)a+ (B, a)(a, v)a
=B = 2(8, m)a + (B, @), )
_4(B0) | 2B.0)2av0)

(o, o) ot (o, ) (a, )
_4Ba) 4a)

(o, @) (o, )




Another property of reflections are that they are injective

Proposition 2.4. Let o € V. Then o, is an injective map.

Proof. Let By, 8, € V. Then we have

O-aﬁl = Uaﬁ2 — O'ao-aﬁl = cho-aﬂ2 = ﬁl = 62'
Hence o, is injective. O

In our initial example we saw that the root system A, has the following
properties.

e All the roots are non-zero and span R2.
o If v is a root then —« is also a root.

e The set of roots is invariant under reflections in lines orthogonal to
roots.

e The orthogonal projection of a root a onto a line though a different
root B and the origin will be a half integer multiple of (.

Now let us axiomatise these properties.

Definition 2.5. [2 p.42] Let V' be a finite dimensional vector space over R
with inner product denoted by (,). ® C V is a root system if the following
hold.

(R1) @ is a finite set that spans V' and does not contain 0.
(R2) If @ € ® then —a € ® and ¢ contains no other multiples of .

(R3) If a € ® then the reflection in the hyperplane orthogonal to « leaves
® invariant.

(R4) If o, B € ® then 2% €Z.
For such a set ® we call its elements roots.

Remark 2.6. Sometimes when root systems are define, (R2) is omitted and
what we defined above is called a reduced root system [2, p.42]. Similarly
sometimes (R4) is omitted and a root system with axiom (R4) is called a
crystallographic root system [5, p.39]. For our purposes we will simply call
anything satisfying the above definition a root system.

10



Remark 2.7. (R4) is the formalised version of the final property we saw in the
initial example. This was the property that the orthogonal projection of a
root v onto a line though a different root 8 will be a half integer multiple of 3.

From now on we will assume that V' is a real inner product space and ® C V
is a root system. So using these axioms let us construct some root systems.

Example 2.8. If V' is 1-dimensional then by if « is a root then so is
—a and ® contains no other multiples of «. Since V' is 1-dimensional it is
just the real number line so any other vectors in V' will be some multiple of
a and so cannot be roots hence the only possible 1-dimensional root system
is the root system only containing the roots & and —« which is called A; [2

p.43].

AN
A 4

—x 0
A

Now let us find the 2-dimensional examples.

Recall that for a € V, || = (e, )2 defines a norm on V and for o, B € V we
have the formula (8, @) = |5]|«| cos 8, where 6 is the angle between  and «.
Hence

2 2
(B,0q) = (8,2) = Bllaf cos 6 2|B| cos 6,
(a,a)  |aflafcos(0) o
and so
(o, BY(B,a) = ;g; os 6 x 2{’2: cos ) = 4 cos? 6.
Bym (o, B), ) € Z and since 0 < 4cos?f < 4, o and S must have

the same sign and thelr product must be at most 4.

So let us assume that o # £ and |#| > |a|. Then we can consider the pair
of integers satisfying these conditions and use the formulas (a, 8)(3,a) =
4cos?f and (B, ) = 2% cos @ to find 6 and %

This gives the following table [2, p.45].

11



B

(o, B) | (B,a) | O - Example

0 0 5 | undetermined |Examp1e 2.9|

1 1 3 1 Example 2.10
-1 [ -1 | & 1 Example 2.10)

1 2 T V2 Example 2.11} | ,
-1 | -2 | V2 Example 2.11

1 3 z V3 Example 2.12
—1 -3 | V3 Example 2.12

2 2 0 1 None
—2 —2 0 1 None

Note that the case where (a, ) = 42 implies that f = +« meaning that
this cannot be a 2-dimensional root system since if it was a root system, it
would only contain o and —a which cannot span R? and so does not satisfy

(R1)] Hence we may discard these two cases.

Example 2.9. [2, p.44] In the case where (o, 5) = (8, a) = 0 we can scale
the lengths however we want. So if we let |3| = |a| then since § = § we have
B € P, and o € P3 so the only other vectors we get when reflecting in P,

and Pg are —a and —f.
Hence we have 2 copies of A; so the root system we get is A; x Aj;.

E
A 4

A1XA1

Example 2.10. [2| p.44] In the case where (o, 3) = (8,a) = —1 we have
that 8 and « are the same length. So if we plot o on the x-axis then the
angle between « and  needs to be 2% so we get the following.

12



We can then find the other roots by looking at the reflections in P, and Pp
of each root. This then gives our initial example of As.

We will also get Ay for the case where (o, 5) = (5, ) =1

Example 2.11. [2, p.44] Using the same method as above for (o, f) = —1
and (5, ) = —2 we get the root system called Bs.

Pa
B

We also get By when («, 8) =1 and (3, a) = 2.

Example 2.12. [2| p.44] Then for (o, 8) = —1 and (5, ) = —3 we get the
root system called G2.

13



Go
We also get G5 when (o, 8) =1 and (3, a) = 3.

2.2 Simple Systems

When we constructed the 2-dimensional examples, we only needed the roots
a and S in order to determine the rest of the root system as we can find the
other roots by considering the reflections in P, and Ps of o and £43.

If we recall the formula for the reflection in P, of [ i.e.

0a(B) = B — (B, a)a,

then since (3, a) € Z, we can see that this means that in each of our examples
every root can be written as a Z-linear combination of o and . This then
motivates us to make the following definition.

Definition 2.13. [2, p.47][5, p.8] Let ® be a root system in a real inner
product space V. Then A C & is a simple system with its elements called
simple roots if

(S1) A is a basis for V.

(S2) Each o € @ is a Z-linear combination of A such that each coefficient
has the same sign.

Remark 2.14. Sometimes a simple system is called a base. [2, p.47]

Example 2.15. In A, we have

0a(B) = — (B, m)a = [+ a,
0a(=f) = =B+ ()= —f —«a,

so the roots are o, 8, —a, — 5, + 3, —a — . Hence a simple system for A,
is a, B.

14



Now the natural question to ask is for any root system do we have a simple
system? This would be very useful if we do as then we only need to consider a
subset of the roots to determine properties for the whole root system. While
currently we do not know if simple systems always exist, something we do
know always exists are positive systems.

Definition 2.16. [5, p.8] Choose an ordered basis B = {vy,...,v,} of V
and let 5 € ® be a root such that § = Z?:o Aiv; for A; € R. Then we call
[ positive with respect to B if 0 < A\, where k is the smallest index ¢ such
that \; # 0. If A\ < 0 then we call 5 negative with respect to B

Remark 2.17. Since V is finite we may assume that dim(V) = n for n € N
and since by B # 0 for all B € ®, a smallest index k& such that A\, # 0
always exists.

We then denote the collection of positive roots with respect to some basis
by ®* and call &t a positive system and similarly we let ®~ denote the
collection of negative roots and call it a negative system. It is clear that for
any root system we have a positive system since we always have a basis of V.

Proposition 2.18. [J, p.8/ Let ® be a root system with positive and negative
systems ®t and &~ with respect to some basis. Then

(i) T NP =0 and ® = dT U D™ d.e. D and &~ form a disjoint union
of ®.

(ii) |®F| = |®~|. Moreover &~ = -0 :={—-a:a € o'}
Proof. (i) Clearly the zero vector is the only vector that is both positive and
negative but by |[(R1), ® does not contain the zero vector so & N &~ = ().
Moreover, since ® does not contain the zero vector, every element of ® must

be positive or negative and belong to at most one of the sets ®+ and ®~.
This means that we have the disjoint union ® = &+ U &,

(i) By [(R2)| roots come in pairs {«, —a} and if & € ®F then —a € ™ so
the result follows. O

Proposition 2.19. If A is a simple system in ® then there exists a unique
positive system containing A.

Proof. We refer to the proof from [5l, p.8§]. O

Example 2.20. A simple system in By is A = {a, 8} so then we get the
following positive system.

15



Since we are on the topic of positive systems, let us take a short digression
from showing the existence of simple systems to how reflections act on pos-
itive systems. If & € ®* then we have o, = —a € ®~ so positive systems
are not invariant under reflections but it turns out that if we remove o from
the positive system then this set is invariant under the reflection o,.

Proposition 2.21. [5, p.10] Let A be a simple system of ® contained in a
positive system . If a € A, then o, (PT\{a}) = dT\{a}.

Proof. We give will give a sketch of this proof, a full proof can be found here
[5, p.10].

Firstly, if we let a € A, then the premise of the proof is to take an element
f € d*\{a} and show that o, maps it into T\ {a}.

We can do this by first writing 8 as a linear combination of simple roots i.e.
B=73 caN7- Since B # Fa, there exists § € A\{a} such that As > 0.
We can then do the following calculation giving an expression of o,/ as a
linear combination of A (note that this calculation is not in [5], p.10]).

08 =B —(Ba)a=> Ay—(Ba)a=Na—(Ba))a+Ad+ > A7
A v€A\{a,0}

As > 0 implies that o, is positive and it can be shown by contradiction that
03 # « so this proves the claim. n

Another way to characterise this proposition is that if o, maps a positive
root  to a negative root then we must have 5 = a.

Example 2.22. Returning back to Bs, in the pictures below we have high-
lighted the positive roots and the lines of reflections for o, and o3 where o
and (3 are simple roots. We can see that these reflections follow Proposition
2.21.

16



By

We know that every simple system determines a unique positive system so to
show existence of simple systems we want to show the other direction holds
i.e. every positive system determines a unique simple system. So given a
positive system ®*, how would we go about construct a simple system? A
naive way to construct one would be just to take a subset I' of ® of minimal
size such that each root in ®* can be expressed as a non-negative linear
combination of I'. It is clear that such a subset exists and it turns out that I
is in fact a simple system but before we can show that we need the following
result.

Lemma 2.23. [5, p.9] Let T be as stated above and let o, € T' such that
a # B. Then (a, ) < 0.

Proof. We refer to the proof from [5l, p.9].
O

Since simple systems clearly satisfies the condition of I' we also get the fol-
lowing corollary.

Corollary 2.24. Let A be a simple system in ® and let o, B € A such that
a # B. Then (a, ) < 0.

We now have all the tools we need to show that simple systems exist.
Theorem 2.25. Fvery positive system in ® contains a unique simple system.

Proof. We will give a sketch of a proof, a full proof can be found here [3]

p.8].
The proof involves letting A be a subset of ® of minimal size such that each
root in ®* can be expressed as a non-negative linear combination of A. The

17



only thing we then need to do to show that A is a simple system is to show
it is linearly independent. If we assume that A is linearly dependent then we
can write Y 5o n AgB =D ca, HyY = 0 where A and Aj are disjoint subsets
of A and A\g and p., are strictly positive. Positive definiteness and

W implies that 0 < (3_gcn, AsB: D en, Hy7) 080 g n, AgB = 0 which
is a contradiction.

]

So from now on we will assume that ® has a simple system A and positive
system @ with respect to A.

2.3 The Weyl Group

One of the important properties of root systems is the reflectional symmetry
which can be expressed as a group called the Weyl group.

Definition 2.26. |2, p.43] The Weyl group of ® denoted by W is the sub-
group of GL,(R) generated by the reflections o, for a € ®.

This group will help us prove certain properties of root systems and also
connects root systems to other areas of mathematics such as group theory.

Proposition 2.27. [3, p.6] If w € W and a € ® then wo,w™ = 0ypq.
Proof. We have

wo,w”H(wa) = wo,a = w(—a) = —wa,
so wo,w ™! sends wa to its inverse so we only need to show that wo,w™
fixes the hyperplane P,,,.
Now let A € P, meaning that o, fixes A\. By |Proposition 2.2 we have

1

(wA, wa) = (A, a) =0,

so wA lies in P, if and only if A lies in P,.
Hence

woaw H(wA) = wo A = wA
1

so wo,w! fixes P, hence wo,w™" = 04y. O

Example 2.28. Let us look at A, with the roots and hyperplanes labelled.

18



Note that the hyperplane orthogonal to v € ®* is the same as the hyperplane
orthogonal to —y € ®~ so 0., = 0_, hence W is equal to the group generated
by the reflections 0,03 and 0,43.

Then according to the above Proposition we should have

000804 = Uga(g) = Oa+8-

So let us consider the following.

0a0g0a(@ + B) = 0a03(8) = 0a(=F) = —a = f,
060304(0) = 0005(a + ) = oo (a+ B) = B.

S0 0,030, sends a+ 3 to its negative and fixes the roots orthogonal to a+ 3
which is exactly what we expect according to the Proposition.

Example 2.29. Let us look at Bs.

. P, .
"..‘PQOH-B Pg“."
.0

Oé‘i‘ﬁz 2C¥+ﬁ“

B,

We have that W is generated by the reflections o4, 03, 0a45 and oaq4p.

19



But notice that

Gass(@) = @ = G474 (0),

Oatp(B) = =200 — B = 0a05(0),
Oarpla+ ) = —a— B = ogo.05(a+ ),
Oarp(2a+ p)=—0 = Uﬁaa(Qoz + B).

Similarly we can write the reflection 09,44 in terms of o, and 0. Hence o,
and o generates all the reflections of By and so they generate .

Since the roots in B, outline a square let us consider the dihedral group of
order 8 i.e. the symmetry group of a square denoted by Dg. The group can
be thought as being generated by a rotation 7 anticlockwise about the origin
denoted by a and a reflection in a line of symmetry of the square denoted b.
Then in terms of reflections we can write these generators as a = 0,03 and
b= 0, S0 W = (04,08) = (04,0,08) = (a,b) = Dg hence W = Dg as we
would expect.

Motivated by the previous example, our next goal is to show that in general
the Weyl group of ® can be generated by o, for @ € A. Phrased another
way, if we let W’ be the subgroup of W generated by o, for a € A then we
want to show that W’ = W. The following definition and lemma will help
us show this.

Definition 2.30. Let § € & and write 8 = >
htB =73 ca X

Lemma 2.31. Let § € &1 and choose v € W3 N T such that v has the
smallest height in W' N ®*. Then v € A.

Aa@. The height of 3 is

aEA

Proof. We refer to the proof from [5 p.11].
0

Remark 2.32. Note that W’/SN ®* is non-empty as W’ contains the identity
element since it is a subgroup of W so € W/F N ®*. This means it makes
sense for us to choose an element in that set.

Theorem 2.33. [5, p.11] W is generated by the reflections o, for a € A,
i.e. W =W.

Proof. Let 8 € ®*. |[Lemma 2.31|implies that there exists w € W’ such that
wf = «a for some o € A. Hence 8 = wla € WA so @+ c W/A.

20



Now let 5 € ®~. Then similarly there exists w € W’ such that —wf = « for
some o € A. Then

B=-—wla=w~a)=wlo,ac WA.

Hence &~ C W’A meaning that & € W'A.

Now let o5 € W. Since f € & C W'A, we know there exists w € W’ and
a € A such that 8 = wa. Then by [Proposition 2.27| we have

08 = Opa = wWoqw € W'
hence W C W' so W = W". ]
This proof gives us the following corollary.

Corollary 2.34. For every 8 € ® there exists w € W such that wp € A.

2.4 Coxeter Graphs and Dynkin Diagrams

Our next goal is to classify all possible root systems up to isomorphism. By
isomorphism we mean that root systems ® and @’ in respective vector spaces
V and V' are isomorphic if there exists a vector space isomorphism from V'
to V'’ that maps ® onto &'.

If we recall our example of A; x A; then this root system can be broken
down into two copies of A; whilst it seems that there are no clear ways to
decompose Ay, Ay, By or (G5 into other root systems. So it seems there are
certain root systems that cannot be broken down further and can be used
to build other root systems. So we can just classify the root systems that
cannot be broken down further which will then allow us to construct all root
systems by combining them. This then motivates our next definition.

Definition 2.35. [2, p.52] A root system & is irreducible if ® cannot be
partitioned into the union of two proper subsets ® = ®; U &5 such that
(o, ) =0 for all & € 1 and § € Ps.

Now a problem that we are going to run into if we want to classify all irre-
ducible root systems is that we can’t visualise root systems with dimension
greater than three so in order to represent these higher dimensional root sys-
tem we will simplify them.

For a root system @, if we know the number of simple roots in ® along with
their lengths and the angle between them, then we know what the Weyl
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group is since it is generated by o, for @ € A and so we can find the other
roots by applying the Weyl group to the simple roots. It turns out that if we
encode this information into a graph then we will be able to determine the
entire root system up to isomorphism.

Definition 2.36. [2 p.56] Let A be a simple system of a root system ® with
|A| = n. Let us order the elements of A such that A = {ay,...,a,}. Then
the Coxeter graph of ® with respect to A is the graph containing n vertices
each labelled from 1 to n with the ith vertex joined to the jth vertex by
(ay, o) (ay, 0y) edges for @ # j.

From our earlier table we know that if o and [ are distinct positive roots
then (o, 8)(8,a) = 0,1,2 or 3. So using the formula {(a, 3){3,a) = 4cos* 0
we can find the corresponding angles between o and .

Theorem 2.37. Let ® C V and ® C V' be two root systems with the same
Coxeter graph. Then ® and ®' are isomorphic.

Proof. We will give a sketch of a proof, a full proof can be found here [2]
p.55]. Note that the proof is actually a proof showing that if two root systems
have the same Cartan matrix then they are isomorphic. The Cartan matrix
of a root system is defined on the same page and it should be clear that this
is equivalent to proving the above statement.

For a sketch of the proof, since ® and " have the same Coxeter graphs, they
must have the same number of simple roots so let A = {ay,...,a,} and
A" = {do),...,a} be the ordered simple systems of ® and &’ respectively.
Then we can define the vector space isomorphism ¢ : V' — V' sending «; to
of. From this, we can define an isomorphism from the Weyl group of ® to
the Weyl group of ®' which can then be used to show that ¢ maps ® onto
P’

O

Hence instead of saying "the Coxeter graph of ® with respect to A” we may
simply say "the Coxeter graph of ®” as the Coxeter graph is independent of
the choice of A.

Let us draw the Coxeter graphs of the root systems we have seen so far.

Example 2.38. [2, p.56]
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(i) A; has only one simple root so the Coxeter graph is just a single vertex.

@

(ii) A; x A; has two simple roots which are 7 radians apart hence

(. 8)(8, @) = dcos?(3) = 0.

So the Coxeter graph is two disconnected vertices.

© @

Which is two copies of A; as we would expect.

2

(iii) Ap has two simple roots which are =F

(01, 8) (B, 0) = 4 cos?(25) = 1.
So the Coxeter graph is two vertices connected by 1 edge.

O—)

(iv) By has two simple roots which are 2T radians apart hence

4
(0, B)(8,0) = dcos?(32) = 2.
So the Coxeter graph is two vertices connected by 2 edges.

=2

(v) Gs has two simple roots which are 2 radians apart hence
(a1 8) (B, ) = 4 cos?(32) = 3.

So the Coxeter graph is two vertices connected by 3 edges.

(=)

Proposition 2.39. ® is irreducible if and only if its Coxeter graph is con-
nected.

radians apart hence
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Proof. This follows straight from the definition since the Coxeter graph of ®
is connected if and only if ® cannot be split into proper subsets & = &, U P,
such that for all « € ®; and for all § € ®5 we have («, 5) (5, a) = 0 implying

_ (e B) _,(Ba)
(a, B) = 2(575) =0, or (fa) = 2(a,a) =0,
so («, 8) = 0 meaning & is not irreducible. ]

The only issue is that Coxeter graphs do not tell us whether a simple root is
longer or shorter than another simple root. But this can be easily fixed with
Dynkin diagrams.

Definition 2.40. [2, p.57] The Dynkin diagram of ® is the Coxeter graph of
® with an arrow pointing to the shorter of the two roots whenever a double
or triple edge occurs.

Remark 2.41. If two roots are connected by a single edge in the Coxeter
graph of ® then they have the same length. We can see this since a single
edge between a, 5 € ® implies (lg, a) =+land = 3 or %” so then by using

o] cos f we get

the previous formula (5, ) = 2

B

«

=1.

2x 1

2 cos 5

:‘M

‘ 1
— |+

This is why we only need arrows on double or triple edges.

Example 2.42. The Dynkin diagrams for A;, A; x A; and Ay are the same
as their Coxeter graphs.

For the Dynkin diagram of By since we only have two vertices it does not
matter which way the arrow points so the Dynkin diagram is the following.

(=)

Similarly the Dynkin diagram for G5 is the following

(=)
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2.5 Classification

In this section we will finish our goal from the previous chapter in classifying
all irreducible root systems up to isomorphism.

To allow more flexibility in proving this, instead of just working with roots
we will work something called an admissable set.

Definition 2.43. [2, p.60] Let V' be a finite real inner product space. A set
of vectors u = {e1,...€,} in V is called admissible if u is a set of n linearly
independent unit vector such that (&,¢;) < 0 and 4(e;,€;)* = 0,1,2, or 3 for
i 7.

For such a set u we will attach a graph I' with n vertices labelled from 1 to
n with vertices ¢ and j connected by 4(e;, e;)* edges.

Example 2.44. |2, p.60] For any root system, if we take the set of simple
roots divided by their lengths then this forms an admissable set. This shows
how we can easily associate an admissable set to a root system.

Some important examples of graphs that come from admissable sets are the
following

Example 2.45. [2 p.60] A simple chain is a graph of the following form.

O——.—_Oo-ooco,______o

Picture source [2, p.60].

Example 2.46. A branch point or a node is a graph of the following form.

e
Picture source [2], p.62].

To help us classify all Coxeter graphs let us give some results on admissable
sets.

Lemma 2.47. Let u = {ey,...,€,} be an admissable set with an associated
graph T'.
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0 u’' is a non-empty subset of u then v’ is also an admissable set whose

) Ifu' i ty subset then v’ is al dmissable set wh
graph can be obtained by omitting the corresponding vertices and inci-
dent edges.

(Z’l) 0<n+2 Z?<j(€i7 Gj).
(iii) The number of pairs of vertices connected by at least one edge is strictly

less than n.

Proof. (i) follows straight from the definition of an admissable set. The fol-
lowing proofs for (ii) and (iii) are based on [2, p.60] but with more details
given to the calculations.

Let e =>"" €.
Since each ¢; are unit vectors and linearly independent with the fact that the
inner product is positive-definite and symmetric we get that

0< (e,€) = (zn: ei,zn:ei),
=1 =l

= Z(ei, €)+ Z(ei, €;) + Z(% €)

=1 1<j i>7
=n+> (e,6)+ Y (e,6)
i<j 1<j
=n+ Z(ei, €) + Z(Eiv )
1<J 1<J
= n+22(ei,ej).
1<j

proving the claim.

For (iii) let the ith and jth vertices be connected by at least one edge where
i 7.

This means that (e;, €;) # 0 so since u is an admissable set and ¢ # j we have
that 4(e;, €;)* = 1,2, or 3.

Then since (€;,€;) < 0 for i # j we have

4(€i7€j>2 >1 — (61',6]')2 >

A

1
= <€i>€j) > _5

- 2(61'763') < —1.
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So if there existed at least n pairs of vertices connected by at least one edge
we would have 277" (€, ¢;) < —n, contradicting the inequality from (ii).
This contradiction then proves the claim.

[

Corollary 2.48. [2, p.60] Let I' be an associated graph of an admissable set
u. Then I' contains no cycles.

Proof. A cycle of I" would be a graph [ associated to a non-empty subset 1’
of u which by part |(i)] of Lemma 2.47 is also an admissable set.

Assume the [ is such a cycle with the corresponding admissable set u’ having
m elements. Since IV is a cycle, we can relabel the vertices such that each
pair of vertices (i,7+ 1) along with (m, 1) are connected by at least one edge.
This means there are at least m pairs of vertices in I'” that are connected by
at least one edge contradicting part of Lemma 2.47. O

Lemma 2.49. Let I" be an associated graph of an admissable set u. Then no
more than three edges can occur at any given vertexr of I

Proof. We will give a sketch of a proof, a full proof can be found here [2], p.60].

The proof starts by supposing there exists €, 7, ..., m € u, all distinct, such
that 7y,...,n, are connected to € by 1,2 or 3 edges. Then using the linear
independence of u and the fact that these are unit vectors we can get the
inequality Zle 4(e,m;)? < 4. Since 4(e, n;)? is the number of edges joining €
and n; in I', this proves the claim. 0

Proposition 2.50. [2, p.60] Let I be graph associated with an admissable
setu={ey,...,e,} with S ={ey,...,ex} Cu forming a simple chain in T.
Then if we define € = Zle €; we have that the set w' = (u \ S)U {e} is an
admissable set.

Remark 2.51. The graph of u’ can be obtained by shrinking the simple chain
in I' to a single point.

Proof. From [Lemma 2.47(i), we know that u \ S is an admissable set. Hence
we just need to check the properties of an admissable set still hold true when
considering the exceptional cases of 1’ involving e.

Since u is linearly independent we have that

0= )\0€+>\1€k+1 + _'_)\nen
= Xo€1 + - -+ o€k + A€pgr + -+ Apep,
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implies that \; = 0 for all 7 hence ' is linearly independent.

For 1 < i < k — 1 we have that vertices ¢ and ¢ + 1 are connected by one
edge. So we have 4(e;, €;4,1)*> = 1 which implies that 2(e;, ¢;11) = —1.

We also know that if 2 < h—j < k—1 then vertices j and h are disconnected
(as otherwise we would have a cycle) meaning (e;,€;,) = 0.

Using the formula (e,¢) = k + 23, ;<4 (€i, ¢;) from [Lemma 2.47(iii)| we
have

(e,€) =k +2 Z (€i,€5)

1<i<j<k
k—1
—k+Y 2een)+ Y, (g,6n)
i=1 29<h—j<k—1
k- (h—1) =1,

SO € 1s a unit vector.

Let €, € u \ S. Vertex u can be connected to at most one of the the vertices
1,..., k as otherwise we would have a cycle in I' contradicting [Corollary 2.48|
Hence either (€,,€) =0 or (€,,€) = (€u, ;) for 1 <i < k.

This means that 4(e,,€)?> = 0 or 4(e,,€)? = 4(ey, 6)* = 0,1,2 or 3 since
€y, € € U

So 1’ is a linearly independent set of unit vectors such that for €, ¢; € u’ we
have 4(e;,€;)* =0,1,2 or 3.
Hence v’ is an admissable set.

O

This proposition is useful for identifying graphs which cannot come from
admissable set.

Example 2.52. Consider the following graphs containing simple chains.

Figure 1. Picture source [2, p.61].
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If we shrink the simple chains to a single point like in [Proposition 2.50] we
get the graphs pictured.

A

(O] O

=
Picture source [2, p.61].

We can see that each of these graphs contain a point which has a vertex with
four edges meaning that these graphs are not associated to admissable sets.
So then from the contrapositive of the previous proposition we know that
our initial graphs are also not associated to admissable sets.

Corollary 2.53. Let I' be a graphs associated with an admissable set. Then
[' contains none of the graphs from [Figure 1.

Now using this corollary we can give the following result which greatly limits
what connected Coxeter graphs we can have.

Proposition 2.54. [2, p.61] Let T be a connected graph associated to an
admissable set.

(i) If T has a triple edge then T is the graph Gs.

(ii) T can have at most one double edge.
(iii) T' cannot contain both a double edge and a branch point.
(iv) T' can have at most one branch point.

(v) IfT' contains only single edges and no branch points, then it is a simple
chain.

Proof. (i) If we recall the Coxeter graph of G, then [Lemma 2.49|shows that
if we add any other connected vertices or edges to the graph then we get a
graph no longer associated to an admissable set.
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(=)

Hence if we have a triple edge then any other vertex cannot be connected to
this triple edge and so must be connected. So any connected graph with a
triple edge contains only that triple edge which is G.

(i) Assume that I" has two double edges. Since I' is connected, these double
edges must be connected by some subgraph of I'.

By part (i), I' contains no triple edges and these double edges cannot be
directly connected to each other or connect by double edges since then we
would have four edges coming from a single vertex contradicting [Lemma 2.49]
So they must be connected by a simple chain or a simple chain containing
one or more branch points.

But this contradicts the |Corollary 2.53| as then I' contains at least one of the
graphs in as a subgraph. This contradiction proves the claim.

(iii) Similarly from above, if I" contains a double edge and a branch point
they must be connected by a simple chain or a simple chain with one or more
branch points which contradicts [Corollary 2.53| so this cannot happen.

(iv) If I' contains at least two branch points then by (iii) I' does not have a
double edge so the branch points must be connected by simple chains. But
then I' contains the third graph from so ' must contain at most one
branch point.

(v) Assume that I' contains only single edges and no branch points and is
not a simple chain.
Since I' only has single edges, it is clear that it must contain a simple chain
and since I' is connected there must exist some vertex that is connected to
this simple chain but is not part of it.
If this vertex is connected to a single vertex in the chain then I' has a branch
point and if this vertex is connected to multiple vertices in the chain then
we have a cycle in T'.
Hence this is a contradiction so we have proved the claim.

O

We can now prove the classification Theorem, one of the most important
theorems in the study of root systems.

Theorem 2.55. [2, p.57] If ® is an irreducible root system with dim'V =
|A| = n, then its Dynkin diagram is one of the following:
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(i1
—, — — b
A,.n>0 o— A 'S, | 'S £ L
B,n>1 O0—0O R, o O
C,n>2 O0—0O e SEENS. o
O Eg
D..on>3 O 3 X ', [ y 'S - o) ©
he ._
e F, o—a b0
Eﬁ 1
- - (r iy
. } } ¢ p =

Picture source [6].

Proof. Let I' be a graph associated to an admissable set.

If I" has a triple edge then from the [Proposition 2.54| we know that I' is GS.
If I has a double edge then we know that it does not contain a triple edge, it
does not contain another double edge and it does not contain a branch point.
Hence the rest of its edges must be single edges and since it has no cycles it
must have the following form.

O- O e acc—o——0 e Oo——0
£ £y £3 &p Mg Mg-1 n2 N1

Picture source [2], p.61].

So we have 2(g;,€41) = —1 = 2(nj,mj41) for 1 < i <p—1land1 < j <
g — 1 with all other distinct pairs being orthogonal except (e,,7,). Setting
e =" | ie; we get that

p p—1

Zzel, Zze, = Zzz €i,&) + Zz(z +1)(ei, €i41) + Z ij(gi,€5)

i=1 i=1 2<j—i<p—1
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Similarly if we set n = >"!_, in; we get (n,n) = 1(¢ +1).

pg?

(,1)* = PP (ep, mg)* = 15
The Cauchy-Schwarz inequality states that

Since 4(g,,7,)* = 2 and (g;,m;) = 0 for i # p and j # g we have
2

2.2
P°q°  pq
(e,n)? < (g,8)(n,m) = - <7 @P+ha+1)
= 2pg<pqg+p+qg+1
= pg—p—q<l

— (p—1(¢—-1) <2

Since p and g are positive integers, one solution of the inequality is p = g = 2
giving the graph for Fj. The only other solutions are when p =1 or ¢ = 1,
then we can choose any value for the other variable which gives the graphs
B, or C,,.

Hence F}, B, and C,, are the only graphs with a double edge.

If T has a branch point then the rest of its edges must be single edges and

it cannot contain any other branch points so it must be of the form below.
Similarly from before set € = 327" 1ig;, n = 320" in; and ¢ = 31— i(;.

Picture source [2], p.61].

So (,e) = §(p—1),(n,n) = 3(¢— 1) and (¢, ¢) = 5(r — 1).
Let 6, 65, 03 be the respective angles between ¢ and ¢, 7, C.
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Then we have

(e, ¢)”

cos? 0 =

(1—¢) and cos® 03 = (1 — 7).

1
2

From [2, p.60] we have the inequality cos? 6; +cos? 65 +cos? 65 < 1 (this comes
from the inequality Zle 4(e,m;)* < 4 discussed in the proof of [Lemma 2.49)

which gives

Similarly we have cos? fy =

1 1 1 1 1 1 1
“(l-=-4+1—--41--)<1l = -4+ -+->1.
2 p q r poq T
If any of p,q or r equals 1 then I'" does not have a branch point hence from
changing labels we may assume that 1 <1 <1< %
p—=aq—r
Then we have

1 1 1 3 3
1<—4+-+-<-<-,
p q T T 2
hence r = 2.
We also have
1 1 1 1 2
S=l-S<-t+-<°<1,
r P q q
so2<q<4.
If ¢ = 3 then
I 1 1<1<1
6 r q p_ 2
so p < 6, and if ¢ = 2 then
1 1 1 1
0=1—--—-—-<-<-,
r q p 2

sop > 2.
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Hence the possible triples (p,q,r) are (p,2,2) corresponding to the graph
D, (3,3,2) corresponding to Eg, (4,3,2) corresponding to E; and (5,3,2)
corresponding to Fg meaning that the possible graphs with branch points
are D,,, Eg, F7 and Fg.

The only other graph we have not consider is a graph I with no triple edges,
no double edges and no branch points which we know from the
[2.54] implies that I' is a simple chain which corresponds to the graphs A,,.

So we have shown that graphs A — G are the only graphs that can come from
an admissable set which implies that these are the only possible Coxeter
graphs.

Each Coxeter graph determines the Dynkin diagram except for B, and C,
which can be distinguished by the direction of the arrow on their double
edge.

Hence the Theorem follows.

3 Lie Algebras

Now we have gone in detail on roots systems we will now return to Lie alge-
bras and how root systems come from them. We start by defining and giving
examples of Lie algebras and then work our way to defining semisimple Lie
algebras. This takes ideas from multiple sources.

Then in sections 3.2 and 3.3, we define and give examples of Cartan subalge-
bras which leads us into finding root systems of specific Lie algebras. Both
of these subsections are based on ideas from [3] in particular the examples
in section 3.3 of finding the root systems of specific Lie algebras are based
on the source’s treatment of the general cases with more detail given to the
calculations.

3.1 Definition

Definition 3.1. [3, p.108] Let g be a vector space with amap [,] : gxg — g
called the Lie bracket such that this map satisfies the following properties
for z,y,z € g

(L1) The map is bilinear.

(L2) The map is skew-symmetric meaning [z, y] = —[y, z].

34



(L3) The map satisfies [z, [y, 2]] + [y, [z, z]] + [2, [z, y]] = O (this identity is
called the Jacobi identity).

Then g is called a Lie algebra.

For our purposes we will always be looking at complex Lie algebras consisting
of matrices which means that we can just take the Lie bracket to be the
commutator bracket.

Example 3.2. [7, p.61] Some examples of Lie algebras are the following.
(i) The Lie algebra gl(n) denotes the set of n-by-n complex matrices.

(ii) From our initial example in chapter 1 we have the Lie algebra sl(n)
denoting the set of n-by-n trace-free matrices.

(ili) so(n) denotes the set of n-by-n antisymmetric matrices i.e. the set of n-
by-n matrices M such that M7 = —M where M7 is the transpose of M.

(iv) sp(2n) denotes the set of 2n-by-2n matrices M such that

QM + MTQ = 0 for the block matrix Q = (_O[ %) - 13, p.239]

(v) u(n) denotes the set of n-by-n skew-Hermitian matrices i.e. the set of
n-by-n matrices M such that MT = —M where M is the conjugate
transpose of M.

(vi) su(n) denotes the set of n-by-n skew-Hermitian matrices whose trace
equals 0. So we can define this Lie algebra as su(n) = u(n) Nsl(n).

In fact any Lie algebra is a complex inner product space. Note that this is

different from a real inner product space which we defined at the

Definition 3.3. [2| p.4|[2, p.21] Let g be a Lie algebra and define the map
ad, : g x g — C for x € g where ad,(y) = [x,y] (This is called the adjoint
form or adjoint representation of g).

Then we can define a map K(,) : g x g = C where K(z,y) = tr(ad, o ad,)
such that this map is conjugate symmetric, linear in the first argument and
is positive definite implying that K(,) is a complex inner product.

This is called the Killing form on g.
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Naturally we want to classify all Lie algebras up to isomorphismﬂ just like
we did for root systems. In chapter 1 we briefly outlined a way to get a root
system from the Lie algebra sl(3) and mentioned how it determines the Lie
algebra up to isomorphism. In general we can always retrieve a root system
from a certain type of Lie algebra called a semisimple Lie algebra, which
we will define later (Definition 3.9), and this root system determines the
semisimple Lie algebra up to isomorphism. Hence, since we have classified
all root systems up to isomorphism we have already classified all semisimple
Lie algebras up to isomorphism. So while we do not have a classification for
Lie algebras in general, we do have a classification for semisimple Lie algebras.

In order to define what a semisimple Lie algebra is we need the following
definitions.

Definition 3.4. |2, p.1][2] p.4] s is a subalgebra of a Lie algebra g if it is a
subspace of g such that [z,y] € s for all x,y € s.
Such a subalgebra s is called abelian if [z, y] = 0 for all z,y € s.

Remark 3.5. If we consider the vector space C, which is also a field and hence
abelian, we have for all x,y € C that the commutator bracket gives

[2,y] = vy —yz = vy — vy = 0.
This is the motivation behind this definition of abelian.

Definition 3.6. [2, p.6] Let I be a subspace of a Lie algebra g.
I is called an ideal of g if [z,y] € [ for all z € [ and y € g.

This is analogous to ideals in rings or normal subgroups in groups and just
like how we have trivial normal subgroups or trivial ring ideals we have trivial
Lie algebra ideals.

Example 3.7. For any Lie algebra g we clearly have that g itself is an ideal,
any ideal of g that is not equal to g itself we call a proper ideal. We also
have that the subspace {0} is an ideal as by bilinearity we have

0,9] =0[0,g] =0

for all g € g.
{0} is called the trivial ideal of g.

!By isomorphism between Lie algebras we mean a vector space isomorphism that pre-
serves the Lie bracket.
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Then just like how simple groups are groups with no proper non-trivial nor-
mal subgroups we have the following definition.

Definition 3.8. [3, p.122] A Lie algebra g is called simple if dimg > 1 and
g contains no proper non-trivial ideals.

Now we can define a semisimple Lie algebra.

Definition 3.9. [8, p.300] A Lie algebra g is called semisimple if it is the
direct product of simple Lie algebras.

Remark 3.10. Sources may differ on the definition of a semisimple Lie algebra
due to there being a few equivalent definitions. For more details look at
chapter 20 of [§].

Example 3.11. sl(n) is semisimple for n > 2, so(n) is semisimple for n > 3
and sp(2n) is semisimple for n > 1. [9, p.170]

3.2 Cartan Subalgebras

We now generalise a method for getting a root system from a Lie algebra.
Recall in chapter 1 that we referred to something called a Cartan subalgebra
which in the case of s[(3) was the subspace of diagonal matrices. This is very
important for finding root systems so let us properly define it.

Definition 3.12. [2, p.80][2, p.17] Let h be a subalgebra of a matrix Lie
algebra g. b is a toral subalgebra if all of its elements are diagonalizable.
Then if h is a maximal toral subalgebra, that is h is a toral subalgebra
that is not contained in any other toral subalgebra of g, then b is a Cartan
subalgebra.

Remark 3.13. Again sources may differ for the definition of Cartan subalge-
bras and toral subalgebras. A reason why they may differ is if they want to
work with Lie algebras over a general field F. Since we are only interested in
Lie algebras over C this definition is suitable.

Proposition 3.14. Every finite dimensional complex Lie algebra contains a
Cartan subalgebra.

Proof. For any Lie algebra there always exists a toral subalgebra since the
zero subalgebra is a toral subalgebra. If a complex Lie algebra is finite
dimensional then since there exists toral subalgebras, there must exist a
toral subalgebra of maximum dimension. O
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Example 3.15. (i) [3| p.211] As seen in chapter 1, for sl(n), a Cartan
subalgebra is the subspace of diagonal matrices,

6, 0 ... O
0 6 ... O

= . . . . 91+92++9n:0
o o0 ... 0,

:{dlag(01,02,,0n)91—|—92++9n:()}

(i) [3, p.239] For sp(2n), a Cartan subalgebra is the following set of 2n-by-
2n diagonal matrices,

((6 0 0 0 ... 0 )
0 6, 0 0|
=10 0 —6 o |#EC
(\o 0 0 0o ... -4, )
= {dlag(Hl, Ce ,Qn, —91, e _Hn) : 91 S C}

(iii) For so(2n) a Cartan subalgebra is the following [10} p.87]

My 0 ... O
L I ’Mi:(ei 0)’616(C
0 o ... M,

= {dlag(Ml, MQ, ey Mn)}

But in order to make computing the roots easier we want the Cartan

subalgebra to contain diagonal matrices like the previous Cartan sub-

algebras.

In order to do this consider the map which sends X € sl(2n) to M X
0 I,

where M = <In O) )

This map is bijective since it is self-inverse and we have that

(MX)T = —XM. So let us redefine s0(2n) to be the following which is

isomorphic to our original definition, [3, p.268]

s0(2n) = {X cgl(2n) : MX + X" M = 0, where M = (IO %")}

38



Then the Cartan subalgebra of so(2n) is the same as the Cartan sub-
algebra above for sp(2n).[3, p.269]

(iv) [3 p.269] Similarly, we can redefine so(2n + 1) to be

0 I,
so2n+1) =< X e€gl2n+1): MX + X"M =0,where M = [ I, 0
0 0

Then the Cartan subalgebra is the following

(/60; 0 O 0 0o ... 0 )
0 ... 6, 0 0o ... 0
h=<|0 ... 0 -6, 0 ... 0]:6eC
o o0 o ... 0 -6, 0
(\o 0 0o 0 o0 ... 0 )
= {diag(@l,...,Gn,—ﬁl,...,—en,O) . 91 S (C}

The Cartan subalgebra allows us to deconstruct the Lie algebra and find the
‘roots’ of a Lie algebra which corresponds to the roots of a root system.

Proposition 3.16. [2, p.35][11, p.126] Let g be a semisimple finite dimen-
sional complex Lie algebra with Cartan subalgebra b.

g can be decomposed as § = @& go for go = {z € g: [h,z] = a(h)z, h € h}
where a € h* ={¢p : h — C: ¢ is a linear map}.

This s called the root space decomposition of g and the nonzero a’s are called
the roots of g.

From our original definition of a root system, our roots live in a real inner
product space V. The roots of a Lie algebra live in h* which is also an inner
product space.

Definition 3.17. [2, p.39] Let g be a finite dimensional complex Lie algebra
with Cartan subalgebra b and root space decomposition g = &g,.

h* ={¢ : h — C : ¢ is a linear map} is called the dual space of h and is
an inner product space with inner product K*(a, ) = K (ta,tz) where for
¢ € b*, ty € b is the unique element such that ¢(h) = K(t4,h) for all h € H.
We will call the inner product K*(,) the dual killing form of h*.

Remark 3.18. For a proof of the existence and uniqueness of the element
ts € b, look at proposition 8.2 in and its immediate corollary in [2, p.36].
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Now we give the following theorem which states the link between Lie algebras
and root systems.

Theorem 3.19. [J, p.237] Let g be a finite dimensional complex Lie algebra
with Cartan subalgebra b and root space decomposition g = @ ga.

(i) The set ¢ = {a € b* : go # 0} is a root system with respect to the dual
Killing form.
We call ¢ the root system of g with respect to b.

(ii) Let ¢ be the root system of g with respect to b.
If ¢ is a finite dimensional complex Lie algebra with root system ¢’ with
respect to some Cartan subalgebra b such that ¢ = ¢', then g = ¢'.
1.e The root system of a Lie algebra determines the Lie algebra up to
1somorphism.

(1ii) If ¢ is a root system then there exists a Lie algebra g’ and a Cartan
subalgebra ' of g’ such that the root system of g with respect to b’ is
1somorphic to ¢.

Proof. Proofs for each part can be found in [2].
For (i) look at chapter 8, for (ii) look at section 14.2 and for (iii) see section
18. [

Hence this shows that classifying root systems up to isomorphism is the same
as classifying semisimple Lie algebras.

3.3 Root Systems From Semisimple Lie Algebras

Now let us give some examples of finding root systems from semisimple Lie
algebras.

Example 3.20. We have already found a root system from a Lie algebra
in our initial example of s[(3). From [example 3.15(i), the Cartan subal-
gebra h of sl(3) is the set of 3-by-3 diagonal matrices whose trace equal
zero. Recall that when we take the commutator bracket of a general element

6, 0 0
H= {0 6, 0] €b where 03 = —60, — 0,, with a basis element M, ; of
0 0 65

5[(3) then we have the formula

[H, M; ;] = (0; — 0;) M; ;.
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In the initial example we then plotted (6; — 6;) but from [Proposition 3.16|
we know that the roots of Lie algebras are linear maps so let us define the
constant functions L; : h — C; H — 6;. Then the roots of s[(3) are the linear
functions L; — L; for 4, j € {1,2,3} where i # j. But since L3 = —L; — Ly,
we get the full list of roots to be

Ly + Ly, —Ly+ Lo, 2Ly + Loy, —2Ly — Ly, Ly + 2Ly, —L1 — 2Ls.

Then if we plot these roots on a coordinate axis with respect to the basis

Ly, Ly} and where the axes are 2* radians apart then we get the familiar
3 g

image of the root system As.

Now let us briefly discuss the reasoning behind having the axes %’T radians

apart. In vector spaces, an inner product can be used to see the geometry
of the space. For example, if we consider the vector space R? with the inner
product of the dot product, the standard basis of R? is {(1,0),(0,1)} and
their dot product equals zero corresponding to the angle between them being
7/2 and so we would draw an axis for R? with the axes perpendicular.

Since roots live in the dual space of the Cartan subalgebra which has the
inner product of the [dual Killing form| we can take a basis of the dual space
of the Cartan subalgebra for s[(3) then we can find the angle between them
with respect to the dual Killing form to figure how we should plot our axis
and it turns out that this angle is 2{ justifying our diagrams. More details
on finding a basis and calculating the angle between them can be found in
chapter 17 of the Math426 lecture notes [I], p.159].

In general we have that the root system of sl(n + 1) is A,.

Example 3.21. [3], p.270]
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Let us find the root system of

0 I, O
50(5) =< X egl(5): MX + XTM =0,where M = | I, 0 0
0 0 O

First we need to find a basis of so(5).
From solving the equation M X + XTM = 0 for a general 5-by-5 matrix, we
get that a general element of so(5) is of the form

aq (05} 0 as 0
b1 bQ —as 0 0
0 ci —ap —b1 0
—C 0 —as —bg 0
dy dy ds3 dy ds

Let M; ; be a matrix with a 1 in position %, j and zeroes in all other entries
like in our initial example from chapter 1. Then we can define a basis of
50(5) as the following set

{Miy — Mss, Moo — Mag, Mio— Mg, Moy — Msa, Mig— Moz, My — My,
M5,17 M5,27 M5,37 M5,47 M5,5}-

To simplify things let us define the matrix X;; = M, ; — May o4y, for 1 <
1,7 < 2 so we can rewrite the basis as

{Xl,lv X2727 X1,27 X2,1a M1,4_M2,37 M3,2 _M4,17
M5,17 M5,27 M5,37 M5,47 M5,5}‘

A general element in the Cartan subalgebra of so(5) is

66 0 0 0 O
0 6 0 0 O
H = 0 0 93 0 0 where 93 = —91, 04 = —02 and 05 = 0.
0 0 0 6, O
0 0 0 0 065

So if we calculate the commutator bracket of H with the basis elements we
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get

[H, M| = HM;; — M; ;H
=0;M,;; —0; M, ;
= (6; — 6:) M, ;.
H,X;;]=HX,; — X;;H
=HM;; — HMsyjoyi — M; jH + Moy o H
=0;Mi,j — O iMayjori — 0;M;j+ 02 jMayjori
= (0 — 0:)M; 5 + (Ooyj — 0.2+ i) Mooy
= (0 = 0:)Mi; — (0; — 0i) M2y 2
= (6, — 0:) X, ;.
Similarly we get,
[H, Mys — Mag) = (=01 — 05) (M4 — Mas).
[H, Mso — My1] = (61 + 62) (M1 4 — Ma3s).

Hence defining the function L;(H) = 6;, we get the non-zero roots to be
—Ly+ Ly, Ly — Lo, —L1 — Lo, L1+ Lo, L1, Lo, —Ly, —Lo.

Then plotting the roots on an axis we get the root system Bs.

In general, the root system of so(2n+1) is B, for n > 2 with the root system
of 50(3) being A;. In fact, since s0(3) and s[(2) have the same root system
and root systems determine semisimple Lie algebras up to isomorphism we
have the isomorphism so0(3) = sl(2).

Example 3.22. [3, p.240] Now let us find the root system of

sp(6):{Meg[(6):QM+MTQ:()forQ: ( 0] 103)}
—43
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From the definition we get a general element of sp(6) to be

ap az az Q4 as Qg

bl bg b3 as b4 b5

Ci G2 C3 Qg bs Cq

di dy d3 —ay —by —c

dy e ey —ay —by —cy

dy ey fi —az —by —c3
Like in the previous example let us define the following matrices to simplify
the basis

Xij = Mij— Msyjayi, Yij = Migyj + Mjzii, Zij = Mayij+ Mayji.
Then we can define a basis as the following

{Xl,lu X1,27 X1,37 M1,47 }/1,27 1/71737 X2,17 X2,27 X2,37 M2,57 }/2,37
X3,1a X3,27 X3,37 M3,6; M4,17 Zl,2a Zl,37 M5,27 Z2737 M6,3}'

A general element of the Cartan subalgebra is

6, 0 0 0 0 0
06 0 0 0 0
o 06 0o o o
H=19 0 0 -6 0 o
000 0 0 —6, 0
00 0 0 0 -0

We have

(H,X;;]=HM,;; + HM3 ;5. — M, jH — M5 ;5 H
=0,M;; —0;Msyjsr; —O;M;; +0;Msi ;s
= (0 = 0:)Xi;
(H,Y; ;| =HM,3.; — HM; 3. — M;3¢;H+ M3, H
= —0;M;3j+0;Mjs; —0;M;s;+0;M;s3y;
= (=0; — 6;)Y;
[H,Yij] = HM3yij — HMs 55 — Msyi jH + My H
=0;Msyi; —0;Msij; +0:Mszy;; —0; Mz,
= (0: +6;)Yi;
[H, My ) = =26, M, 4, [H, M| = —20;,Ms5, [H, Msg] = —205Ms
[H, M| = 20, My, [H, Mss] = 20,Ms5, [H, Mg 3] = 205M; 3
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Hence the nonzero roots of sp(6) are +L; & L; for i # j and +2L;. Then
plotting these roots on a coordinate axis with three axes, we get that the
roots correspond to the vertices and midpoints of the edges of an octahedron
like the following picture.

2L,

2L,

Picture source [3, p.254].

This root system corresponds to C3 and in general we have that the root
system of sp(2n) is C,, for n > 3 with the root system of sp(2) being
A; and the root system of sp(4) being B,. So we have the isomorphisms
sp(2) = s0(3) = sl(2) and sp(4) = so(5).

Example 3.23. [3| p.270] Now let us find the root system of

s0(4) = {X cgl(4): MX + X" M = 0, where M = (? {)2)}
2
A general element of so0(4) is

aq a9 0 as

bl b2 —das 0

0 cT —ap —bl
—C1 0 —ag —bQ

So then the following matrices form a basis of s0(4)
€1 = M1,1 - M3,3, €2 = M1,2 - M4,3, €3 = M1,4 - M2,3
€4 = M2,1 - M374, €5 = M2,2 - M4,4> €6 = M3,2 - M4,1-

A general element of the Cartan subalgebra is

6, 0 0 0
o 6 0 0
H=109 0 -4, o

00 0 —6
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So then taking the commutator brackets of H with the basis elements we get
[H> 61] =0, [H> 62] = (‘91 - 92)6’27 [H, 63] = (91 + 92)63,
[H, 64] = (—81 + 02)64, [H, 65] = 0, [H, 66] = (—91 — 62)66.

Hence the non-zero roots are +£L; + Ly which when we plot on a coordinate

axis we get the root system A; x A;. Note that this means that while so(4)
is semisimple, it is not simple.

Lo
(-1,1) (1)
L,
(—1 -1 (1,21)

More generally we have that the root system of so(2n) is D,, for n > 4 and the
root system for so0(6) is As. So we have the isomorphisms s0(4) = s[(2) ®sl(2)
and s0(6) = s((4).

Let us recap the results from these examples

Proposition 3.24. [3, p.526/

For n > 1, the root system of sl(n + 1) is A,.
For n > 2, the root system of s0(2n + 1) is B,.
For n > 3, the root system of sp(2n) is C,,.
For n > 4, the root system of s0(2n) is D,,.

Proposition 3.25. [3, p.326-p.327] We have the following isomorphisms
between semisimple Lie algebras

sl(2) = s0(3) = sp(2),
50(5) = sp(4),
sl(2) @ sl(2) = s0(4),
sl(4) = s0(6).
These are sometimes called exceptional isomorphisms.
So now let us classify all simple complex Lie algebras.

Theorem 3.26. Let g be a simple complex Lie algebra. Then g is isomorphic
to sl(n), so(n) or sp(2n) for some n € N or it is isomorphic to a Lie algebra
whose root system is Eg, B, Eg, Fy or G.
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4 Applications

We finish by briefly discussing where root systems and Lie algebras are used
in other areas of maths and physics.

4.1 Lie Groups

The study of Lie algebras comes from the study of Lie groups so let us define
a Lie group.

Definition 4.1. [I, p.30] Let GL(n) denote the group of invertible n-by-
n matrices. Then a matrix Lie group is a topologically closed subgroup of
GL(n).

This means that a subgroup G of GL(n) is a Lie group if any convergent
sequence whose elements are in G has limit belonging to G.

Remark 4.2. There exists Lie groups which are not matrix groups but the
only Lie groups we will discuss are matrix Lie groups so for simplicity this
definition will suffice.

So how do Lie groups relate to Lie algebras? It turns out that they are linked
by the exponential map.
Definition 4.3. [3, p.116] The exponential of a n-by-n matrix M is

o0

1 1 1
eXp(M)=In+M+5M2+§M3+m:ZmM"

n=1
Proposition 4.4. [3, p.116] Let G be a matriz Lie group. Then the set
g={g €gl(n): exp(tg) € G for allt € R}
forms a Lie algebra and is called the Lie algebra of G.

So Lie algebras can be seen as a linearised form of Lie groups which can make
studying the Lie algebra of a Lie group simpler then studying the Lie group
itself and then studying the root system of a Lie algebra can be even simpler
than studying the Lie algebra itself.

Example 4.5. [9, p.5-p.9] Some examples of Lie groups and their Lie alge-
bras are the following.

(i) (General linear matrices). The exponential of any n-by-n matrix is
invertible meaning that the Lie algebra of GL(n) is gl(n).
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(ii) (Special linear matrices). SL(n) denotes the set of n-by-n matrices with
determinant 1. This is a Lie group whose Lie algebra is sl(n). This is
the relationship we mentioned in our initial example between s((3) and
the special linear matrices hence why we use this notation.

(ili) (Special orthogonal matrices). SO(n) denotes the set of n-by-n matrices
whose transpose equals its inverse and have determinant 1. This is a
Lie group whose Lie algebra is so(n).

(iv) (Symplectic matrices). Sp(2n) denotes the set of 2n-by-2n matrices M
that satisfy

T _ 0 In
M*QM =, for <_In K

This is a Lie group with Lie algebra sp(2n).

(v) (Unitary matrices). U(n) denotes the set of matrices whose conjugate
transpose equals its inverse. This is a Lie group whose Lie algebra is
u(n).

(vi) (Special unitary matrices). SU(n) denotes the subgroup of U(n) where
every matrix element has determinant 1. This is a Lie group whose Lie
algebra is su(n).

4.2 Differential Equations

The study of Lie groups came from the study of differential equations. In par-
ticular Lie groups are used by ’acting’ on a solution of a differential equation.
So let us first define what we mean by a group acting on a set.

Definition 4.6. [12][p.144] Let S be a set and let G be a group. A group
action of G on the set S is a map from G x S to S which sends (g, s) to an
element in .S, denoted by g.s, such that

(i) If e is the identity element of G then e.s = s for all s € S, and

(i) (9192)-5 = g1.(ga.s) for all g;,¢2 € G and for all s € S.

If we have a group action between a group GG and a set S we often say that
G acts on or is acting on S and say that g € G acts on or is acting on s € .S
to refer to the element g.s.

So a group action for G allows us to map the elements of a set to itself in
such a way that preserves some of the structure or properties of G.
Now let us return to differential equations
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Definition 4.7. [13, p.93] Suppose that we have a system of ordinary dif-
ferential equations with p real independent variables and ¢ real dependent
variables has solution u = f(z).

A symmetry group of the system is a Lie group G acting on an open subset
of R? x R such that for g € G, u = g.f(x) is also a solution of the system
whenever g.f is defined.

Example 4.8. [13] p.91] Let us consider the simple differential equation

Z%; = 0 where p = ¢ = 1. Clearly if u = f(z) is a solution then f is just a

linear function i.e. w = f(z) = ax + b for some a,b € R hence the solutions

are of the form (x,ax + b).

Now let us consider the group SO(2) which consists of rotations meaning

that the matrices are of the form M = C989 —sinf for some angle 6.
sinf  cos@

We can define a group action of SO(2) on the set R? by
M.(z,u) = (xcost —usinf, xsinf 4+ ucosh).
So if we have M € SO(2) act on a solution then
M.(z,az +b) = (xcosf — (ax + b)sinb, xsin 6 + (azx + b) cos 9).

So let us define (2/,u’) = M.(x,azx + b) and try and write v’ in terms of just
x.
So we have ' = x cosf — (ax + b) sin 0, which provided that cot 6 # a can be

rearranged to get
2’ +bsind
~ cosf —asinf’

and we can substitute this into «' = xsinf + (ax + b) cos § and rearrange to
get

,  sinf+acost b

cos@ — asinf cos@ —asinf’

d?u
@z =V

Hence SO(2) is a symmetry group for the differential equation i% =0.

which is of the form a’z’ + b and so is a solution of

So if we know that symmetry group for a system of differential equations, it
allows us to construct new solutions from known solutions.

One useful result coming from the study of Lie groups acting on solutions of
differential equations allows us to reduce the order of a differential equation
by one if its symmetry group is a certain kind of Lie group called an
r-parameter Lie group.
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Definition 4.9. [13| p.15] An r-parameter Lie group is an r-dimensional Lie
group G such that both the group operation

m:GxG— G,m(g,h) =gh
and the inversion map
i:G—Gilg)=g"
are both smooth maps meaning they are both infinitely differentiable.

Proposition 4.10. [15, p.142] Any n-th order ordinary differential equation
that has a 1-parameter symmetry group is equivalent to an (n — 1)th order
equation.

Proof. This follows from results proven in [I3]. Namely Proposition 2.18 on
page 86 and Corollary 2.54 on page 141 m

4.3 Hydrogen Atoms

Finally, we look at an application in Physics. In quantum mechanics, the
Hamiltonian H is an operator that acts on a quantum state of a system.
This is shown in the time independent Schrédinger equation H|W) = E|U),
where |¥) is a quantum state of a system and E is the energy of the system
in that state [14] p.28].

Let |¥) be a quantum state of a hydrogen atom with energy E meaning
that H|W) = E|¥), and let g € SO(3). Then H(g|¥)) = E(g|¥)) ie. the
energy level of the hydrogen atom in a certain quantum state is the same as
the energy of a hydrogen atom in the quantum state being acted on by an
element in SO(3) [15, p.228]. This means that multiple quantum states of a
hydrogen atom share the same energy levels which in physics is described as
the hydrogen atom having degenerate energy levels [14, p.29].

There are more associations between particle physics and semisimple Lie
groups (Lie groups whose Lie algebras are semisimple) such as SO(n) and
Sp(n) as they can help describe the symmetries that various particles have.
Then root systems are useful in clarifying how two symmetry groups are
related to each. More information on connections between Lie groups and
Lie algebras in quantum physics can be found here [16], in particular chapter
8 discusses roots and Dynkin diagrams.
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