Chapter 7

The Hirota method

The main reference for this chapter is §5.3 of [Drazin and Johnson, 1989].

This is an alternative to the Backlund transformationas a way to generate multi-soliton solu-
tions, which is sometimes available when the Backlund transformation is not. It was devised
by Hirota [Hirota, 1971] to write N-soliton solutions of the KdV equation, and was then
generalised to a large class of equations. We will focus on the KdV equation in this chapter.

7.1 Motivations

7.1.1 Series solutions
Let us substitute
U = Wy (7.1)

in the KdV equation
Up + 6ulUy + Ugre = 0 .
We find the equation
Wyt + 6wxwxa: T Wegpe = 0 )

which we can integrate with respect to z:
Wy + 3W2 + Wege = g(t) .

We will drop the integration “constant” (with respect to x) g(¢) in what follows, since it can
be absorbed in a redefinition of w that does not change u = w,:

t
Woa(, 1) = Waen (2, 1) + f at’ g(t') .

to
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Using the new w (and dropping the subscript “new”), we have the following equation:

wy + 3w§ + Wyee = 0. (7.2)

For w small, the w? term is negligible and the equation is linear — and hence, easier to solve.
To be more systematic, we can look for a series solution

w=ew1+62w2+... .
Substituting in and solving order by order in e:

€ Wi+ Wigge = 0 the linear equation

€ 1 Wy 4 3w + Wagge = 0 the first ‘correction’
and so on. In principle we can solve these equations in turn, rather as we did for the Gardner
transform.

Bad news: We’d need to continue infinitely far to find an exact formula for w.

Good news: The method would be saved if it happened that w,,, = 0 for all m > n for some
n. Then the approximate solution up to order n would turn out the be exact.

Bad news: This phenomenon does not happen for the simple scheme just described. Some-
thing more subtle will be needed, which is exactly what Hirota discovered.

7.1.2 Some hints

A close relative of KdV is Burger’s equation:
Up + Uy — Agy = 0,

where ) is a parameter. Substituting u = —2\v, /v = —2A-Z (log v) (exercise!) turns this into
the linear heat equation
Vp = ANUgy -

Further evidence that logarithmic derivatives might have a role to play comes if we recall the
one-soliton solution of KdV:

u = 242 sech® [p(z — 2o — 4,uzt)]

with

This one-soliton solution can be written as © = w, with

w = 2p tanh [p(z — o — 4p°t)]
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We can integrate the right-hand side once more, using tanhy = d% log cosh y to find

2

u = 26902 log cosh [pu(x — zo — 4p°t)] .
This can be simplified further. Letting X = x — ¢ — 4p°t,
0? e HX(1 + e21X)
u = 2@ log 5

0 20X
= 2@ [—uX—log2+log (1 + et )]
= 26—2 log (1 + eZ“X)

0X? '

In terms of the original variables,

02 2
u(z,t) = 2@ log <1 + 2ulz—zo—dp ”) :

This is the form of the one-soliton solution of KdV that we will refer to in the following.

7.2 KdV equation in bilinear form

7.2.1 The quadratic form of the KdV equation

Inspired by the rewritten form of the one-soliton solution, let’s substitute

0 fa 0?
in equation Then
lw _ f:)ctf_fxft
2 t f2 )
12 f? (7.4)
§w“ =... [Ex 35]
1 2 2 4

e Y N O
and equation for w becomes [Ex 35]

2

[P I? I? f

'In the literature on integrable systems, the function f is now called the 7-function.
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for f.

Multiplying by f2, we find the so called quadratic form of the KdV equation:

Some cancellations have taken place to get to the quadratic form (7.5) of the KdV equation, but
at first sight this might not seem progress on the initial equation (7.2). But (7.5) is quadratic
in f and it can be rewritten in a neat way. A hint for that is that

0 0

1 0
%5 (ifg) = %(fft) = ffxt + f:r:ft .

This is almost like the first two terms in (7.5), except for the relative sign. We will fix this sign
problem shortly.

7.2.2 Hirota’s bilinear operator

Hirota defined a bilinear differential operator D which maps a pair of functions (f, g) into a
single function D(f - g). If we work on C'* functions, then

D : C*® x(C*® - (C*
(fi9) = D(f-9),

and bilinearity means that

D(arfi +azfy - g) = a1 D(f1-g) + axD(f2- g)
D(f -big1 + b2g2) = biD(f - g1) + b2 D(f - g2)

for any constants ay, as, by, bs.

REMARK:

This is unlike the usual linear differential operators that you are familiar with, such as ( %)n,
o f

which maps a single function f to a single function 3.

For any integers m,n > 0, we define Hirota’s bilinear differential operator D;" D" by

o oN" /o o\
Dross et = (5 - 5) (5 a) fwnae) | o
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Let us look at a few examples. We start with

ot ot v
= fula09( 1) — Flagula )| 77
= files (e, t) = @ Onlw ),
s0
Di(f-9)=fig—fg and  Di(f f)=0,
and similarly for D,. Next we look at
0 0 0 0
[D.D,(f - 9)](x,t) = (a — %> (% — %) [z, t)g(a',t) .
— a a t / t/ t jtl
= (5 ) Ve 000 = gt

SO

DDy (f - 9) = furg — 192 — fage + f9ut and DDy (f - ) = 2(f fra — fifa) - (7.8)

This is promising, because the right-hand-side of the last expression reproduces the first two
terms in the quadratic form of the KdV equation (7.5), up to an overall factor of 2. Let’s proceed
and compute

D2(f - 9) = fewg — 2fu9s + [ G » (7.9)

which implies

REMARK:

Note that D%(f - f) # 0 even though D,(f - f) = 0. This is not inconsistent, because
D%(f- f) # D, (D.(f - f)). In fact, the right-hand side of this last expression is meaningless,
since the outer D, must act on a pair of functions, but D,(f - f) is a single function.

Finally, we can calculate

Di(f-g)=... [Ex 36]

Note that the result is like 92( fg¢), but with alternating signs! So

DA+ f) = 2(f funze — 4fufoue + 3F2) - (7.10)
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Here is the miracle: the KdV equation in its quadratic form (7.5)) can be recast as

(DD, + Dy)(f- ) =0 (7.11)

where the bilinear operator D; D, + D? is defined by linearity on the space of operators of the

type (7.6), namely (D, D, + D2)(f-g) = D:D.(f-g) + Di(f - g). Equation is called the
bilinear form of the KdV equation.

REMARK:
Observe that we can formally factor the Hirota operator as

DD, + D} = (D, + D})D, ,

which is a shorthand for

(DtDa: + Di)(fv g) = (5t - at’ + (aw - ax’)g)(ax - ax’)f(x’ t)g((ﬂ/, t/> o

t/

T
t

This is not an accident. It is related to the fact that the differential operator ¢; + 02 appears in
the linearised KdV equation for v, and therefore the differential operator (d; + 03)0, appears
in the linearisation of the equation for w (before integration with respect to x).

7.3 Solutions

We will need two ideas to find multi-soliton solutions. The first is inspired by a rather basic
observation: if we take f = 1, then the KdV field is the vacuum u = 0; if instead we take

e 4,2
f:1_|_€2u(x o 4ut)’

then the u is the one-soliton (travelling wave) solution of KdV. Since is a bilinear equa-
tion, this suggests that multi-soliton solutions might be obtained from an f which is a sum of
exponentials of linear functions of x and ¢, with 1 = e as the trivial case. But before we get
to the general case, let us check the Hirota formalism by rederiving this one-soliton solution.

7.3.1 Example: the 1-soliton
Let’s try

f=1+¢ (7.12)

with
0 =ax+ bt +c,

where a, b, c are constants. To treat this and later cases, the following lemma is helpful.
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Lemma 1. If0; = a;xz + bit + ¢; (i = 1,2), then [Ex 38]

D' Dy (e - %) = (by — by)™ (a1 — ag)"e™ % |. (7.13)

In particular

DD’ - e?) =0 (unless m = n = 0)

7.14
D]'D}(e” - 1) = (=1)™"D]"D(1- ¢’) = b™a"e’ . (714

Therefore the bilinear form of the KdV equation for f = 1 + €’ is

0 = (DD, +DH(1+¢%-1+4¢%
= (DD, + D3) [(1 D)+ (1) (ef 1) + (e 69)]

bilinearity

2(DyD, + D2)(e? - 1)

7.14

= 2(ba+ a*)e? = 2a(b + a®)e’ .
(7.14)

Given that €’ is nonzero, there are two ways to satisfy this equation:
1. a = 0: then f is independent of x, and u = 0.
2. b= —a?: then

3
—a°t
f 1 eaa: a +c’

and

2

0
U= 2% log (1 + e“x_a?’”c) , (7.15)

which is nothing but the one-soliton solution with velocity v = a2, up to redefinitions
of the constants.

7.3.2 The N-soliton solution (sketch)

The second idea is to look for a power series solution (or a so-called “perturbative expansion”
in an auxiliary parameter e,

flz,t) = Z €" fu(x,t) with fo=1], (7.16)
n=0

and hope that the series terminates at some value of n, so that we can take € to be finite and
eventually set it to 1.
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We will write the bilinear form of KdV as

B(f-f)=0 with B = D,D, + D%|.

Substituting in (7.16), we find

0 0

0= B(Z €mfn1' Z enzfm)

n1:0 no=0
o0
=) Z M B(fay + fa)
n1=0n2=0

where in the second line we used the bilinearity of the Hirota operator B. Gathering terms of
the same degree n = n; + ny in €, we can rewrite this as

:ZGnZBfnm fm ( OZGnZBfnmfm . (717)

n=0 m=0 n=1 m=0

Let’s solve this equation order by order in e. We find that

Y B(facm fn) =0 Yn=12... (7.18)
m=0
with fo = 1. Writing as
B(f, 1) + B(L- f,) = (expression in fi, fa, - fu1) ], (7.19)

makes it clear that we can solve (7.18) recursively to determine the Taylor coefficients of f.
We will need another lemma:

Lemma 2. [Ex 39] For any function f,

o ot

DI'Dy(f-1) = (=1)""D"Dy(1- f) = 2 o

Using this lemma, we can write the recursion relation (7.19) more explicitly as

0 6 63 1

which is valid for all n = 1,2, . ... In the following this recursion relation, which determines
fn in terms of all the f,, with m < n, will be referred to as A,,.

(7.20)
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0 (0 3
@(@*%ﬁﬁzo

or, with appropriate boundary conditions,

0 03
(a*aﬁﬁzo

which is a linear equation. A simple solution is

For n = 1, A; reduces to

N N
iT—adt+e; _ 0;
fl _ Z T ajtte; — Z e , (721)
i=1 1=1

where a; and ¢; are, as usual, constants.

The higher f,, can then be determined recursively using A,, (7.20). The amazing fact is that
with f; as in equation (7.21)), the expansion terminates at order N. All the higher equa-
tions A,- y are solved with f,~ny = 0! This is quite non-trivial: it requires that fi,..., fx
satisfy the consistency conditions that the RHS of A,, vanish forn = N +1,...,2N.

The N-soliton solution of KdV is then given by

‘f:1+f1+f2+'”+fzv‘a

where we set ¢ = 1 (or absorbed it in the constants ¢;).

EXAMPLES:

N=1

In this case

fl _ ealz—a:{’t—k—cl = 601
and A, reads .
) 3 - _-RB 01, 01 _
0x(0y + 03) fo 5 (e e )O.
So we can take fo = 0 (and f3 = f4 = --- = 0 as well). Setting € = 1, or absorbing € in ¢;, we
get
f=1+¢e",

which is the one-soliton solution found in (7.15).
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N =2

Next we take

fl = 691 + 602
and equation A, becomes
1
0e(0y + ) fy = —§B(601 +ef2 e 4 ef2)
=  —DB(e )
bilinearity
+.13)
3, 3 37 61+6
= —(ay — ag)[—aj + a7 + (a1 — ay)’]e ™
B=DyDy+D}
+@.13)

= 3ajaz(a; — ag)?ent02

To solve this we can try
f2 _ A€91+02

for some constant A to be determined. Substituting in the previous equation we find
(a1 + az)[—a — a3 + (a1 + a)®] A% = 3a,ay(a; — ag)?e’ T

= 3@1&2(&1 + a2)2A = 3&10/2(@1 — G2)2
ap — a 2
= A- 1 2
a; + as

2
ar —a
f=1+e" +e + (¥> 1102 (7.22)

So we get

a1 + as

for the 2-soliton solution of KdV, where again we set ¢ = 1 or absorbed it into shifts of ¢; and
Co.

* EXERCISE: Strictly speaking, we haven’t yet shown that it’s consistent to stop the ex-
pansion at this stage. Fill this gap by showing that for these choices of f;
and fo, B(f1 - f2) = 0and B(fy - f2) = 0, so that one can consistently set
fs=fa=--=0[Ex40]

To get a clue how things will work for larger values of N, let’s first rewrite the 2-soliton
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solution (7.22) that we have just found:

2
a; — az 0146
:1+601 1+692 _691+92+ ef1t02
f= (et e®) o
4&1(12
(CLl + CLQ)Q

0 2a 0
zdet(1+61 “1+1“2€2) .

2a2 601 02
a1+a2€ 1 +Te

= (14 eM)(1 + %) — efrtoe

This gives what turns out to be a correct hint for general N:

2(11' .
el (7.23)

f=det(S)|, where |S;;=06;+

CLi—F(Zj

andi,j e {l...N}f]

This can be proved by induction. One can also show that

2

In = Z iy +0iy o +0i, H (aij — aik)

n — .
Qi + a;,

1<ij<ig<-<in<N 1<j<k<n

7.4 Asymptotics of 2-soliton solutions and phase shifts

To see that the N = 2 solution (7.22) does indeed involve two solitons, we can follow the
same logic as in section where we studied the asymptotics of 2-soliton solutions of the
sine-Gordon equation. Namely, we switch to an appropriate comoving frame and only then
take t — +o0.

Recall that
f=1+e"4e% 4 At

where

2
a; —a

Hizaix—a?t—i—ci, A= ! 2 )
ap + as

We can take 0 < a; < ay without loss of generalit sov; = a? < vy = a3. Let’s follow the
slower soliton first:

t > 4o with X =uo-— ait  fixed|.

?Note that using % instead of €% in the definition of the matrix element S;; produces the same determinant.
3Convince yourself of this statement.
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Then
91 = CLlXa% + C1
Oy = ay (Xa% — (a3 — af)t) +co.

Let us consider the two limits in turn.
1. t > +00: in this limit ; stays fixed and 6, — —00, so

f—1+en.

This describes a KdV soliton centred at

xcentre@) = ait - |-

2. t > —oo:  in this limit 6, stays fixed and 05 — +0, so
f—e™(1+ Ae).

The prefactor e”2 does not matter, because

& & ,
u = Qﬁlogf = 2@ [0 + log(1 + Ae™)]
0? 0
= 2@ log(l + Ae 1)
62 a1x—a3t+c)+log A
:2@10g<1+61 1t+1+g>‘

where in the second line we used that 6, is linear in x, and in the third line we expressed
the result in the original (z, ) coordinates. This describes a KdV soliton centred at

+ log A
xcentre(t) = a%t - u .
a1
Therefore the slower soliton has a negative phase shift:
1 2 as + a
PHASE SHIFTgoyer = — log A = —— log | ——| < 0.
ax ax a2 —

Next, let’s follow the faster soliton:

t—>doo with Xp=uz- a3t fixed|.
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Then
0, = ay (Xag — (a3 — a%)t) + ¢
92 = CLQXag + Co .

Again, we consider the two limits in turn.

1. t > —oo:  in this limit #; — —o0 and 6, stays fixed, so
f—1+e".

This describes a KdV soliton centred at

Icentre@) = agt - |-

2. t > +00:  in this limit §; — 400 and 6, stays fixed, so
f— 661(1 + Aeg) ,

which describes a KdV soliton centred at

¢y +log A
xcentre(t) = a%t - |-

a2

Therefore the faster soliton has a positive phase shift:

as + aq

1 2
PHASE SHIFT e = —— log A = — log
a2 a2

Gz — ay

Summarising, from the analysis of the asymptotics of the 2-soliton solution we have obtained
the picture in Fig. We have therefore verified that KdV solitons satisfy the third defining
property [3| of a soliton: when two of them collide, they emerge from the collision with the
same shapes and velocities as they had before the collision. The effect of the interaction is in
the phase shifts of the two solitons, which capture the advancement of the faster soliton and
the delay of the slower soliton.

We can also look at plots of the exact 2-soliton solution encoded in and to get a
better feel for what happens during the collision. Here is a 3d plot of the 2-soliton solution
with parameters a; = 0.7 and a; = 1, while the contour plot in Fig.|7.2| below clearly shows
the trajectories of the two KdV solitons and how they repel each other and swap identities
when they get close, resulting in a phase shift. Finally, here is an animation of their time
evolution.


http://www.maths.dur.ac.uk/~tnmm74/pictures_animations_Solitons/2-solitons_KdV.jpg
http://www.maths.dur.ac.uk/~tnmm74/pictures_animations_Solitons/2-solitons_KdV_animation.gif
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slower faster

coLLISION

foster slower
1-Solitowm 1- solLtown

Figure 7.1: Schematic summary of the 2-soliton solution of KdV.

2-SOLITON solution of KdV (a;=0.7, az=1)

15k

10

—fo

-15| &

Figure 7.2: A two-soliton solution of the KdV equation.
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