Pure Mathematics Problems 1997/8 — Taylor’s theorem
101 Determine the Taylor expansion of f(z) = 2* — 3z + 1 about
=1

102 Find the Taylor polynomial of degree 4 about 0 for each of the
following functions

1 1
103 Show that
. ovq 1 oz 3a?
(2 +sinz) " = 571 + Ry(x), where |Ry(z)| < -
. z? |z|?
104 Show that exp(sinz) =1+ x + 5 + R3(x), where |R3(z)| < mmﬁ.

105 Compute the first four terms of the Taylor expansion of f(z) =
In(1 + z) about z = 1, and write down the Lagrange form of
the remainder.

106 Show gmﬁ for any positive integer n,
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or, equivalently, that
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where
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107 Tt is a remarkable fact that there is the following expression
for 7
1 1 1
m = 48 arctan — + 32 arctan — — 20 arctan —
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Using the previous question show that one needs only the first
3 terms in the Taylor expansion about 0 for arctan x in order
to calculate 7 to an accuracy of 1075.

108 Use the result of Qu. 106 to show that, for |z| <1,

; x3 N ® a2’ N
arctany =x — —+ — — — +.
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109 Estimate the error in calculating cosz by using the approxi-
2
mation 1 — W when |z| < 0.001.

110 Estimate the error in calculating +/1 + x by using the approx-

imation 1 + W when |z| < 0.01.

111 Estimate the error in calculating e® by using the approxima-
2

tion 1+ z + W when |z| < 0.1.

112 Using any method at your disposal write down the first few
terms of the Taylor series about z = 0:

(i) 2% In(1-x) (i) tan? z (i) zv/14+2  (iv) ‘

t
(V) sin(@?) (i) [Te At (vii) [ ﬁ&
Justify the method(s) you have used _8\ E%a%Em for which

values of z the Taylor series will converge.

113 Using the relevant Maclaurin series, calculate the first few
terms in the Taylor series for the following functions about
the given point x = a:

(i) sinz, a = /2 (i) i, a =1  (iii) cosz, a = 7
(iv) Vz, a = 4.

Indicate for which values of z the Taylor series will converge.



