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NUMERICAL METHODS
L. Taylor’s theorem
2 n
4 x - a 74 x - a n
f(x)=fla)+(x—a)f (a)+( 5 ) f (a)+---+( - ) (@) + R(x)
_ (x _ a)n+1 ("H)
R(x)= _(__H)T " (g) for some ¢ between a and x.
n H
2. Polynomial interpolation

Newton form: pn(x) =fo +(x—x0)f[x0, x1]+(x—x0)(x— xl)f[xo, X x2]+
et (= x)(x—x) (=) fxos Xan X,

(x=x)(x—x)...(x—x,)

Truncation error: ) f ("”)(C )
Newton's forward difference formula:
s{s—1 sls—1)...(s—n+1) ,
palio )= £(20) . flag) + 20 a2 () o A lmn )

3. Spline functions

Let S(x) be a cubic spline function which takes the same values as f (x) at evenly spaced knots

xj=a+ jh,for j=0,1...,n, and let f(xj) = fj- On the interval [x],xjﬂ] the function S(x)
takes the form
2 3
Sj(x)sfj+kj(x—x])+aﬂ(x—xj) +a3j(x—xj) ,

where

A= h) gtk A= fin) Ktk
W2 oS 3 K

aj2
and S’(x]) =k, for j=0,1,...n. The continuity equations are

Ky + 4k, k= 3( £ = 1) R

for j=1,2,...,n—1
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Integration formulae

X i}: 3

.[ f(x)dx = g(fo +h); Local truncation error = —~—f2 ()
X0
X2 h 1 h5 W

J f(x) = E(fo +4hH+ fz); Local truncation error = ~-§6f (g)
*o

5

.['ﬁf(x)dx ~ %(fo +3f,+3f, + f3); Local truncation error = 3

Xo 80 r (g)

The Euler-MacLaurin formula

hZ 4

—E[f’(b)—f’(a)]+—h—[f”’(b)—f”’(a)]—-~

[ f(x)ax=1(n) 0

Approximations for derivatives

£(x)= ﬂfﬂ}{;fi’ﬂ; truncation error = -—%f “(s)
F(x) = M:%f__h); truncation error = —Z— £()
) =L h)z‘hf (x=h), truncation etror = ~ - £ (¢)
)= L2 I, o exor = -1 )

Least-squares polynomial approximation pn(x) = E a x
=0
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Runge-Kutta formulae for y’ = f(x,y)

First order (Euler’s method) : y,,, =y, +f(x,,y,)

Second order (Heun’s method) : Yo =V, + g(kl +ky)

k= f(x,.%,), by = f(%n11 90+ k1)

Fourth order: y,,, =y, + g(k] +2k, +2k; +k,)

k= f(x,53,), by = f(xy + 30y, + L0k

k3:f(xn+%h7yn+%hk2)7 k4=f(xn+]’yn+hk3)

Other formulae

Newton-Raphson formula:  x,,, = x, _&l
f(x,)
h
Richardson extrapolauon L(h,)+ W [ L(h,) - L(k, )]
x* X
Some 1nfinite series e*=1+x +—'+§—+--~
3 x5 X7
smx=x--—+———4+4-..
3t 5t
2oyt &8
cosx=1l-—+——-"1¢...
21 41 6!
2 4 6
coshx=1+x—+.£_+x_+...
2! 4! 6!
3 5 X7
sinhx=x+—+—+—+--
St 7!
x* X xt
log(l+x)=x—"—+—-"+...
g( ) 2 3 4

(l—x)_1 =l+x+x2+x0 4
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TRIGONOMETRIC FUNCTIONS

sin(A+ B) =sin Acos B +cos Asin B

cos(A+ B)=cos Acos B —sin Asin B
tan A +tan B
l-tanAtan B

cos? A+sin? A=1

tan(A + B)

1+tan® A=sec’ A

1+cot? A=cosec’A
sin Acos B =4(sin(A+ B)+sin(A - B))
cos Acos B =1 (cos(A + B) +cos(A - B))
sin Asin B = £(cos( A - B)—cos(A + B))

-

4.
HYPERBOLIC FUNCTIONS

coshx = %(e" + e”")

sinhx=1(e* —e™)
cosh™ x= ﬁn(x +lx% = l)
sinh™ x = Kn(x +alx?+ 1)

cosh(iA) = cos A

sinh(iA) = isin A

cosh®> A~sinh®> A=1

cosh(A + B) = cosh Acosh B +sinh Asinh B
sinh(A + B) = sinh Acosh B +cosh Asinh B

. hA+ B
cosC +cosD =2cosi(C+ D)cost(C- D) tanh(A+ B) = tanh A + tanh
1+tanh Atanh B
sinC+sin D = 2sin1(C+ D)cosi(C- D)
cosC—cos D = -2sin+(C + D)sint(C- D)
sinC—sinD = Zcos%(C+ D)sin%(C— D)
TABLE OF DERIVATIVES TABLE OF INTEGRALS
y(x) dy I dx f(x) | f(x)ax
n+l
x" nx"! x" (n#-1)
n+1
In x x! x! in |x|
e e e’ e*
sin x COS X sin x —COS X
CoS X -sinx COS X sin x
tan x sec’ x tan x —{n cos x
cosec x —cosec X Cot x cosec x —¢n(cosec x + cot x)
sec X sec x tan x sec x £n(sec x + tan x)
cot x —cosec® x cot x {nsin x
sinh x cosh x sinh x cosh x
cosh x sinh x cosh x sinh x
tanh x sech? x tanh x {n cosh x
sin™ x ! L sin™ i(a > x)
1-x* a*-x* a
y -1
cos™' x
1-x2
tan”™ x L 1 o2
1+x% a® +x* a a
sinh™ x L ! sinh' 2
V1+x* a® +x* a
cosh™ x L 1 cosh = (x>a)
1 1 2




