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One-dimensional beta-expansions

Let 3 € (1,2) be our parameter. Then each
x € [0,1/(8 — 1)] has an expansion of the
form

o0
€Xr — Z 877,6_72’,
n=1
where ¢, € {0, 1}.
The most common choice of ¢, is via the

greedy algorithm, but we are interested here
in all g-expansions of a given .

The questions that arise naturally for this
model are as follows:

1. Given z € (0,1), “how many"” distinct
B-expansions does it have? (In terms of
cardinality, dimension, etc.)

2. Are there any z € (0,1) that have a
unique pg-expansion? If so, “how many”?
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Here is the list of one-dimensional results:

Theorem 1 (P. Erdés, 1. Jo6 and V. Ko-
mornik, 1990) If 8 < Y5 = 1.618...,
then every x € (0,1/(8 — 1)) has a con-

tinuum of B-expansions.

Theorem 2 (S, 2003) Forany 3 € [H’\F )
the same result is true for almost every

x € (0,1/(B—1)).
Put

Uz = {a; cOD ()P iz= Y gnﬁn}
n=1

(the set of uniqueness).

Corollary 3 The set uﬁ has Lebesgue mea-
sure zero for any 3 € (1,2).



The question is, what can one say about
the cardinality and — in case it is the con-
tinuum — about the Hausdorff dimension
of this set. The answer to this question is
given by P. Glendinning and myself.

Theorem 4 (Glendinning-S, 2001) The set
UB IS:

e countable for 3 € (%,&);

e an uncountable set of zero Hausdorff
dimension if 3 = B«, and

e a set of positive Hausdorff dimension
for B € (B, 2).

Here B« = 1.787231650... denote the (tran-
scendental) Komornik-Loreti constant (de-
fined via the Thue-Morse sequence).



Higher dimensions: self-similar sets

Let po,...,pm_1 be points in R? and let
{fj}?z_ol be a finite collection of similitudes

of R2:
fj(w) — ﬁ_lw—l_(l_ﬁ_l)pj) J=0,...,m—1,

where 3 € (1,00) is our parameter.

Then, as is well known, there exists a unique
self-similar attractor Sﬁ satisfying

Sp = U 15(Sp)-
J



Every x & SB has at least one address, i.e.,

(i1,i9,...) € {0,...,m — 1} such that

n——+o0o

— (6 o 1) Z B_nana

n=1

where o € R? is arbitrary, and a, € {p1, ...

7pm}



Recall that an IFS is said to satisfy the
Open Set Condition (OSC) if there exists
an open set O C R? such that

0 = f;(0),
J

and the union is disjoint. Loosely speak-

ing, the OSC means that the images f;(A)

do not intersect “by much”. Virtually all

famous fractals (Sierpinski gasket, Sierpinski
carpet, the von Koch curve, etc.) originate

from IFSs that do satisfy the OSC.

We will be interested in IFSs which usually
do not satisfy the OSC.

Main assumption: there exist 7,5 such
that

fi(€2) N £;(£2)

has an interior point, where

2 = conv(pg, .-, Pm—1)-



Analogue of Erdos-Joo-Komornik The-
orem.

Theorem 5 (S, 2006) Foreachpg,...,Pm—1
there exists Bng > 1 such that

1. for any B € (1,80) each point x € Sg
has 2%o distinct addresses;

2. for B8 > (g the set of uniqueness is nonempty.

For the triangular case 3g = 1.464 ... is the
root of 23 = 22 4+ 1.



Assume 3 > (Bp. What can we say about
the Lebesgue measure-a.e. point?

The 1D approach involves greedy expan-
sions - hard to apply in 2D!

Besides, we do not always know when Sﬁ
has a positive Lebesgue measure — even in
the triangular case!



The most famous case is g = 2:
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The fat Sierpinski Gasket for 3 = 1.8
(zero Lebesgue measure)
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The fat Sierpinski Gasket for . =1.72
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The Golden Gasket, 3 = 1+2—\/§ ~ 1.618.
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The fat Sierpinski Gasket for 8 = 1.54
(has a nonempty interior)
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Theorem 6 Under the main assumption (ex-
isting overlap), the set of points x € Sﬁ
having a continuum of addresses has the
same dimension (Hausdorff as well as box-
counting) as Sg itself.

In particular, if mes(Sg) > 0, then Lebesgue-
a.e. x & Sﬁ has a continuum of addresses.

Corollary 7 The set of uniqueness has di-
mension less than dimg(Sg3).
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The set of uniqueness
superimposed on the golden gasket

Here

dimy(S,) = 1.93...,

(Broomhead-Montaldi-S, 2004)
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Concluding remarks and open questions.

1. All of the mentioned results are valid
for R"™, provided we slightly modify our as-
sumption on the overlap.

2. For the future study: dynamical prop-
erties of the shift T' : Ug — Ug (starting
with determining for which g the set Ug is
uncountable) and the greedy shift.
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