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@ motivation:

@ a simple intermittent map modeling anomalous diffusion
e simulations: fractal anomalous diffusion coefficient
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@ motivation:

@ a simple intermittent map modeling anomalous diffusion
e simulations: fractal anomalous diffusion coefficient

O analysis:
o stochastic theory of anomalous diffusion
o fractional diffusion equation for this map
@ (towards a deterministic theory of anomalous diffusion)
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Intermittency in the Pomeau-Manneville map
An intermittent map with anomalous diffusion
Fractal diffusion coefficient

A simple intermittent map for anomalous diffusion

Intermittency in the Pomeau-Manneville map

intermittent map: xp4+1 = M(x,) = xp+ax2 modl,z>1,a=1

1 T
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Intermittency in the Pomeau-Manneville map

intermittent map: xp4+1 = M(x,) = xp+ax2 modl,z>1,a=1
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phenomenology of intermittency (I): long periodic laminar phases
interrupted by chaotic bursts; here due to a marginally stable fixed
point, M'(0) = 1 (Pomeau, Manneville, 1980)

= map not hyperbolic
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A simple intermittent map for anomalous diffusion

Dynamical regimes in the Pomeau-Manneville map

three types of dynamics (Gaspard, Wang, 1988):

@ 1 <z < 3/2: normal dynamics (Gaussian fluctuations)
@ 3/2 < z < 2: transient anomalous dynamics

@ z > 2: anomalous dynamics (Lévy fluctuations)
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A simple intermittent map for anomalous diffusion

Dynamical regimes in the Pomeau-Manneville map

three types of dynamics (Gaspard, Wang, 1988):

@ 1 <z < 3/2: normal dynamics (Gaussian fluctuations)
@ 3/2 < z < 2: transient anomalous dynamics

@ z > 2: anomalous dynamics (Lévy fluctuations)

example: let L, := S 70 In|M'(x;)|; then for n — oo

n, 1<z<2
<Lp>p~4sn/lnn, z=2
n®, z>2 with a:=1/(z—-1)

note: 3 invariant probability density 6(0) and a non-normalizable
infinite invariant measure on (0,1) (Thaler 1983; Hu, Young, 1995)
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An intermittent map with anomalous diffusion

continue PM map by M(—x) = —M(x) and M(x+1) = M(x) + 1:
(Geisel, Thomae, 1984; Zumofen, Klafter, 1993)

M 3 = deterministic random walk on the
line
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An intermittent map with anomalous diffusion

continue PM map by M(—x) = —M(x) and M(x+1) = M(x) + 1:
(Geisel, Thomae, 1984; Zumofen, Klafter, 1993)

34 = deterministic random walk on the

line

define anomalous diffusion coefficient

/ (Metzler, Klafter, 2000)

i e V D(z,a) := lim fi+a) )

/;‘/ 3 n—oo 2 na

I I
I 2 _ {L 1<z<2
X with a 1=
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L z>?2

z—1’

here: look at K(z,a) := r(ffa)
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A simple intermittent map for anomalous diffusion

Fractal normal diffusion coefficient

z = 1: piecewise linear map with normal diffusion; 3 exact
analytical results for diffusion coefficient D(a) = K(1,a+ 1)
(R.K., Dorfman, 1995; Groeneveld, R.K., 2002; Cristadoro, 2006)
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Intermittency in the Pomeau-Manneville map
An intermittent map with anomalous diffusion
Fractal diffusion coefficient

Fractal normal diffusion coefficient

D(a)

z = 1: piecewise linear map with normal diffusion; 3 exact
analytical results for diffusion coefficient D(a) = K(1,a+ 1)
(R.K., Dorfman, 1995; Groeneveld, R.K., 2002; Cristadoro, 2006)
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@ D(a)is a fractal function of the
slope a

@ fractal dimension?

@ structure related to (dense)
Markov partitions

@ D(a) continuous
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A simple intermittent map for anomalous diffusion

Fractal anomalous diffusion coefficient

K (3, a) from computer simulations (Korabel, R.K. et al., 2005):
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A simple intermittent map for anomalous diffusion

Fractal anomalous diffusion coefficient

K (3, a) from computer simulations (Korabel, R.K. et al., 2005):
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@ J fractal structure
@ K(3,a) conjectured to be discontinuous (inset) on dense set

@ comparison with stochastic theory, see dashed lines
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Continuous time random walk theory
Dynamical crossover in anomalous diffusion

Stochastic theory of anomalous diffusion Phase transition from normal to anomalous diffusion

Time-fractional equation for subdiffusion

CTRW theory |: Montroll-Weiss equation

first applied to photocopying machines (Scher, Montroll, 1973)
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Stochastic theory of anomalous diffusion
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CTRW theory |: Montroll-Weiss equation

first applied to photocopying machines (Scher, Montroll, 1973)

master equation for a stochastic process defined by waiting time
distribution w(t) and distribution of jumps A(x):

0 t
o(x, t) = / B (x — x) / dt’ w(t —t) o(x, ')+
—00 0
+(1— fot dt'w(t"))d(x)
structure: jump + no jump for particle starting at (x, t) = (0,0)
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CTRW theory |: Montroll-Weiss equation

first applied to photocopying machines (Scher, Montroll, 1973)

master equation for a stochastic process defined by waiting time
distribution w(t) and distribution of jumps A(x):
0 t
o(x, t) = / B (x — x) / dt’ w(t —t) o(x, ')+
—0o0 0
+(1— fot dt'w(t"))d(x)

structure: jump + no jump for particle starting at (x, t) = (0,0)
Fourier-Laplace transform yields Montroll-Weiss equation (1965)

2 1—w(s 1
ks =222
s 1— A(k)iv(s)
- 025(k
with mean square displacement (x?(s)) = —%
k=0
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Continuous time random walk theory

Dynamical crossover in anomalous diffusion
Stochastic theory of anomalous diffusion Phase transition from normal to anomalous diffusion

Time-fractional equation for subdiffusion

CTRW theory Il: application to maps

apply CTRW to maps (Geisel, Klafter, 1984ff): need w(t), A(x)!

e continuous-time approximation for the PM-map
x,,+1—x,,:% =ax?, xkK1

solve for initial condition x(0) = x, define jump as x(t) = 1 and

compute dxy

w(t) ~ oin(x0) | S
by assuming uniform density of injection points gj,(x) ~ 1
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CTRW theory Il: application to maps

apply CTRW to maps (Geisel, Klafter, 1984ff): need w(t), A(x)!

e continuous-time approximation for the PM-map
x,,+1—x,,:% =ax?, xkK1

solve for initial condition x(0) = x, define jump as x(t) = 1 and

compute dxy

w(t) ~ oin(x0) | S
by assuming uniform density of injection points gj,(x) ~ 1

e revised ansatz for jumps:
A(x) = B6(Ix] — ) + (1 — p)o(x)
with jump length /, escape probability p := 2(% —Xxc), M(xc) =1
CTRW machinery ... yields exactly
a7 sin(my) 0 <
T <1
K = pl? { i , v=1/(z-1)

a=, 21
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Continuous time random walk theory
Dynamical crossover in anomalous diffusion
Stochastic theory of anomalous diffusion Phase transition from normal to anomalous diffusion

Time-fractional equation for subdiffusion

Dynamical crossover in anomalous diffusion

define average jump length:
b1 =< [M(x) — x| >gp=1,escape = K ~ a®2  forfy > 2
b =< |[M(X)]| > pp=1,escape = K~ p(a) for {, <2

X : : : : : : : : 3
@ 35——7— i

10

0

10 a ‘ 20 b L‘l 10
@ I dynamical crossover for K(3,a) between small and large a
@ same crossover in periodic Lorentz gas (R.K., Dellago, 2002)
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Continuous time random walk theory
Stochastic theory of anomalous diffusion

Dynamical crossover in anomalous diffusion

Phase transition from normal to anomalous diffusion
Time-fractional equation for subdiffusion

Phase transition from normal to anomalous diffusion

now K(z,5): compare CTRW approximation (blue line, with
integer jump length ¢5) with simulation results

7
i
151 i
\
\
\
\
\
\
1+ \\ -
\
K
h
\\
0,5~ \ -
\
\
\
\ 7wy
0 I St I |
1 1.5 2 2,5

= full suppression of diffusion due to logarithmic corrections
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Stochastic theory of anomalous diffusion

Continuous time random walk theory
Dynamical crossover in anomalous diffusion

Phase transition from normal to anomalous diffusion
Time-fractional equation for subdiffusion

Phase transition from normal to anomalous diffusion

now K(z,5): compare CTRW approximation (blue line, with
integer jump length ¢5) with simulation results
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= full suppression of diffusion due to logarithmic corrections

n/Inn,n< ngand ~ n,n> ng,
n/Inn,
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n®*/Inn,n < fgand ~ n% n>fe, z>2



Continuous time random walk theory

Dynamical crossover in anomalous diffusion
Stochastic theory of anomalous diffusion Phase transition from normal to anomalous diffusion

Time-fractional equation for subdiffusion

Time-fractional equation for subdiffusion

from Montroll-Weiss equation for PM map a time-fractional
diffusion equation can be derived: o) 5 920

oty Ox?
with Caputo fractional derivative
0
T 1 gl 'N—~ Oo
oty oy Jodt (t—t) 7755 0<y<1
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Time-fractional equation for subdiffusion

from Montroll-Weiss equation for PM map a time-fractional
diffusion equation can be derived: o) 5 920

oty Ox?
with Caputo fractional derivative
0
T 1 gl 'N—~ Oo
oty oy Jodt (t—t) 7755 0<y<1

can be solved exactly; compare with simulation results:

100F, T
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e Gaussian and non-Gaussian
envelopes (blue) reflect intermittency
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0 1 e fine structure due to density on the
unit interval
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Towards a deterministic theory of anomalous diffusion

rewrite spreading in terms of velocities vy := Xx11 — Xk:

>
|

-
|

-

n
< (xn — x0)? >=< vk » vi> (n— o0)
o

X
Il
I
)

yields anomalous Taylor—Green—Kubo formula
n—1n—1
K—Ilm—< vi> 42 < Vk Vi) >
Jim Z E>H2<) D viviers

k=0 /=1

approximation by first term only:
some correlations included; o 1
relation to CTRW theory?
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Fractal functions for anomalous diffusion

1H T —H A T | T T
for integer velocities os- 10 ]
. 0.6 b ﬂ; ;
Jk = [Xk+1] _ [Xk] 04 E ]
define jump function 021~ 10T I N, ]
Jn(X) :: zz O_jk J% ’ (‘) ' ﬂ‘Z ' 0‘4 ' 0‘(\ ' 0‘8 ' ‘I Ufl ' ﬂ‘Z ' 0‘4 ' 0.‘6 ' 0‘,3 ' 1

= T T T T 20 T T T T

with recursion relation
In(x) = Jjo(x) + Jn—1(M(x))

i 1 1 E
y|e|d|ng K = lim & < J,%_]_(X) >07 . ﬂl\ﬂ\ . \HJLH ol AA.JUJMhLMMA ]

n—oo N 0 02 04 06 08 1 0 02 04 06 08 1
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Fractal functions for anomalous diffusion

for integer velocities

Ji = [Xie1] = [xd

define jump function

In(x) == > k—0 Jk

with recursion relation
In(x) = Jo(x) + In— 1(/\/’(X))

1
yielding K = lim — < J2_|

n—oo nN%

R. Klages et al.
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integration T2

note: T2 (x) is a fractal function

Anomalous Diffusion in Intermittent Maps

= o dy L2(y)

leads to K = lim —T2_1 1
n—oo n% W



Summary

Summary

simple intermittent map for anomalous diffusion yields

@ fractal anomalous diffusion coefficient

@ dynamical crossover and dynamical phase transition under
parameter variation, described by modified CTRW theory

@ non-Gaussian probability density, described by a fractional
diffusion equation, plus fine structure
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Summary

Summary

simple intermittent map for anomalous diffusion yields

o fractal anomalous diffusion coefficient
@ dynamical crossover and dynamical phase transition under
parameter variation, described by modified CTRW theory

@ non-Gaussian probability density, described by a fractional
diffusion equation, plus fine structure

note: CTRW theory yields only approximate solutions, because
deterministic dynamical correlations are excluded!

challenge: microscopic nonlinear theory of anomalous
deterministic diffusion?

Lit.: N.Korabel et al., Europhys. Lett. 70, 63 (2005)
http://www.maths.qmul.ac.uk/"klages
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