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Find all those values of = for which z? — z < 2.

Find all those values of x for which ;4 < z.

3
Find all those values of x for which 1 < —x.

xr —

Find all real values of x such that |22 + z — 4| = 2.

For all real = show that |8z — 9] < 7z — 6 if and only if |z — 2| < 1.
For all real = show that |2z 4+ 1| < 3z if and only if > 1.

Find all values of = for which |2z + 5| > 4.

Find all values of x for which |2z + 1| < |3z — 6].

* Show that the following statements about the real numbers x and y are equivalent:
(a) x >y; (b) Forevery e >0,z >y —¢; (c) Forevery e >0, z+¢ > y.

Calculate lim,,_,», 2, in each of the following cases (or show that no limit exists).
(a) x, = cos(n?)/v/n>+n (b) z, = (3n +1)>(4n* 4+ 1)71/2

(c) zn = [(142n)/(2n)]"  (d) zn = [(2n+1)/(n+ 1)]** [Hint: show 2L > 3]
(e) zn, = (n? +logn)/v2n3 =1 (f) z, = (n° +logn)?/™

(8) 20 = n2[1/(n + 1) — 1/(n — 1)}

Calculate lim,,_,., x,, in each of the following cases.
(a) 2, = 2n+1)2/vV/n*+1 (b)) z, =n(v/1+n2—n) (c)z, =logn —log(n+1)
(d) z, = (n*+e™)/(logn+5n%) (&) x, = (n))?/[(n—2)!(n+2)!] (f) T, =nln
(g) zn =2"/n!  (h) z, = nsin(r/n) [Use 222 — 1 as 6 — 0] (i) z, = (1 +n?)"/"
() xn=m+3)/(nn?) (k) z,=n*nt—(mn+1)"".

-n

Let z,, be as in (d) of the previous question. Given € > 0, show that the distance

from z,, to its limit is less than € if n > 2/(5¢).

Calculate lim,,_,, =, in each of the following cases (or show that no limit exists).

(a) T, = (n+logn?)/Vn2+2 (b) z, = V/n(n+e ) 'sin(e”)



15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Find the limit of each of the following sequences as n — oo, or show that no limit
exists. (a) z, = (n? + eV (b) z, = /n (\/n +1-vn-— 1) (c) & = (%)n

Compute lim,,_,o, 7, for the following: (a) z,, = (n>4+n)"/" (b)z, =n (vn +1-— \/ﬁ>2

If {x,} is a sequence such that x,, — L as n — oo, and z,, < 0 for all n, prove that
L < 0. Is it necessarily true that L < 07

Compute lim, o [(n +1)* — (n — 1)?] / (n + /n), or show that the limit does not

exist.

Find lim,,_,, for each of the following sequences, or show that no limit exists.
(a) 2 = (N2 +2)Y" (b) 2 = [(n+2)/(n+ D" (¢) wp =n (VnZ+1 V> 1)

Compute lim,, ;o [(n + 1) —n?] / (n + logn), or show that the limit does not exist.

Find the limit of each of the following sequences as n — oo, or show that the limit

does not exist.
W= () )= (=) s () (0 o= (323)"

Prove that limits are unique: i.e. if z,, — [ and z,, = k as n — oo, then [ = k.

Show that if {z,} is a sequence with z,, < b for all n, and lim,_,, x, = L, then
L <hb.

*If {x,} is a bounded sequence (ie there is a number K such that |z,| < K for

all n), and if y,, — 0 as n — oo, prove that z,y, — 0 as n — oo.

Prove that one of the following statements is true and that the other is false.
(a) If ,, = 1 as n — oo, then (z,)" — 1 as n — oc.
(b) *If 0 <r <1 and x, — r as n — oo, then (z,)” — 0 as n — oo.

** The sequence {x,} is defined recursively by z; = 10 and x,.; = /6 + z,,. Find
lim,, o0 @,,. [Hint: first find the fixed points of the iteration.]

Compute lim,, o (t+1/n)" for each positive real value of ¢ for which this limit exists.
Determine for which real values of z the sequence {n~*2"} tends to a limit as n — oo.

Compute lim,,_,o x,, or show that the limit does not exist, for each of the following.
(a) z, = (p" + ¢")Y/™, with p > ¢ >0
(b) xp, = (1 + 2+ ...+ n)/n? [Hint: sum this arithmetic series]
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(¢) z, =n [y e ™ dx [Hint: do the integral]
(d) 2, = (14 1/n)" [Hint: log].

Determine the sup and inf, where they exist, of the following sets:
(a) S ={z: |2z — 1| < 11} (b) S={z+|z—1]:2 € R}

Compute the sup and the inf of the function f(z) = e*/(1 + e*), where z € R.
Compute the sup and the inf of the function f(z) = z/(1 + |z|), where 2 € R.

Determine the least upper bound and the greatest lower bound of each of the following

sets (where n and m range over the positive integers):
(a) X ={(n* —n)/(n*+1)} (b)Y ={(2m+mn)/(m+ 3n)}.

Determine the supremum of g(z) = (z cos* z — 2)/(2z cos® z + 2) for > 0.

Determine the least upper bound and the greatest lower bound of each of the following
functions (where = ranges over the real numbers):
(a) f(x) = (1 +2*cosx)/(2 + 2?%) (b) g(x) = 22 exp(—2?).

If g is bounded above, and f(z) < g(z) for all x, prove that sup f < supg. Is it
necessarily true that sup f < sup g?

Compute the supremum and the infimum of the function

f(z) =2%/(1+ 2% on R.

Compute the supremum and the infimum of the function

f(x) =+x/(2+ x) for z > 0.

Compute the supremum and the infimum of the function
f(x) ==x/(x® + 1) for z > 0.

Determine whether or not the series 32 (2 + n)/v/4n* — 1 converges.
Determine whether or not the series 3°° \/n/(n® + 1) converges.
Determine whether or not the series > 02 ; sin(2")/2" converges.

Determine whether or not the series 3°°,(n — 3)(2 + 9n%)~'/2 converges.
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Use the comparison test to decide whether or not 7, z,, converges in each of the
following cases. (You may assume that > >, n~® converges iff a > 1.)

(8) & = n/VTFT0  (b) 0= 1/(n+vA) () 20 = (3= ny/m)/n®

(d) z, =n!n?/(n+3)!  (e) z, =n?exp(—y/n) (f) z, = (ncosn)/(n®+logn)
(g) z, =ntsin(n™') [Usesinf < 0 for § > 0] (h) z, = n"?(logn)*

(i) x, = m —n.

For which values of o do the following series converge?
() S+ D)™ log(1+2)  (b) X2, n (Jr — 2).

Show that the series (x; — x3) + (22 — x3) + (x5 — x4) + ... converges if and only if

the sequence {z,} tends to a limit as n — oc.

If >°°, @, converges to s, and y,, = (2, + xn11)/2 for all n, does >°° | y,, converge,

and if so to what?

Given that >°7° ; z,, converges, and "7 ; v, converges absolutely, prove that >->° ; x,,y,
converges absolutely. If we knew only that >°>° , x, and >, v, converged, would it

follow that Y>>, x,y, converged as well?

Determine whether or not each of the following series converges.

(a) X0Zg tan(m/n) cos(nmr)  (b) E3Zon™ (logn)™  (¢) 252, (2n)!157" (n))~2

Determine whether or not each of the following series converges.
> 1 >, 2"(2n)! > n—1
(a) nz:; (—1)"y/ntanhn (b) nz::l 97 (n!)? (c) nz::l (n? +2)(n? 4+ 1)+

Discuss whether or not > °° ; ,, converges in each of the following cases.
(a) z, = (n1)?/(2n)!  (b) z, = 1/[(n+ 1)log(n + 1)]
(¢) x,, = (cosmn)/(nlog(n + 1)).

For what values of a does the series > °° ; ,, converge, in each of the following cases?
[Be careful to investigate all real values of «. In each case except (c), use the ratio
test first, and then deal with the remaining values of « separately.]

(a) z, = a™n® (b) z, =a"'/(n3") (c) x, =n"t(log(n+1))"* (d) x, =nla®
(e) , = na™/(2"(3n—1)). [For (c): first compare with y,, = (n+1)"!(log(n+1))~%].

Find values of z for which the series > a,(z — 29)™ converges in the following cases:
(a) 20 =0, a,=1/nl; (b)zo=1,a,=1/(n—=1,n>1; (c)2=0,a,=c"
(d) 20 =0,a,=n; (e) z0=0, a, =nl



