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Riemannian Geometry IV

Solutions, set 16.

Exercise 39. (a) (i)-(iv) are straighforward calculations.
(b) Since K(X) = C for all 2-dimensional subspaces ¥ C T,M, we have
for any choice of two vectors v, w:

(R(v,w)w,v) = C ([]I*[lw]|* — (v, w)*).

This holds obviously true for linear independent vectors v, w, and in the case
of linear dependent vectors v, w one easily checks that both expressions of
the equation are equal to zero. So we can use the identity

(v, w,w,v) = (v,w,w,v)’

for general pairs of vectors v,w. We obtain on the one side, using linearity
of ()"

(v1, V9 + V3,09 + v3,v1) = (V1,09 + V3, V2 + V3, V1) =

= (v1, U2, v2,v1)" + (V1, V9, v3,v1)" + (v1, V3, v2,v1)" + (v1, V3, V3, 01)’,

and on the other side

(v1, V2 + V3, V9 + V3, 01) =
= (v, V2, V2, 01) + (1, Vg, U3, V1) + (V1, V3, V2, V1) + (V1, V3, V3,01) =

= (v1, V9,09, v1)" + (v1,v2,v3,v1)" + (v1, V3, V2, v1) + (v1, 03, v3,01),
which leads to
(v1,v2,v3,v1) + (v1, V3,02, v1) = (v1, V2, v3,v1) + (v1,v3,v9,01)". (1)
By the symmetries, we obtain yield
(v1,v3,v9,v1) = (vg,v1,v1,v3) = (V1, V2, V3, V1),
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and the same holds for (-, -,-,-)’, so (1) simplifies to
2(1)17 V2, U3, /01) = 2(/017 V2, U3, Ul)/a
finishing (b).
(c) Using (b), we obtain on the one side
(V1 + V4, V2, U3, V1 +v4) = (V1 4 Vg, V2, V3,01 + ) =
= (v1,v2,v3,01) + (v1,02,03,04)" + (v4, V2, v3,01)" + (4, V2, V3, 04),

and on the other side

(Ul + V4, U2, U3, U1 + U4) -

— (U17U27U37 Ul) + (U17U27U37U4) + (U47 Vg, U37U1) + (U47 V2, U3, U4) —

/ / / /
= (v1,v2,v3,v1)" 4 (1, V2, V3, 04)" + (Vg, V2, V3, 01)" + (V4, V2, V3, v4)".
Comparing both expressions, we conclude that

(U17U27U37 U4) + (U47 U27U37U1) - (U17U27U37 U4), + (U47 V2, U3, Ul)/v

finishing (c).
(d) We obtain directly from (c):
/

(v1, 02,3, v4) — (U1, Va, U3, 04)" = —(v4, U2, v3,01) + (V4 V2, V3, V1)

Using the symmetries, we derive

_(U47 V2, U3, Ul) - _(U?)a U1, V4, UQ) - (U?)a U1, V2, U4)7
and the same identity for (-, -, -, ), so we end up with

(Uh V2, U3, U4) - (Ula V2, U3, U4)/ — (U?)a U1, V2, U4) - (U37 U1, U2, U4),'

(e) Using (d), Bianchi’s first identity and property (ii), we conclude that

3 ((U17U27U37U4) - (U17U27U37U4),> — ((U17U27U37U4) - (U17U27U37U4)/)+
+ ((v3, v1, v, v4) — (v3,v1, V2, v4)") + ((v2, 3,01, 04) — (v2, V3, v1,04)") =
= ((v17027v3a U4) + ('Ug, v17/027/04) + (/027 U3, U17/U4))_

— ((v1,v2,v3,v4)" + (v3, U1, V2, v4)" + (Va,v3,v1,04)") =0—0=0,



proving the statement of (e). Replacing (-, -, -, ) and (-, -, -, )" by their original
meanings, yields identity (1) of Exercise 39.

Exercise 40. Homework! Solution will be provided later!

Exercise 41. (a) We have
VT(Xla X?a X37 X47 Y)
4
= Y/(T1 (X1, X2)T2(X3, X4)) — ZT(Xh s Vy X, Xy)
i=1

= T1(X1, Xo) (Y(T2(X3, X4)) — To(Vy X3) = To(Vy Xy)) +

- s

Vo
=VT5(X3,X4,Y)=0

To(X3, Xa) (Y(T1 (X1, X5)) — Ty (Vy X1) — T (Vy Xs)) = 0.

-

—VT (X1 Xa,Y)=0
(b) Let T'(X,Y) = (X,Y). Since V is Riemannian, we have
VT(X,Y,Z) = Z({(X,Y)) — (V;X,Y) — (X,V,Y) = 0.
Note that R'(X,Y, Z, W) = T(X, W)T(Y, Z) — T(X, Z)T(Y,W). (a) implies
then that we have VR' = 0.

(c) If (M, g) is a manifold with constant sectional curvature C' € R | we
have by Exercise 39:

R(X,Y,Z, W) = (R(X,Y)Z, W)
=C((X,WNY, Z) = (X, Z)(Y,W)) = CRI(X,Y, Z,W).

Then VR = CVR' = 0 follows from (b).



