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On the existence of two-dimensional Euler flows satisfying
energy-Casimir stability criteria
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~Received 11 June 1999; accepted 3 November 1999!

The energy-Casimir stability method, also known as the Arnold stability method, has been widely
used in fluid dynamical applications to derive sufficient conditions for nonlinear stability. The most
commonly studied system is two-dimensional Euler flow. It is shown that the set of two-dimensional
Euler flows satisfying the energy-Casimir stability criteria is empty for two important cases:~i!
domains having the topology of the sphere, and~ii ! simply-connected bounded domains with zero
net vorticity. The results apply to both the first and the second of Arnold’s stability theorems. In the
spirit of Andrews’ theorem, this puts a further limitation on the applicability of the method.
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A central problem in fluid dynamics is the stability o
basic flows. Stability theorems are useful for delineating p
sible regimes of instability and, when they are finite amp
tude, can be used to bound the growth of disturbances
very general method for deriving stability theorems for
viscid flows is the energy-Casimir method, which dates b
to Fjørtoft.1 The method was formalized by Arnold2 and,
crucially, shown to be valid at finite amplitude,3 and is there-
fore sometimes known as the Arnold stability method. E
sentially, the method establishes stability by showing that
flow in question corresponds to an energy extremum w
respect to disturbances constrained by other invaria
known as Casimirs. For two-dimensional Euler flow, whi
is the prototype system for this method, the Casimir inva
ants are spatial integrals of arbitrary functions of the vortic
scalar, and their conservation reflects the material conse
tion of vorticity.

The success of the energy-Casimir stability method
been considerably limited, however, by the fact, first o
served by Andrews,4 that for a domain with a continuou
symmetry, any Arnold-stable flow~that is, a flow whose non
linear stability can be established using this method! must
also respect that symmetry. In that case, the momentum
variant associated with the symmetry is also available a
indeed, usually is crucial to proving stability with wha
might then be called the energy-Casimir-moment
method.5,6

There remains the possibility that flows without contin
ous symmetries~e.g., a vortex street! might be provably
stable in asymmetric domains. In any case, domains w
symmetry are nongeneric. It is therefore of interest to de
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mine the range of applicability of the energy-Casimir stab
ity method for general domains.

This question is re-examined in this paper in the cont
of two-dimensional Euler flow. It is shown that on a d
formed sphere, no flows exist that satisfy the energy-Cas
stability criteria. This extends a previous result7 for Arnold’s
first stability theorem alone. It follows that for generic su
domains~without symmetry!, no flows are provably stable
using the Arnold method. Such flows can only exist in d
mains with a continuous symmetry, where a momentum
variant is available, and must furthermore themselves sat
that symmetry. Indeed, the only known Arnold-stability r
sults are of this sort and essentially reduce to a nonlin
version of Rayleigh’s inflection-point theorem.8,9

It is also shown that for simply-connected bounded d
mains with zero net vorticity, no flows exist that satisfy th
energy-Casimir stability criteria. This suggests that there
an error in the derivation10,11of a nonlinear stability criterion
for a street of counter-rotating vortices12 that was presumed
to be contained within a finite box. A close inspection of t
derivation reveals that an incorrect boundary condition w
used: The counter-rotating vortex solution cannot be c
fined to a finite box without violating the no-normal-flow
boundary condition. The present result shows that no mo
fication of the boundary could lead to a stability result
long as at least two counter-rotating vortices were includ

The analysis in this paper is for completely general d
main geometries, and is therefore presented in a manner
is free of any particular coordinate system. All that is a
sumed is that the domain be a smooth manifoldM with a
© 2000 American Institute of Physics
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metric g. In local coordinates, the two-dimensional Eul
equation can be written

]v

]t
2

]v

]x1

]c

]x2 1
]v

]x2

]c

]x1 50, ~1!

where the vorticityv and stream functionc scalars are re-
lated by

v5Dc5
1

Ag

]

]xi S gi jAg
]c

]xj D ~2!

whereAgªAdetgij . The velocity is related to the vorticity
and stream function by

v5
e i j

Ag

]

]xi ~gjkuk!, ui52Aggi j e jkgkl
]c

]xl , ~3!

wheree1252e2151, e115e2250. For a steady flow, it fol-
lows from ~1! that ](c,v)50, and thus the stream functio
can be written as a~possibly multivalued! function of the
vorticity,

c5F~v!. ~4!

Equation~1! is considered in one of two topologies: e
ther the domain is topologically equivalent to the sphere
it has a boundary and is simply connected in which case
must append the boundary condition of no normal flow.
the latter case, it is assumed that the domain integrated
ticity is zero. Then in either case, for the stream functionc,
scalarw, the eigenvalues of the problem

Dc1lc50 ~5!

are non-negative:

0,l0,l1,¯,1` ~6!

~l50 is also an eigenvalue forc5const!.
The system in question conserves the energy

E @u#5
1

2 EM
^u,u&m, ~7!

where^•, •& is the inner product induced by the metricg, and
mªAgdx1`dx2 is the volume form onM. It also conserves
the Casimir invariants

C @u#5E
M

C~v!m, ~8!

whereC(•) is an arbitrary function of its argument. In gen
eral, two-dimensional Euler flow conserves the circulat
along each connected portion of the boundary, but in the c
of a simply-connected domain, the circulation is equal to
domain-integrated vorticity, which is a Casimir and is
hypothesis zero in this study. Thus in both of the cases c
sidered here,E may alternatively be written as

E @u#52
1

2 EM
vcm. ~9!

The energy and Casimir invariants are robust with respec
perturbations toM, in the sense that they survive whe
r
e

r-

n
se
e

n-

to

smooth deformations are made toM without changing its
topology. This is, of course, not true of momentum inva
ants~see discussion below!.

To establish nonlinear stability using Arnold’s metho
one constructs an invariant that is sign-definite in the dis
bance quantity when the latter is sufficiently small.13,14 In
what follows, we show that the use of the energy and C
simir invariants alone cannot give a sign-definite invaria
for the domains under consideration.

We consider the stability of the time-independent ba
flow U, with vorticity V and stream functionC. Since the
basic flow is stationary, by~1! we have](C,V)50, so we
can define the functionF(•) by CªF(V) and the function
G(•) by

G~x!ªEx

F~s!ds. ~10!

Consider a perturbationu to the basic flow, so that the tota
velocity is U1u; the total vorticity and stream function ar
thenV1v andC1c.

We construct the invariant functional

A@u;U#ªE @U1u#2E @U#1E
M

$G~V1v!

2G~V!%m. ~11!

SinceA is the sum of energy and Casimir invariants, le
constants, it is conserved by the dynamics. Using the fo
~9!, we can writeA as

A@u;U#5E
M
H 2

1

2
vc1G~V1v!

2G~V!2vG8~V!J m, ~12!

whereG8(•)5F(•). In order to prove the stability of the
basic stateU, we need to show that this quantity is sig
definite for sufficiently smallu. To this end, consider the
terms involvingG(•) in the integral in Eq.~12!. We can
write them as

G~V1v!2G~V!2vG8~V!

5E
0

v

@F~V1j!2F~V!#dj, ~13!

and for small v, Eq. ~13! is approximately given by
1
2 v2F8(V).

From ~9! we have

E @U#52
1

2 EM
VCm. ~14!

When M is topologically equivalent to the sphere, Stoke
theorem requires that

E
M

Vm50. ~15!

In the simply-connected bounded case, this holds by hyp
esis. Either way, it implies thatV must take the value of zero
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somewhere, and that the value ofE is unchanged by the
addition of a constant toC. SinceC is determined only up to
an additive constant in any case, we may setC50 when
V50, or in other words,F(0)[0.

Arnold’s first and second stability theorems correspo
to cases where~12! is, respectively, positive definite or neg
tive definite, representing energy-Casimir minima
maxima. The integral of the first term, the disturbance kine
energy, is obviously positive definite by~7! and ~9!. The
integral of the three remaining terms can be of either si
depending on the sign ofG9(V)5F8(V). In order for~12!
to be positive definite, these remaining terms have to be p
tive definite also, which requiresF8(V).0 for all V. But
this is impossible, as can be seen from the following: Sin
E @U#.0, VC5VF(V) must be negative for some valu
of V, but this is precluded by our hypothesis thatF(0)50
and F8(V).0 for all relevantV. Thus, the method ofAr-
nold’s first theoremdoes not apply to the domains und
consideration.15

The other possibility is for~12! to be negative definite
This may be possible if the integral of the last three term
less than the integral of12 vc, which for an infinitesimal
disturbance translates to the condition

0,2E
M

vcm,2E
M

v2F8~V!m. ~16!

Sincev5Dc, condition ~16! is assured ifF8(V),2l0
21

for all V, wherel0 is the smallest positive eigenvalue of th
Laplacian operator. This is the stability criterion of Arnold
second theorem. But this situation is also impossible, as
following makes clear: SinceV5DC, the same Poincare´
inequality provides the estimate

0,2E
M

VCm<
1

l0
E

M
V2m, ~17!

which implies that somewhere in the domain we must h
l0C>2V. But this last requirement means thatF8(V)>
2l0

21 for some relevantV @using the mean value theorem
with F(0)50#, which is precluded by our hypothesis th
F8(V),2l0

21 for all relevantV. Thus, we also find tha
Arnold’s second theoremfails to apply to this problem for
the domains under consideration.

The results derived above show that the energy-Cas
stability method is inapplicable to two-dimensional Eu
flows, in the sense that no flows exist satisfying the ener
Casimir stability criteria, in two important cases: When t
domain is topologically equivalent to the sphere, and wh
the domain is bounded and simply connected with zero
vorticity. Any flows that do satisfy the criteria must therefo
be in different flow topologies: examples include a sinh jet
an unbounded domain,2 a sinusoidal jet in a bounded doubly
connected domain,2 and a Kelvin–Stuart cat’s-eye within
bounded simply-connected domain with non-zero
vorticity.16 ~Note that the first flow is an example of Arnold
first stability theorem, while the second and third flows a
examples of Arnold’s second stability theorem.!

When the domain has a continuous symmetry, there
be a momentum invariant~i.e., a linear functional of the
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velocity field! associated with this symmetry.17 These mo-
mentum invariants can be combined with the energy a
Casimir invariants to prove nonlinear stability,14 in what
might then be called the energy-Casimir-momentum meth
However, the existence of momentum invariants is fragile
the sense that it is destroyed by slight changes toM; for a
generic Riemannian manifold, the isometry group that g
erates the continuous symmetries consists solely of
identity.18 This fragility of the momentum invariants is in
sharp contrast to the energy and Casimir invariants, wh
are robust.

The results do not imply that there are no stable flows
M when it does not support symmetries, only that there
no flows that are provably stable using the Arnold stabil
method. For example, the vorticity distribution given by t
gravest eigenfunction ofD on M ~which is generically non-
degenerate in the absence of symmetries! always gives a
nonlinearly stable flow, as can be proved using the ener
enstrophy argument of Fjørtoft.19 When the gravest eigen
space is degenerate, one may be able to prove stab
modulo continuous symmetries.20 In addition, several exten
sions to Arnold’s method are known in which the convex
hypothesis has been somehow relaxed—one of which
already been mentioned.15 It would be interesting to deter
mine whether our conclusion applies to the result of Wola
sky and Ghil.21 However, the formulation of this extension
technically involved~and for want of actual flow examples t
which it applies!.

ACKNOWLEDGMENTS

This work has been supported by the Natural Scien
and Engineering Research Council and the Atmospheric
vironment Service of Canada.

1R. Fjørtoft, ‘‘Application of integral theorems in deriving criteria of sta
bility for laminar flows and for the baroclinic circular vortex,’’ Geofys
Publ.17~6!, 1 ~1950!.

2V. I. Arnold, ‘‘Conditions for nonlinear stability of stationary plane cu
vilinear flows of an ideal fluid’’~in Russian!, Dokl. Akad. Nauk SSSR
162, 975 ~1965! @English translation in Sov. Math.6, 773 ~1965!#.

3V. I. Arnold, ‘‘On an a priori estimate in the theory of hydrodynamica
stability’’ ~in Russian!, Izv. Vyssh. Uchebn. Zaved. Matematika53, 3
~1966! @English translation in Am. Math. Soc. Trans. Ser. 279, 267
~1969!#.

4D. G. Andrews, ‘‘On the existence of nonzonal flows satisfying sufficie
conditions for stability,’’ Geophys. Astrophys. Fluid Dyn.28, 243 ~1984!.

5G. F. Carnevale and T. G. Shepherd, ‘‘On the interpretation of Andre
theorem,’’ Geophys. Astrophys. Fluid Dyn.51, 1 ~1990!.

6When multiple symmetries are present~e.g., on the plane or on the
sphere!, one may be able to use some combination of the momen
invariants to prove nonlinear stability. The resulting stable flow need
respect the ‘‘unused’’ symmetries, since the inclusion of one momen
invariant breaks the symmetry in the other directions and renders
drews’ theorem inapplicable.

7C. Marchioro and M. Pulvirenti,Mathematical Theory of Incompressibl
Nonviscous Fluids~Springer, Berlin, 1994!, p. 112.

8T. G. Shepherd, ‘‘Non-ergodicity of inviscid two-dimensional flow on
beta-plane and on the surface of a rotating sphere,’’ J. Fluid Mech.184,
289 ~1987!.

9S. Caprino and C. Marchioro, ‘‘On nonlinear stability of stationary Eu
flows on a rotating sphere,’’ J. Math. Anal. Appl.129, 24 ~1988!.

10T. Dauxois, ‘‘Nonlinear stability of counter-rotating vortices,’’ Phys. Flu
ids 6, 1625~1994!.



o

’’

ar

ru

in
ha

e

h.

for

s
n.

f

730 Phys. Fluids, Vol. 12, No. 3, March 2000 D. Wirosoetisno and T. G. Shepherd
11T. Dauxois, S. Fauve, and L. Tuckerman, ‘‘Stability of periodic arrays
vortices,’’ Phys. Fluids8, 487 ~1996!.

12R. Mallier and S. A. Maslowe, ‘‘A row of counter-rotating vortices,
Phys. Fluids A5, 1074~1993!.

13D. D. Holm, J. E. Marsden, T. S. Ratiu, and A. Weinstein, ‘‘Nonline
stability of fluid and plasma equilibria,’’ Phys. Rep.123, 1 ~1985!.

14T. G. Shepherd, ‘‘Symmetries, conservation laws, and Hamiltonian st
ture in geophysical fluid dynamics,’’ Adv. Geophys.32, 287 ~1990!.

15In Ref. 7, theorem 2.4, it is shown that it is possible to obtain stability
the marginal caseF8(V)50 somewhere in the domain. It can be seen t
our argument also applies to the marginal case.

16D. D. Holm, J. E. Marsden, and T. S. Ratiu, ‘‘Nonlinear stability of th
Kelvin–Stuart cat’s eyes flow,’’ AMS Lect. Appl. Math.23, 171 ~1986!.
f

c-

t

17G. Minea, ‘‘The linear first integrals of the Euler equations,’’ J. Mat
Pures Appl.59, 441 ~1980!.

18R. L. Bishop and S. I. Goldberg,Tensor Analysis on Manifolds~Mac-
millan, New York, 1968, republished by Dover, 1980!, p. 259.

19R. Fjørtoft, ‘‘On the changes in spectral distribution of kinetic energy
two-dimensional, nondivergent flow,’’ Tellus5, 225 ~1953!.

20D. Wirosoetisno and T. G. Shepherd, ‘‘Nonlinear stability of Euler flow
in two-dimensional periodic domains,’’ Geophys. Astrophys. Fluid Dy
90, 229 ~1999!.

21G. Wolansky and M. Ghil, ‘‘Nonlinear stability for saddle solutions o
ideal flows and symmetry breaking,’’ Commun. Math. Phys.193, 713
~1998!.


