GEOMETRIC CHAIN HOMOTOPY EQUIVALENCES BETWEEN
NOVIKOV COMPLEXES

D. SCHUTZ

ABSTRACT. We give a detailed account of the Novikov complex corresponding
to a closed 1-form w on a closed connected smooth manifold M. Furthermore
we deduce the simple chain homotopy type of this complex using various geo-
metrically defined chain homotopy equivalences and show how they are related
to another.

1. INTRODUCTION

The purpose of this article is to give a detailed exposition of the Novikov complex
as defined in Novikov [11], and its chain homotopy type. Given a closed 1-form w
on a closed connected smooth manifold M with only nondegenerate critical points,
this complex is freely generated by the critical points over an appropriate ring. The
grading of the complex is given by the indices of the critical points. To define the
boundary operator a vector field v gradient to w is required. The boundary is then
given by counting the trajectories between critical points.

In the case where w is exact this complex has already been described by Milnor
[9, §7] and the ring can be chosen to be Z or a group ring ZG, if a regular cover-
ing p : M — M with covering transformation group G is considered. But in the
nonexact case the group ring ZG no longer works and we have to use a completion
ZEE of ZG. Now G is the covering transformation group of a regular covering
p: M — M such that w pulls back to an exact form. The completion also depends
on a homomorphism £ : G — R induced by w.

As it turns out, the Novikov complex C, (M ,w,v) is chain homotopy equivalent to

Z@g ®@za C(M), where C, (M) is the singular chain complex of M. Even though
a first version was already announced in [11], detailed proofs did not appear until
much later, see Latour [8] or Pajitnov [12]. Since then easier proofs have appeared
based on geometrically defined chain homotopy equivalences. These equivalences
appear in various places in the literature, but are not very well connected to each
other. Given a smooth triangulation A of M, there is a chain homotopy equiva-
lence @, : Zég ®@za C2(M) — C.(M,w,v) based on intersection numbers between
simplices and unstable manifolds of critical points. Versions of this equivalence ap-
peared in Hutchings and Lee [7] and Schwarz [24], and the torsion properties have
been discussed in [22].
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Given another closed 1-form w’ cohomologous to w with a gradient w there are
different ways to describe chain homotopy equivalences v, ,, : C*(]\Z[ ,W,v) —
C.(M,w',w), see, for example, Latour [8, §2.21] or Pozniak [19, §2.6]. We show
that up to chain homotopy these definitions agree and that 1, ,, commutes with
o and @,,.

The techniques in this paper are based on Milnor [9]. In Section 2 we recall some
of the results of [9] and show how to obtain ¢, in the case of an ordinary Morse
function. In Section 3 we look at the special case of a closed 1-form coming from a
circle valued Morse function f : M — S'. It turns out that the results in the circle
valued case can be reduced to the exact case by using inverse limit arguments. The
general case of an arbitrary closed 1-form is then reduced to the circle valued case
in Section 4 using approximation arguments. Section 5 shows how the principle of
continuation as described in Pozniak [19, §2.6] fits into our description. Then we
discuss the simple chain homotopy type of the Novikov complex. For the basic no-
tion of torsion and simple chain homotopy type we refer the reader to Cohen [1]. Tt
turns out that the torsion of all discussed equivalences are represented by so called
trivial units. It has been known that these torsions carry information on the closed
orbit structure of the gradients in form of zeta functions. We recall these results
in Section 7. Finally we give an example of a gradient where the noncommutative
zeta function contains more information than the commutative zeta function.

A lot of the results in this paper were already collected in [23, App.A], but in a
very sketchy form. Here we give complete proofs which are new in certain cases.

Describing the Novikov complex as an inverse limit was already done in Pajitnov
[12]; Latour [8] and PoZniak [19] use quite a different approach. A more algebraic
method to obtain the Novikov complex is used in Farber [2], Farber and Ranicki
[3] and Ranicki [20], but the boundary operator there is no longer described by
trajectories between critical points in general.

If G is a group, we denote by Z& the abelian group of all functions A : G — Z. The
group ring ZG C Z consists of all A € ZY such that A(g) = 0 for all but finitely
many g € G. For g € G we define \; € ZG by Ag(h) =0 for h # g and A\,(g) = 1.
By abuse of notation we write g = Ay € ZG.

I am grateful to the Department of Mathematics and Statistics at the University
of Edinburgh and to the Max-Planck-Institut fiir Mathematik at Bonn where parts
of this paper were written. I would also like to thank Ross Geoghegan and Andrew
Ranicki for suggestions and valuable discussions.

2. THE MORSE-SMALE COMPLEX

Let (W; My, M;) be a compact cobordism between the closed manifolds My and
M. A Morse function f on W is a smooth function f : W — [0, 1] such that
F71({0}) = My, f~*({1}) = M; and the critical points of f are in the interior and
nondegenerate. It follows that f has only finitely many critical points and every
such point p € W has an index denoted by ind p. The set of critical points of index
i will be denoted by crit;(f). The existence of Morse functions is shown in Milnor
[9, §3].

Let v be an f-gradient, i.e. a vector field dual to the exact 1-form df with respect
to some Riemannian metric. Let ® be the flow of v. The stable and unstable
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manifolds at a critical point are defined as

We(p,v) = {xeW|®(z,t) — pfort— oo}
W (p,v) {r e W|®(z,t) — p for t - —o0}

Then W#(p, v) is an immersed submanifold of dimension ind p and W*(p,v) one of
dimension n — ind p. If W*(p,v) and W*(q,v) intersect transversely for all critical
points with ind p < ind ¢, we can find a filtration My =W_1 C Wy C ... C W, =
W of W by compact cobordisms such that W; —int W;_; is a compact cobordism
that contains exactly the critical points of index ¢ in its interior. Furthermore if
x € Wy, so is ®(x,t) for all t < 0 such that ®(z,¢) is defined.

Define Cz(VVv MOa fa ’U) = Hz(Wla Wi—l) and 0 : CZ(I/Va MO, f, U) - i—l(W, MOv f> U)
to be the connecting homomorphism of the triple (W;, W,;_1, W;_3). Then C;(W,
My, f,v) is a free abelian group of rank |crit;(f)| and the stable manifolds of the crit-
ical points represent the generators. Furthermore we have H,(C.(W, My, f,v)) =
H, (W, My).

Ifp: W —Wisa regular covering space with covering transformation group G, de-
fine A = p~1(A) for subsets A C W. Then let C;(W, My, f,v) = H;(W;, W;_1) and
let the boundary be defined using the triple (W;, Wi_1, W;_3). Then C., (W, My, f,v)
is a finitely generated free chain complex over ZG generated by the critical points
of f and its homology is H., (W, Mo).

Notice that the chain groups are independent of the filtration. To express the
boundary homomorphism in terms of the vector field alone, assume now also
that W#(p,v) and W"(q,v) intersect transversely for all critical points of f with
indp <indg¢+1. Forindp = ind ¢+1 = i+ 1 we get that W?*(p, v) NW*(q,v)NOW;
is a compact 0-dimensional manifold. Therefore we have finitely many trajectories
between p and q.

Definition 2.1. An f-gradient v is called transverse, if W*(p,v) and W*(q,v)
intersect transversely for all critical points of f with indp < indgq+ 1.

Choose an orientation for every stable manifold W#*(p,v) and orient the normal
bundle of W*(p,v) such that the orientation of the normal bundle of W*(p,v) at
p projects to the orientation of W#(p,v) at p. An orientation of the normal bundle
will also be called a coorientation. Now let v be a trajectory of —v between p and
q. For t € R we have dfy)(7'(t)) < 0. Let Xy,...,X; € Ty M represent the
coorientation of W*"(q,v). If the projection of +'(t), X1,..., X; into Ty W?(p,v)
represents the orientation of W*(p,v), set () = 1, otherwise set e(y) = —1. Note
that the projection does represent a basis of T4 W?*(p,v) by the transversality
assumption.

Now lift the orientations to W and choose for every critical point p of f exactly
one lift p in W. For critical points p, ¢ with indp = ind ¢ + 1 define [p : q] € ZG by

p:allg) = e

where the sum is taken over the finite set of trajectories between p and gq. It turns
out that 9 : Ci 1 (W, My, f,v) — C;(W, My, f,v) is given by

(1) o)=Y Ip:daq

q,ind g=1
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when we identify p with the homology class of W*(p, %) in Hji1(Wiy1, W;), see
Milnor [9, §7].

Definition 2.2. The Morse-Smale complez of the Morse function f with transverse
f-gradient v is given by

CiJMS(WaM(Mf)U): @ 7G
pEcrit; (f)

and the boundary is given by (1).

This gives an abstract definition of the Morse-Smale complex in terms of critical
points and trajectories between them, but the description using relative homology
groups will remain useful. Let us modify the filtrations for this.

Since My and M; can be nonempty, the flow of —v need not be defined on all of
W x R, but we can use it to define a continuous map © : W x R — W which agrees
with the flow where the flow is defined. To do this we can put a collar on W to
get a slightly bigger manifold W, and extend —v to W, such that the new vector
field vanishes on OW,. The flow of the new vector field is now defined on W, x R
and we get © by retracting W, back to W. In particular we get O(z,t) = = for
(x,t) € My x [0,00) U M; X (—00,0]. For t € R set ©4(z) = O(x,t) and define

Wt = O0(W;) ift>0
' Uossse ©s(Wi) i1 <0
Then (W})?__, is also a filtration and clearly Hi(VNVit, Wit—l)

the isomorphism is induced by inclusion.

HZ'<WZ‘, Wifl) where

1

Note that for ¢ > s we have W} C WS and for very large ¢ W} mainly consists
of My and the stable manifolds of critical points with index < i. Also for very
negative s W;? is mainly W minus the unstable manifolds of critical points with
index > ¢+ 1. To make this more precise note that for ¢ > s we get a direct
system jis = j. 1 Ho(WEW! ) — H; (W7, W¢_|) consisting of isomorphisms and
commuting diagrams

~ ~ 67{ ~ ~
Hi(Wzt7Wf—1) - ifl(Wit—qu—z)

—

jts ljts
Hy(Wg,Wiy) — i—l(Wis—la Wis—2)
Let us define
Ci=Cilwy=w- [J W)
p,indp>i+1
It is easy to see that H,;(C;,C;_1) is the direct limit of the above direct system and

since all j;s are isomorphisms we can describe the Morse-Smale complex in terms
of this filtration.

Definition 2.3. Let A be a smooth triangulation of W which contains My and
M as subcomplexes. We say A is adjusted to v, if every i-simplex o’ intersects the
unstable manifolds W*(p,v) transversely for all critical points p with indp > .

To see the existence of adjusted triangulations, let ¥ : W — W be a diffeomorphism
homotopic to the identity and A a smooth triangulation of W. Then A is the
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triangulation of W where simplices are composed with 1. Then the corresponding
chain complexes can be identified by choosing a lifting 7,/; W — W. homotopic to
the identity.

So let A be any smooth triangulation and _; = idy,. We can adjust 1_; near the
0-skeleton so that O-simplices intersect all unstable manifolds transversely. Since
the boundary of W is transverse to the flow, we can leave it invariant. This way
we get a diffeomorphism 1)y isotopic to the identity. Now assume ;1 is isotopic
to the identity and every j-simplex of 1,1 A with j < k—1 intersects the unstable
manifolds transversely for critical points with index > k£ — 1. We modify ;1
on the k-skeleton so that k-simplices intersect W*(p,v) transversely for all p with
index > k. Notice that for a k-simplex of ¥,_1 A this is already true for 1,1 near
the boundary so we can leave the (k — 1)-skeleton fixed. This way we obtain
isotopic to the identity and we can proceed by induction.

Then ,,_1A is adjusted to v. Furthermore we can find an adjusted triangulation
YA with ¢ as close as we like to the identity. Moreover, compactness gives that if
A is adjusted to v, so is A for every 1 close enough to the identity.

Denote the i-skeleton of a triangulation by W@, If A is adjusted to v, we get
that ~W(i)~c Ci. In particular the inclusion induces a map on homology j. :
H,(W® WD) - H,(C;,C;_1) which defines a chain map

o C2(W, M) — CM5(W, Mo, f,v).

If indp = dimo, we have that o N W“(p, ) is a finite set by the transversality
assumption. For the definition of C'2 (W Mo) as generated by simplices, every
simplex has a chosen lift and an orientation. Using the coorientation of W*(p,v)
we get an intersection number [0 : p] € ZG such that

el)= S [o:plp

p,ind p=dim o

S0 (p, can be expressed in terms of v only.

If we are given an arbitrary smooth triangulation of the cobordism W, the above
construction shows how to modify the triangulation to get a chain map. Different
maps 1, Yo can lead to different chain maps, but the chain homotopy type is well
defined:

Lemma 2.4. The chain maps induced by 1A and VoA are chain homotopic.

Proof. Let H' : W x I — W be a homotopy between 17 and 5. As above we can
change H' to a homotopy H : W x I — W between ¢, and 1 such that H(o x I)
intersects W*(p, v) transversely for all critical points p with indp > dimo + 1. Lift
H to a homotopy H:W x I — W such that Hy = wl is homotopic to the identity.
Then define H; : CA (W, M) — C’l]\ff(W,Mo,f, ) by Hi(o) = (=1)'H,[6 x I] €
Hi+1(Cl+1aC) Then

OH + Hi(o) = (—)ﬁ@[axl] + (=1 H,[05 x I]
= H.[6 x1] - H,[5 x0
= (5] — (5],

so H; is the desired chain homotopy. [
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We already know that the triangulated and the Morse-Smale complex have the
same homology and now we show that ¢, is indeed a chain homotopy equivalence.

Theorem 2.5. Let f: W — [a,b] be a Morse function, v a transverse f-gradient,

A a triangulation adjusted to v and p : W — W a regular covering space. Then
@y CR(W, My) — CMS(W, My, f,v) is a simple homotopy equivalence.

Proof. Let A’ be a subdivision of A. If 9 A’ is adjusted to v, so is ¥ A. Moreover,
the diagram

CEA(WaMO) S—d) CipA/(W7MU)
Po N / Pu
CiVIS(VNV’ MO)

commutes, where sd is subdivision, a simple homotopy equivalence. By Munkres
[10, §10] it is good enough to show the theorem for a special smooth triangulation.

Recall the filtration (W;)?™__; by compact cobordisms. Choose a triangulation such
that each W; is a subcomplex for all —1 < ¢ < n and so that for each critical point
p of index 4 the disc D;(p) = W?*(p,v) N (W; —int W;_1) is a subcomplex. We set
for0<k<n Cik) = C’*A(Wk, MO). The complex D g given by
D(k) — CZJWS(WaMO) i < k
L 0 otherwise

The chain map ¢, induces maps ¢*) : Cik) — D,(kk) and k=1 C,gk)/C,Ekfl) —
Dik)/kakfl). Since the diagram

0 — oY — o — et — o

lgoUH) lw(k) lsa(’“’“*”

0 — D,(fk71) — D,Ek) — Dik)/D,gkil) — 0
commutes, it suffices to show that each p*:k=1)
to finish the proof.

is a simple homotopy equivalence

Clearly ®**=1) induces an isomorphism in homology, so it remains to show that it is
simple. Weset D; = |J  D;(p). Then the inclusion i : C’*A(Wi,l uD;, V~VZ—,1) —
pEcrit; (f)
C’*A(Wi, VNVi,l) is the inclusion of the core of the handles into the handles, hence a
simple homotopy equivalence. Now %%~ o is a simple homotopy equivalence by
Cohen [1, 18.3], since we can choose the lifts of D; so that the matrices representing
%=1 6 and the boundary operators have only integer values. Therefore @*:¥—1)
is a simple homotopy equivalence. ([

Now given another Morse function g : W — [0, 1] and a transverse g-gradient w, let
® : W — W be isotopic to the identity such that ®(W?*(q,v)) intersects W*(p, w)
transversely for all critical points ¢ of f and p of g with ind ¢ < ind p. The existence
of such a ® can be seen by adapting the proof of the existence of an adjusted
triangulation. Let (W;(v))?__; be a filtration by compact cobordisms to give the
Morse-Smale complex with respect to (f,v). By the transversality condition there
is a t > 0 such that W} C C;(w) for all i and hence a chain map

wv,w : Ci\/[S(W,M()vav) - CiWS(WaMO,gaw)
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induced by inclusion. For indg = indp we get that ®(W?*(q,v)) N W*(p,w) is a
finite set and using the orientations and coorientations we get intersection numbers
[q : p] € ZG such that

bowl@)= Y la:plp.

pEcritindaq(f)

A different choice of ® will lead to a chain homotopic map, compare the proof of
Lemma 2.4. The chain map ,, ,, is also a simple chain homotopy equivalence, more
precisely we get

Proposition 2.6. Let fo, f1, fo : W — [0,1] be Morse functions and let v; be a
transverse f;-gradient for 1 = 0,1,2. Then

(1) q/}Uoﬂ)l O Py = Puy
(2) ,l/}’vl,’ug o wvo,vl =~ wvo,’ug

Here ’~’ means ’chain homotopic’.

Proof. 1. Notice that if ® is isotopic to the identity, then fyo ® is a Morse function

and d®~! owvg o ® is an fy o d-gradient giving the same Morse-Smale complex as

(fo,v0). Therefore we assume that ® is the identity. We can also assume the

triangulation A is adjusted to both vy and vy.

There is a t > 0 such that W} (vg) C C;(vq) for all i. Also there is an s > 0 such

that ©U (W) C Wi(vg) for all i. Now ©% gives a homotopy between ©% and

the identity. Modify this homotopy away from the endpoints to get a homotopy

h:W x I — W such that h(W® x I) C Cit1(v1). Now define H : CA (W, My) —

CMS (W, My, f1,v1) by sending o to (—1)h.[6 x I] € H;1(Cyt1(v1), Ci(v1)). Then
OH + Hd(0) = hy[6 x 1] — h.[5 x 0]

o:°[o] - o]

= 7/}1107111 O Py (O’) — Py (0)

Notice that we evaluate in H;(Ci(v1), Ci_1(v1)). Now ©%[5] represents ¢, (o) in
H;(W}(vo), Wt (vo) and passing to H;(C;(v1),Ci—1(v1)) is applying ¥, v, -
To prove 2. let us again assume that ® can be chosen the identity, so that we have

Ws(q7v0) rh Wu(pa Ul)
W2 (q,v0) M W"(r,v2)
WS(Z% Ul) h w (7", Uz)

for the relevant critical points.

Choose t > 0 such that W}(vg) C C;(v1) U Ci(v2) and W}(v1) C Cy(ve) for all
i. Since W}(vg) is a compact subset of Cj(vy), there is an s > 0 such that
0 (Wh(vg)) € WH(vy) for all i. Let h : W x I — W be a homotopy be-
tween the identity and ©¥' such that h(W?*(p,vg) x I) intersects W*(r,vy) trans-
versely for indp < indr — 1. Using a lifting b of h we get a chain homotopy
H 2 CMS(W, My, fo,v0) = Hi(W}(vo), Wt 1 (v0)) — Hip1(Cita1(v2), Ci(va)) =
Cﬁf(W7M0,f2,’U2) between wvl,vz o wvo,m and ¢vo,v2 as in 1. U
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3. THE NOVIKOV COMPLEX OF A CIRCLE VALUED MORSE FUNCTION

In this section we look at a closed connected smooth manifold M and smooth
functions f : M — S*. If all critical points of f are nondegenerate, we call f a Morse
function. Since locally we have a function to the reals we get an index for every
critical point and there are only finitely many critical points. Let p : R — S be
the covering given by p(z) = exp(2wix). If the homomorphism of the fundamental
group fx : m(M) — m(SY) = Z is trivial, f can be lifted to a map to R and
we are in the situation of Section 2. Therefore we assume that fx is nontrivial.
Then we can also assume that fu is surjective since otherwise we can lift f to a
finite covering S' — S! such that the resulting map induces an epimorphism on
fundamental group.

Let p: M — M be the connected infinite cyclic covering space corresponding to
ker f4. Then f o p lifts to a map f : M — R and we can assume that 0 € R is
a regular value. Set N = f~1({0}), My = f~1([0,1]) and N’ = f~1({1}). Then
(My; N,N’) is a cobordism and f restricts to a Morse function on this cobordism.
Let pg : M — M be a covering space of M with covering transformation group H
such that p = pop, : M — M is a regular cover of M with covering transformation
group G. We then write f = fop; : M — R and X = p;}(X) for X C M.
Fix a covering transformation ¢ € G such that t(N’) = N. We have a short exact
sequence
1—H—G—Z—1

so that G = H x¢ Z is a semi direct product with 8 : H — H defined by 6(h) =
t~'ht. We can identify the group ring ZG with the #-twisted Laurent polynomial
ring ZHy|t,t~!] where the elements are finite sums Y a;t/ with a; € ZH and
at = t0(a) for a € ZH. By abuse of notation we use ¢t both as an element of G and
as the indeterminate in the polynomial ring.

Let a be the standard closed 1-form on S!, i.e. such that p*a = du.

Definition 3.1. A vector field v is called an f-gradient, if it is dual to f*« with
respect to some Riemannian metric. It is called transverse, if W*(p,v) and W"(q,v)
intersect transversely for all critical points of f with indp <indgq+ 1.

Standard transversality arguments show that transverse f-gradients form a generic
set among all f-gradients, see e.g. Pajitnov [15].

For every critical point p of f choose orientations, respectively coorientations, of
W#(p,v), respectively W*(p,v), as in Section 2. Also choose a lift p € M for every
critical point and lift the orientations as well. The lift of v to M is denoted by ©
and the lift to M by o.

Now define for g1,92 € G and two critical points p, ¢ with indp = indg + 1
(1P : 924) € Z% by [1p : 924](9) = Y. e(7), where the sum is taken over the
trajectories of —v from g1p to ggoq.

Lemma 3.2. We have

(1) (915 920) = 1 [P - dlgz "

(2) (91D : 924]|n € ZH.
Proof. By definition [g15 : g2G](9) = [91P : dl(992) = 91D : @ - 95 ' (9). If 7 is
a trajectory from gi1p to ggoq, then gfli is a trajectory from p to gflgggcj with
(g7 '9) = (), so (15 : 92d](9) = [P : 92d](97 " 9) = g1 - [P : 92d](9).
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2. There exist integers i < j such that ¢1p, g2¢ € f2([i,5]). Then [g15 : g2q]|u
is the coefficient between p1(g1p) and p;1(g2g) in the boundary of the Morse-Smale
complex belonging to the cobordism f~*([i, j]). O

Definition 3.3. The Novikov ring ZHg((t)) = ZHg[[t]][t™!] consists of formal
power series y 02 a;jt/ with a; € ZH and {j < 0|a; # 0} is finite. Again
at = t0(a) for a € ZH.

The Nowikov complex of the circle valued Morse function f : M — S?! ~with trans-
verse f-gradient v is the finitely generated free ZHy((t)) complex C.(M, f,v) gen-

erated by the critical points of f and graded by the index. The boundary is given
by

(2) ap) =Y, Y [:tdlutq

g€Ecrit; 1 (f) j=—0o0

Notice that for f(t7G) > f(p) we get [p: t/q]|g = 0, so  is a well defined module
homomorphism. To see that C.(M, f,v) is indeed a chain complex we have to
show that 92 = 0. This is independent of the choice of liftings of critical points.
For if we replace p by gp for some g € G to get a complex C’, we can define
¢: C(M, f,v) — CL by p(q) = q for g # p and ¢(p) = g~ 'p. Then &' = podop~'.
So choose the liftings of the critical points in My. For nonnegative integers j let
M} = f7'([-4,1]) and M; = f~'({—j}). Also let. ZHg|[t]] be the subring of
ZHy((t)) consisting of formal power series Z;io a;t7. That the Novikov complex
is a chain complex now follows from the next Lemma.

Lemma 3.4. With the liftings chosen in My we get that
C*(Ma fa ”U) = ZHG((t)) ®ZHO[[t]] @C%S(M]l’ Mj, f_|a 1_}|)

where the inverse limit is a finitely generated free ZHy|[t]] complex generated by the
critical points of f.

Proof. For i =0,...,n let
B J
GO =F (= )=U U w"tp0)
k=0 p,ind p>i+1
Then C’%S(M},Mj,ﬂjD = H;(Ci(j),Ci_1(4)) is a free ZH module generated by
the critical points of f|y;1 having index . The inclusion M;(j + 1) C M;(j) gives
the inverse system of Morse-Smale complexes. It is now easy to see that the inverse

limit is a free ZHy[[t]] chain complex generated by the critical points of f such that
the boundary is given by (2), hence the result. |

The inverse limit description is very useful in determining the chain homotopy type
of the Novikov complex. Let A be a smooth triangulation of M, the term adjusted
to v carries over from the real valued case. The triangulation lifts to triangulations
of M and M. By Section 2 we can find a triangulation adjusted to a compact
cobordism f~!([i,]) and get a certain openness and density result. Hence we can
find a generic set of adjusted triangulations.

As in Section 2 we can now define intersection numbers [g16 : gop| € ZG such that
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(915 : g2p](g) is the signed number of points in g16 N W*(gg2p, v). Lemma 3.2
carries over and we define ¢, : C2(M) — C.(M, f,v) by

pu(0) = Z Z [6: 7P| ' p.

p,ind p=dim o j=—00
Proposition 3.5. ¢, is a chain homotopy equivalence.
Proof. Since @, (o) = liml, : H;(5,05) — Hi(Ci(4),Ci_1(j))([6]), it is a chain

map. Lemma 2.4 carries over. If the triangulation contains N = f~'({1}) as a
subcomplex, we also get commutative diagrams

C*A(M]lan) — C*A<Mj1+l’Mj+1)

|#i | it
CyS(Mjl:MﬁfLT}D — C:o{ws(MjquhMj+l7fl7@|)
and ¢, = id ® limJ. Since the () are chain homotopy equivalences by Theorem

2.5, so is the inverse limit as a chain map between finitely generated free chain
complexes inducing an isomorphism on homology. Therefore ¢, is a chain homotopy
equivalence. O

Let us also define the chain maps v, ., : Ci(M, f,v) — C.(M,g,w) where g :
M — S~ is another Morse function homotopic to f and w a transverse g-gradient.
As in Section 2 we can assume, after possibly altering g with a map isotopic to
the identity on M, that W*(q,v) intersects W*(p,w) transversely for all critical
points ¢ of f and p of g with indg < indp. For indqg = indp and g1,90 € G
define [g1G : gop] € ZC such that [g1G : g2p)(g) is the signed number of points in
W#(g14,0) N W*(gg2p, ). Then we define

bow(@= > Y [q:0plut'p.

pecriting ¢(g9) J=—00

Proposition 3.6. Let f; : M — S be homotopic Morse functions for and v; be
transverse f;-gradients for i =0,1,2. Then

(1> wvo,’ln o SDUO = QDUI.
(2) w’l}l,’l)z o 1/)1)0,1)1 =~ ,(/)’Uo,vz .

Proof. We show 2. using Proposition 2.6, 1. will follow analogously. We assume the
same transversality assumptions as in the proof of Proposition 2.6.

Let f; : M — R be liftings of the f; such that 0 € R is a regular value for
all of them. There are integers I, m such that fi(f;*((—00,0])) C (—o0,l] and
fo(f7 1 ((=00,1])) C (—o0,m]. Let kg =0, k; =1 and ky = m. For i =0, 1,2 define
Mj = f7H([=5 + ki 1+ ki), Nj = fi ' ({=j + ki}) and ML, = f7 (=00, 1+ ki)).
By using thin enough filtrations we get for 0 < i3 < i < 2 chain maps 1/1{”»2 :
CyS(Mjl,N;I,ﬁl|, vy ) — CNS(M;2,N;2,]§2|,@2|) induced by inclusion as in the
proof of Proposition 2.6. We also get a chain homotopy H7 : 15{201/)31 ~ ng which is
induced by a homotopy h? : MY x I — M2 between the inclusion ko : MO, — M2
and kis 0 G)’;’Jl o ko1. Here ©" is the flow of —v; and the time s; is chosen so that

the thin filtration of MJQ flows into the thin filtration of Mjl. Also W (W*(p, tg) x I)
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intersects W* (7, 72) transversely for indp < ind 7 — 1 where p € M} and 7 € M.
To define H7! we need a new homotopy h?t1. To get this use A7 and flow a little
longer along the flow of —o; until the thin filtration of M JQ 11 includes into the thin
filtration of M} j+1- Then we change this homotopy to get a new homotopy hitl
such that h7+1(Ws (p, Do) x I) intersects W*(7, p) transversely for indp < ind7—1
where p € M}, and 7 € M7, ,. Since this was already true for p € M} and 7 € M?
we can make the changes so that the diagram

C»{MS(M?aNJ(‘)afOLT}OD — Ox{ws(Mg+1aN+17f0‘ ”Uo|)
lHj lHjJrl
CyS(MJZﬂNfﬂfﬂﬂ@Ql) A CyS(M]‘2+17N]'2+17f2‘»'D2|)
commutes. The inverse limit of H7 is a chain homotopy between lim 1/1{2 o 7,/)61 and

h£1¢32. But ¢y, v;, =1id @ lim wl ips if the liftings of the critical points of f; are

chosen in f=1([k;, ks + 1]). Smce the 14,0, behave well with respect to change of
basis we get the result. ([

Remark 3.7. The chain homotopy H constructed in the proof can be written as

H(p) = Z Z [p:tir]t? r.

recriting p+1(f2) j=—00

To get [p : t/r](h) # 0, there exists a trajectory of —9g from p to a point Z, a
trajectory of —v; from Z to a point g and a trajectory of —v5 from g to ht?7. This
observation will become useful in Section 4.

4. THE NOVIKOV COMPLEX OF A MORSE CLOSED 1-FORM

Now we want to look at closed 1-forms on a closed connected smooth manifold M.
A closed 1-form w induces a homomorphism &, = & : (M) — R by £([y f w,
where 7 is a smooth representative of [y] € m1(M). By de Rham’s theorem all
homomorphisms £ : m (M) — R arise in such a way.

A closed 1-form is locally exact and we say that w is a Morse form, if locally the
functions f : U — R with df = w|y have nondegenerate critical points only. Again
we get that a Morse form has only finitely many critical points, each with an index.

Since 1 (M) is finitely presented, im ¢ is a finitely generated subgroup of R, hence
ZF for some k > 0. If k = 0, w is the differential of a smooth function f:M—R
and we are in the situation of Section 2. If £k = 1 we call w rational and if k > 1 we
call w irrational.

There is a minimal regular covering space p : M — M such that p*w = df for
some f : M — R, namely the one corresponding to ker&. The group of covering
transformations is Z*. If k = 1 let ¢t € Z be the generator such that b = f(z) —
f(tz) > 0forall z € M. Then we can define f : M — S by f(x) = exp(2mif(7)/b),
where Z € M is a lift of 2 € M. Then w = bf*a with « the standard volume form
on S! and we see that rational Morse forms correspond to circle valued Morse
functions.
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Definition 4.1. Let w be a Morse form. A vector field v is called an w-gradient,
if it is dual to w with respect to some Riemannian metric. It is called transverse,
if W#(p,v) and W¥(q,v) intersect transversely for all critical points of w with
indp <indgqg+ 1.

The following is an easy lemma proven in [21].

Lemma 4.2. Let w be a Morse form and v a vector field. Then v is an w-gradient
if and only if
(1) For every critical point p of w there exists a neighborhood U, of p and a
Riemannian metric g on U, such that w,(X) = g(X,v(x)) for every x € U,
and X € T,Up.
(2) If wy # 0, then wy(v(z)) > 0.

We want to define a Novikov complex for a pair (w,v) but we need the right ring
for this. So for a group G and a homomorphism & : G — R let

ZGe ={\ € ZC VR € R #{g € G| \(g) # 0 and &(g) > R} < oo}

Clearly ZG C Zég and the multiplication of ZG extends to 255. Then Z@g
becomes a ring, the Novikov ring.

For a surjective homomorphism & : G — Z we want to show that this coincides
with the Novikov ring given in Section 3. Let t € G satisfy {(t) = —1 and let
H =keré. Let 0 : H— H be 6(h) = t~1ht. For every g € G there is a unique
ng € Z and hy € H such that g = h,-t"s. So for a € ZH and g € G define at’ € ZG
by at?(g) = a(hg) - t7(t"). It is easy to see that this induces a ring isomorphism
between ZHy((t)) and Zég.

Given a Morse form w and a transverse w-gradient we now want to define the
Novikov complex C, (M ,w,v) as before. For this we need the intersection numbers

[p: G] to be elements of ZC\%. We achieve this by an approximation result.

Lemma 4.3. Let w be a Morse form and v an w-gradient. There is a rational Morse
form W' such that v is also an w'-gradient, W' agrees with w in a neighborhood of
the critical points of w and the homomorphism &) vanishes on ker £

Proof. Let g1,...,gx € G be a minimal set of generators of im ¢}, and let w; be
closed 1-forms for ¢ = 1,...,k such that & = &, : G — Z satisfies &;(g;) = di;
and all §; vanish on ker {[,). We can assume that the w; vanish in a neighborhood
of the critical points of w. Let ¢ € R¥. For ||| small enough the closed 1-form
We =W+ Zle g;w; will have the property that v is an w.-gradient by Lemma 4.2.
Now choose the €; so that §|,_} factors through Q. O

So if w is a Morse form, v a transverse w-gradient, p : M — M a regular covering
space with covering transformation group G factoring through M we can define
a Novikov complex C*(]\;[,w’,v) over Z@g using w’ from Lemma 4.3 and writing
&= §w']- The next lemma shows that this complex pulls back to Z@gz ﬂ@g C Z€,

a subring of both Z@g and Z@g.
Lemma 4.4. Let wy, wo be Morse forms that agree near the common set of critical

points with corresponding homomorphisms €1 & : G — R. Let v be both an wi- and
wy-gradient. Then there exist constants A, B € R with A > 0 such that whenever
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there is g € G and a trajectory v of —v between the critical points gq and p, then
€1(g) < Ab(g) + B.

Proof. For every pair of critical points p, ¢ of w; we can choose a path 7,, in M from

p to ¢. There is a K > 0 such that | f7 w;| < K for i = 1,2 and all pairs of critical
prq

points. Since wy and ws agree near the critical points there exists a C' € (0,1) such

that wy(v(x)) > Cwa(v(z)) for all x € M by compactness. Now let g € G be as in

the statement. Then

&lg) = /ww

< K—c/mwwwm»ﬁ

— 00

M+LM<KF[2M@Mth

< K+CK+C w2+0/w2 = K(1+C) + C&(9),
Yap Y

which gives the result. O

Corollary 4.5. Let w be a Morse form, v a transverse w-gradient and w' as in
Lemma 4.3. Let p, q be critical points of w with indp = indg+ 1. Then [p : 4] €
ZGe N ZGe.

Definition 4.6. The Nowikov complex of the Morse form w and the transverse

w-gradient v is the free Z@g complex C,(M,w,v) generated by the critical points
of w and graded by the index. The boundary is given by

(3) o)=Y Ip:da
gecrit;—jw

Since [p: q| € Z@gr ﬂi@g, we can define a graded module C, over Z@g miég and a
homomorphism 9 given by (3). Tensoring with Z@gl gives the Novikov complex of
Section 3, but since ZEQ N 255 includes into 255,, C, is already a chain complex.
Now C*(M,w,v)zzaf(@ C,.

To identify the chain homotopy type we need the chain homotopy equivalences
Oy Z@g b yre C*A(M) — C*(M,w,v) and ¥y 4 : C*(]\Zf,wl,v) — C*(M,wg,w)
already known in the rational case. To get them as chain maps, we merely have to
show that the intersection numbers [ : p] and [p : ¢ as defined in Section 3 lie in

Z@g N Z@g as well.

Z/ég/ﬁz/ég

Proposition 4.7. Let wy, wy, wy be cohomologous Morse forms and for i =10,1,2
let v; be a transverse w;-gradient. Then

(1> ¢vo7v1 o ()OUO = QOUI-
(2) ¢v1,v2 © w’uo,vl = wvo,vz :

Proof. Recall the proof of Lemma 4.3. By choosing the closed 1-forms to vanish in a
neighborhood of all critical points of wy, w1, we we can find rational approximations

w; for w; such that wy, wy and wj are cohomologous. In fact we get w; —w; = wj—w}.

With Proposition 3.6 we get the ., ¥y, », and the chain homotopies over Z@g. It
remains to show that all the coefficients lie in ZG¢/NZG¢. This requires an argument
similar to Lemma 4.4 and we give it for the chain homotopy H : %y, 4, © Wyg,vy =
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w’l}o ,V2*

In Remark 3.7 we pointed out that a nonzero coefficient [p : 7] gives the existence
of a trajectory 7o of —@ from p to & € M, a trajectory 51 of —0; from & to § € M
and a trajectory of —v from g to g7. As in Lemma 4.4 choose K > 0 and paths 7,
between critical points 7 of we and p of wy such that | f%p w;| < K. As in Lemma
4.4 there is a C' € (0,1) with w;(v;(z)) > Cwi(v;(x)) for all i = 0,1,2 and = € M.
Let df01 =Wy — w1 and dfog = Wy — W2. Then

£g) = / w0+/ w0+/ w0+/ wo
Yrp Yo 71 V2
= / w0+/WQ+/W1+/WQ+/ df01+/ dfo2
Yrp Yo Y1 Y2 Y1 Y2

K(1—|—C)+/ wo+C [ wy+C [ wi+C w§+/df01+/df02
71 2

Yrp Yo 71 2

IN

K(1+C)+(1-C) ( [ o+ L dfoz) +CE(g).

Notice that f,y dfoi is bounded by max{ fo;(z) — foi(y) | x,y € M}. Therefore [p :
7] € 2551 N ZEE and the result follows. O

Theorem 4.8. Let wi,ws be cohomologous Morse forms, v a transverse wi -gradient
and w a transverse wo-gradient. Then ¥, : Ci(M,w1,v) — Co(M,wq,w) and
@p : LGe @6 C2(M) — Cy(wy,v) are chain homotopy equivalences.

Proof. That 1), ., is a chain homotopy equivalence follows directly from Proposition
4.7.2 since 1, ,, = id by definition. By Proposition 4.7.1 it now suffices to show that
y is a chain homotopy equivalence for a particular w3 with transverse ws-gradient
u. By a nice trick of Latour [8] there is a Morse form ws cohomologous to wy
and a transverse ws-gradient u such that w is also a gradient of a Morse function
f : M — R. Namely choose a Morse function f : M — R and a transverse f-
gradient u and change w; to w’ in a contractible neighborhood of every critical
point of f such that w’ is constant 0 near the critical points of f. This is possible
since wy is locally exact. Now for C' > 0 large enough w3 = w’ + C - df has u as a
gradient. Then C,(M,ws,u) = Z@g ®za Cw(M, f,u) and ¢, = id ® M5, Since
©MS is a chain homotopy equivalence, so is . [

5. CONTINUATION

Another way to describe a chain homotopy equivalence is the principle of continua-
tion coming out of Floer theory, see also Schwarz [24] or Pozniak [19]. To describe
this we will follow the exposition of PoZniak [19, §2.6].

Let wg and wy be cohomologous Morse forms and v; be a transverse w;-gradient for
i =0,1. We have wg — w; = df for some f : M — R. Define a Morse form 2 on
M % [0,1] as follows. Let v : [0,1] — [0, 1] be a smooth function constant 0 near 0
and constant 1 near 1. For C' > 0 let

Q=wg—Csinwtdt +d(f -v) = wo — Csinmtdt +df -v(t) + f-0'(¢) dt.

We can choose the C' > 0 so large that the df summand only vanishes for ¢t =
0,1. Att =0 we get w = wg and at t = 1 we get Q = w;. In particular the
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critical points of Q are (p,0) with p € critwy and (¢,1) with ¢ € critw;. Also
ind (p,0) = indp + 1 and ind (g,1) = indgq. Now let v be a transverse 2-gradient
that agrees with v; on M x {i} for i = 0,1. Then we can form the Novikov complex
C, = C.(M x [0,1],Q,v) as before. To see that this is in fact a chain complex
one can extend  to a Morse form on M x [0,2]/(x,0) = (2,2) = M x S and get
C, to be a certain restriction of the corresponding Novikov complex, see Pozniak
[19] for more details. Now it is clear that C; = Ci(M,whvl) @ Ci,l(M,wo,vo)
and C, (M ,w1,v1) is a subcomplex. Therefore C, is the mapping cone of a chain
map Cygu; : C..(M,wp,vo) — Cy(M,wy,v1), the continuation map. It is obtained
by counting the signed flowlines from (p,0) to (g,1). We show that ¢, ., is chain
homotopic to ¥,.v, -

Let pg : Cx — C*,l(M,wo,vo) and p; : Cy — C*(M,wl,vl) be the projections.

Notice that p; is not a chain map, in fact p19; = 9ip1 + (—1)" ey, 0, © Po-

Proposition 5.1. Let A be a smooth triangulation of M. Then cyy.vy © Puy = Puy -

Proof. We can assume that A is both adjusted to vy and v;. We get a CW-
structure A x I of M x [0,1] by looking at the natural product structure. We
want A x I adjusted to v. Notice that for a critical point (g,1) of Q the unstable
manifold W*((q, 1), v) has one more dimension that W*(q, v;) while W*((p,0),v) =
W*(p,vp). So the simplices o x {1} already intersect the W*((g,1),v) transversely
if o intersects W*(q,v1) transversely. But the simplices o x {0} do not intersect
W¥((p,0),v) transversely even if o intersects W"(p,vg) transversely. But we can
extend © and v into a collar of M x {0} and push the triangulation of M x {0} into
that collar. Now we can adjust A x I to v such that the intersections of W*((p,0),v)
and o x I give the same coefficient as the intersection of o with W*(p,vg), i.e. we

get vy, (0) = popy (o x I), where ¢, : Zég ®@zq CA*I(M x I) — C, is the resulting
chain map. We can also assume that p;p, (o X {1}) = ¢, (¢). Now define

H; : ZGe ®z6 Cy(M) — Ciyr (M, w1, v1)
by H;(o) = (—1)%p1 o ¢, (0 x I). Then
Oip1Hi + Hi_10;(0) = (—=1)'0iz1p1pu(o X I) + (=1)" ' p1epy(do x I)
= (=1)'p10it10(0 X I) = Cyg 0y popu(o x I) +
+(—1)i_1pltpv(8a x I)

= piype(o x {1}) = prpy(o x {0}) — Cug,v1 Pup ()
= oy, (0) Cug,v1 Py (o).

Notice that pip, (o x {0}) = 0, since W*((¢q,1),v) N M x {0} = 0. O

Corollary 5.2. Let wg and wi be cohomologous Morse forms and v; be a transverse
w;-gradient for i = 0,1. Then c,, , s chain homotopic to Py, v, -

Proof. Using Proposition 4.7, Theorem 4.8 and Proposition 5.1 we get

—1
Cogvy ™ Puy © Pyy =~ Yug g5

hence the result. O
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6. THE SIMPLE HOMOTOPY TYPE OF THE NOVIKOV COMPLEX

In the exact case Theorem 2.5 already states that ¢, is a simple chain homotopy
equivalence, by Proposition 2.6.1 the same is true for ¢, .. In the nonexact case
the situation gets a little bit more complicated. First we need to decide what we
mean by a simple chain homotopy equivalence.

IfGisagroupand £ : G — R a homomorphlsm let a € ZGg satlbfy a(g ) =0 for

g € Gwith&(g) >0. Then1—a € ZGE is a unit with inverse Y ;- ja* € ZGf We
call such units and units of the form +¢g with g € G trivial units.

Definition 6.1. Let G be a group and £ : G — R a homomorphism.

(1) Let U be the subgroup of K, (Zég) generated by the trivial units. Then
Wh(G;§) = Ki(ZG¢)/U.

(2) A chain homotopy equivalence ¢ : C, — D, between finitely generated free
based ZG¢ complexes C, and D, is called simple , if 7(p) = 0 € Wh(G;¢).

In the rational case Pajitnov and Ranicki [18] obtain a decomposition result for
K1(ZG¢). In particular the natural map . : Wh(G) — Wh(G; €) is surjective then.
Pajitnov [12] in the circle valued case and Latour [8] in general already showed that

there is a simple chain homotopy equivalence between C, (w, v) and 255 ®zaC2 (M)
and the purpose of this section is to show that ¢, is such an equivalence.

Theorem 6.2. Let wy,wq be cohomologous Morse forms, v a transverse w1 -gradient
and w a transverse wy-gradient. Then T(py) = T(Yyw) = T(Cr.w) = 0 € Wh(G; &),
i.e. all these chain homotopy equivalences are simple.

Proof. We show that 7(1,,,) = 0. By Corollary 5.2 we then get 7(c,) = 0, since
chain homotopic equivalences have the same torsion, see e.g. Ranicki [20, Prop.1.2].
To get the result for 7(p,) notice that by Proposition 4.7.1 it is enough to show
7(¢wu) = 0 for a particular u. Recall Latour’s trick in the proof of Theorem 4.8: we
get 7(py) = i.7(pM9) for the u constructed there. Here i, : Wh(G) — Wh(G;¢)
is the natural map and 7(¢*) = 0 by Theorem 2.5. Hence we get 7(¢,) = 0.

Since w; and wy are cohomologous, there is f : M — R such that ws = wy + df.
Let v : [0,1] — [0, 1] be a smooth function which is constant 0 near 0 and constant
1 near 1. Let H” : M x I — T*M, where T*M is the cotangent bundle, be
defined by H"(z,t) = (w1)z + v(¢) - dfy. Then for every t € [0,1] H = H'(-,t)
is cohomologous to wy with H = w; and H{ = ws. Now adapt Milnor [9, §2]
to change H” to H' : M x I — T*M such that H’ intersects the zero section
transversely. Note that [9, §2] improves a smooth function locally so it carries over
to the closed 1-form case and also to a parametrized version. We do not need to
change H" near M x {0,1} so we can assume that H) = wy, H] = wy and Hj is
cohomologous to wq for all ¢ € [0, 1].

Now H' intersects the zero section in finitely many intervals and circles. By using a
small isotopy of M x I we can further arrange that the resulting H : M x I — T*M
has the following properties:

(1) Forallt € [0,1] H; is cohomologous to wy and has only finitely many critical
points.

(2) Every H; has at most one degenerate critical point.

(3) Fore only finitely many values of ¢ H; has a degenerate critical point.
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(4) If H; has a degenerate critical point there is an ¢, > 0 and a oy € {—1,1}
such that Hyi,,. has exactly one more critical point than H; and H;_,,.
has exactly one less critical point for all 0 < & < &;.

So let t € (0,1) be such that H; has a degenerate critical point. Denote this
point by (p,t) € M x [0,1]. Let U be a neighborhood of (p,t) diffeomorphic to
R™ x (t —e,t+¢) such that (t —e,t+¢) C [0,1] and € < ;. Choose an Hy-gradient
v such that for all nondegenerate critical points the stable and unstable manifolds
intersect transversely. By choosing 0 < § < € small enough we can find transverse
Hyys-gradients vys close to vy. Without loss of generality we can assume that H; s
has two critical points in R™ x {t + 6} C U. Let U; be the neighborhood of p such
that U, x {t} = UNM x {t} and let h; : Uy — R be such that dh; = H|y,. We can
change h; slightly near p to remove the critical point. Hence there is a contractible
cylinder neighborhood C of p. But we can also alter h; slightly near p to introduce
the two critical points of H;;s and for § > 0 small enough we stay inside C'. Then
C has a handlebody decomposition with two critical points. Hence the two critical
points have adjacent index and the algebraic coefficient is +1.
Let {p1,...,pi} be the set of nondegenerate critical points of H;. The closed 1-form
H, pulls back to an exact form dh with h : M — R. Choose liftings p; € M of
the critical points. If w; is irrational, we can choose them in h=!(J) where J is
an arbitrarily small interval. If w; is rational, we choose them in h=1([0,7]), where
r > 0 is the positive generator of im¢&.
Let {py,...,p; } be the set of critical points of H; s and {nf,.. '7pl+vpl-:17pl—:2}
be the set of critical points of Hy;s such that p;ft corresponds to p; for i =1,...,1.
By choosing § > 0 small enough we can make the pl?t arbitrarily close to p;. Thus
choose the liftings of pfﬁ close to the p;.
Let us write Cy(Hy_s,v_5) = C; and C.(Hys,v1s) = CF @& D,, where D, is
generated by the two extra critical points. Write the boundary of Cy(Hyts,v4+5)
ot ¢
0o oP
By the definition of v using the intersections of stable and unstable manifolds
and the fact that the critical points p;r and p, together with their stable and
unstable manifolds are close to each other, we get the following description. In

IJDA with A4;;(g) = 0 for £(g) > 0.

In the rational case we can assume that h(p;) < h(p;) for ¢ < j and the matrix

J— / —

looks like ¢ = ( d :2 © ) with A (g) = 0 for {(g) > 0 and O a lower
D

triangular and hence nilpotent matrix. Then I + O + O? + ... is elementary and

(I-A-0)I+0+0?%+...)=1I— A with A as before. Write o =1 — A.

By choosing the liftings of plil and pl'trQ appropriately we get for the coefficient in

the boundary of D, [ﬁlt_g 315;;1] =1—a with a(g) =0 for {(g) > 0.

in this decomposition as . Now look at the matrix of ¥ = 1, ,,

Vis*

the irrational case it looks like 1 =

We now have a short exact sequence of free Z@g chain complexes
0—C; LC:‘@D*—>Z§*—>O

where D, is the cokernel of ¢ and has rank 2. By Ranicki [20, Prop.1.8] the
boundary of D, is 8 = 8P + waalc.



18 D. SCHUTZ

We claim that if 6 > 0 is small enough, then 0 = 1 — b with b(g) = 0 for £(g) > 0.
Note that 9P is already of that form. Now ¢ counts trajectories from ﬁl++2 to
translates of ﬁj and ¢p counts broken trajectories from p;” to translates of ﬁl—:r
If 6 > 0 is small enough p/,, and f,"; are so close that (wpibs'e)(g) # 0 implies
§(g) <0.

By Ranicki [20, Prop.1.7] we now get that the projection p : C(v)) — D, from the
mapping cone of ¥ to the cokernel is a chain homotopy equivalence with torsion

o]
7(p) = > (1) 7(ve),

i=0
so C(v) is simple homotopy equivalent to D,. But D, has trivial torsion by the
claim above. Therefore v is a simple chain homotopy equivalence.
Now if there are no degenerate critical points between H;_5 and Hy;s the same
argument, but easier since D, = 0, shows that v is a simple isomorphism. By
Proposition 4.7 we get that v, ,, is a simple chain homotopy equivalence. ([

Remark 6.3. In the rational case there is a direct proof that ¢, is a simple chain
homotopy equivalence using the inverse limit description. See [23, Rm.A.5] for
details. That proof is much simpler, but it does not give the irrational case.

That the Novikov complex C, (w, v) is simple chain homotopy equivalent to 255 Rzc
CA(M) is important for finding a minimal number of critical points for a Morse
form within a cohomology class, see Latour [8] or [23]. Other applications of torsion
are discussed in the next section.

7. THE CLOSED ORBIT STRUCTURE OF THE GRADIENT

The torsions 7(¢,) and 7(1y, ) are already well defined in K (Z@g)/<7’(:|:g) lg €
G). If we denote by W the subgroup of K1(ZG¢)/(T(£g) | g € G) generated by the
trivial units, we get 7(¢y), T(Vyw) € W by Theorem 6.2. In this group the torsion
7(¢y) does not depend on the triangulation of M, but it does depend on v. In fact it
contains information about the closed orbit structure of —v. To make this more clear
let us define a zeta function of —v. Let v € H1 (M) be a nonzero homology class and
let C, C M x(0,00) be the set of closed orbits of —v belonging to v. By [22, Lm.5.7]
and Fuller [4, Th.3] C, is an isolated compact set of closed orbits and hence its Fuller
index i(C,) € Q, see Fuller [4], is defined. Note that C, # () implies that £(y) < 0,
since w;(v(z)) < 0 for w, # 0. Now 7(—v) € Q% defined by 7(—v)(y) = i(C,)
satisfies (—v)(y) = 0 for {(y) > 0 and 7(—v) € QGaupe. Then we define the
commutative zeta function ((—v) = exp(ij(—v)), where exp(z) = > 7o %1: A
priori ¢(—v) is an element of @57 but one can write down a product formula to
see that ((—v) € Z/G;)5. But this also follows from the following.

Theorem 7.1. Let w be a Morse form on the closed connected smooth manifold
M and v a transverse w-gradient. Let M be the universal abelian covering space.

Then for the fhain homotopy equivalence @, : mg ®za,, C(M,w,v) we have
det(7(¢v)) = ¢((—v).

Sketch of proof. Let us assume that w = f*a, where f : M — S! is a Morse
function. As in Section 3 we get the cobordism (My; N, N'). Pajitnov [13] defines
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a “cellularity” condition on f-gradients v. Roughly this condition requires a Morse
decomposition on N which also gives a decomposition on N’ such that points from
the i-skeleton of N’ either flow into critical points of f with index < 4 or into the
i-skeleton of N under the flow of —v. Here v is the lift of v to M. A dual condition
holds for the flow of v.

Then the flow of —7 defines a partially defined function —% : N’ — N which behaves
cellular. Furthermore the critical points of f|ys, together with the decomposition
of N gives a decomposition of My such that its chain complex calculates H,.(Mpy).
Also the flow of —v defines a cellular map —¢ : N’ — My such that on the chain
level we get a gradient-like chain approximation h : C\,(N') — C,(My), see Ranicki
[20, §6] for this terminology. Using this chain approximation Ranicki [20, §6] defines
a chain homotopy equivalence p : 255 ®za C2(M) — C,(M,w,v) with torsion
n—1
(4) 7(p) = Y (D)7 (1 - thY) € Ki(ZHo((1))) = K1 (ZG).
k=0
Here hY : C,(N') — C,(N) is determined by the partially defined function — :
N’ — N. In [21, Prop.4.1] a triangulation of M is constructed such that p = ¢,.
Therefore 7(yp,) is given in terms of (4) as well. After passing to Z/G;,& we get
det () = [TrZe det(1 — th) D"
It remains to compare this to ((—v). Note that closed orbits of —v correspond to
fixed points of iterates of t ™1 o = : N’ — N’, where t~! : M — M is the covering
transformation sending N to N’. Tt is shown in Pajitnov [14, §8] that the fixed
point information contained in det 7(¢,) matches the closed orbit information of
the zeta function. This proves the theorem for cellular gradients. Now Pajitnov
[13] shows such vector fields are C°-generic. By showing that the torsion and the
zeta function depend continuously on v the theorem follows for general v. This is
done in [22, §8-§10].
In the case where w is irrational the theorem can be shown by approximating w
with a rational Morse form, compare [21]. O

Notice that the torsion in (4) is over 255, but the zeta function is defined in Z/G;,&.
Since closed orbits do not give a well defined element of G = 71 (M), we cannot
define it in Z@g. But the conjugacy class of a closed orbit in G is well defined. Let
I' be the set of conjugacy classes of G and for v € I' let C, be the set of closed
orbits of —v belonging to . Then ¢(C,) € Q is well defined and we can define
n(—v) € @\I‘g as before. Since Q/\I‘E is only an abelian group, we cannot take the
exponential of n(—v).

A different approach to define a noncommutative zeta function was suggested by
Geoghegan and Nicas [5] using Hochschild homology. If ® : M x R — M is the
flow of —v, define for every positive integer n a homotopy F, : M x [0,n] — M by
restricting ®. For such an F,, Geoghegan and Nicas [5] define the one-parameter
trace R(F,) € HH,(ZG). Now

HH, (ZG) = ) C(9(7))av
~yel

where g(v) € G represents the conjugacy class v and C(g(7)) is the centralizer of
9(7)-
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A nonzero term in C(g(7y))ap detects a closed orbit which represents the conjugacy
class 7. The following can be found in [22]. It is possible to complete HH;(ZG)
to fI?Il(ZG)g such that the sequence R(F,,) converges in ﬁl(ZG)g. Then the
noncommutative zeta function is defined as ((—v) = lim, oo R(Fy,) € I/{Hl(ZG)E.
Furthermore there is a natural homomorphism [ : HH 1(ZG)e — ]1@"5 such that
1(((=v)) = n(=v).

To pass from K-theory to Hochschild homology we use the Dennis trace DT :
Kl(@g) — HHl(Zég). There is a natural homomorphism 6 : HHl(Zag) —
I-/I;Il(ZG)g. Now #o DT does not vanish on im(+G) C K; (Zég), but 8o DT (1(+g))
= [g] € C(1g)ap = Gap which is a direct summand of P/I?Il(ZG)g which contains
no information of {(—v). By projecting this factor away we get a natural homo-
morphism D% : K (ZEE)/(T(:I:Q) lg e G) — I:U\{l(ZG){ and the generalization of
Theorem 7.1 reads

Theorem 7.2. Let w be a Morse form on the closed connected smooth manifold
M and v a transverse w-gradient. Then for the chain homotopy equivalence v, :
ZGe @76 Co(M,w,v) we have DE(T(py)) = ((—v).

The proof is analogous to the proof of Theorem 7.1, in fact we only need to check
that the fixed point information contained in D%(7(yp,)) detects the zeta function.
This is similar to the commutative case, but more involved, see [22, §7] for details.

It is worth pointing out that [ o ®% has a logarithm property, i.e. for a trivial unit
1—a we have o DF(7(1 —a)) = =30, 29 where ¢ : ZGe — ZI¢ is aug-

n=1 n
mentation. Denote £ =1 oD%, this homomorphism was obtained by Pajitnov [16]

without using Hochschild homology.

Pajitnov [14] defined for cellular gradients of circle valued functions a natural chain
homotopy equivalence ¥, : C(M, f,v) — Z@g Rz C*A(M). This is done by in-
cluding the Novikov complex into a complex C which is simply isomorphic to
Z@g ®za C2(M) as used by Ranicki, compare [14, §7.4]. Composing this with
p: Z@g Rz C*A(M ) gives the identity on the Novikov complex. Since both maps
are chain homotopy equivalences, they are mutually inverses to each other.

Proposition 7.3. Let f : M — S' be a Morse function and v a transverse cellular
f-gradient. Then y, and 9, are mutually inverse chain homotopy equivalences.

Proof. This follows since different smooth triangulations do not change the chain
homotopy type of ¢, and for a special triangulation we get ,, = p, see the proof
of Theorem 7.1. O

Pajitnov [16] obtains
(5) L(=7(?y)) = n(=v).

Of course the proof of Theorem 7.2 uses results from [16], but Proposition 7.3 now
shows how (5) follows from Theorem 7.2.

Also Pajitnov [12] defines a chain homotopy equivalence ¥/, : C.(M, f,v) — Z@g
®zaCA (M) without the cellularity assumption. In [17] Pajitnov shows that 9/, and
¥, are chain homotopic for cellular v, even though only for the minimal cover M
instead of the universal cover.

A similar result to Theorem 7.1 has been obtained by Hutchings and Lee [7] and
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Hutchings [6]. Both require certain acyclicity conditions on the Novikov complex so
the torsion of ¢, is just the difference of two torsions. In particular ¢, is not really
needed. Nonetheless [7] contains a version of ¢,, using singular chains instead of
simplices. While the method of [7] is similar to the one described in the proof of
Theorem 7.1, the method of Hutchings [6] is quite different. There the change in
the torsion of the Novikov complex and the zeta function when passing from one
Morse form with gradient to another is shown to be equal by using bifurcation
analysis. In view of Proposition 4.7 he shows that 7(1,.,) detects the difference in
zeta functions.

Let us finish by giving an example of a gradient for which the noncommutative
zeta function contains more information than the commutative version. For this
we need the following theorem which is proven in [23].

Theorem 7.4. Let G be a finitely presented group, £ : G — Z a homomorphism
with finitely presented kernel, b € ZC\}’g satisfy b(g) = 0 for £(g) > 0 and n > 1.
Then for any closed connected smooth manifold M with 71 (M) = G and dim M >
6 there is a Morse function f : M — S realizing & on fundamental group, a
transverse f-gradient v and a b’ € Z@g with V' (g) = b(g) for £&(g) > —n such that

() = 7(1 — V) € K1(ZG¢)/(1(£9) | g € G).

Now let NV be a nontrivial finitely presented nonabelian group. Then the projection
€:G = N xZ — Z satisfies the conditions of Theorem 7.4. Let n € [N, N] —{1n}.
Then g = (n,—1) and h = (15, —1) are not conjugated in G, but project to the
same element in Go, = Hgp X Z. Look at 7 = 7((1 — g)(1 — h)™) € W. Then
e(r) =0¢€ K1(ZH((t))). To see that DF(7) # 0 we have the next Lemma.

Lemma 7.5. Let G be a group and £ : G — R a homomorphism. For g € G let
pg : HH1(ZG)e — C(g)ap be the projection. If £(g) < 0, then pgoDZ(T(1—g)) #0
and pp, o DF(7(1 — g)) = 0 if h is not conjugated to g™ for any positive n.

Proof. By [22, §4] DT(r(1 — g)) is represented by a 1-chain — 7o ¢ ® g and
py([g" @ g]) = [g] € C(g)ap for k=0 and 0 for k& > 0. Also p([¢* ® g]) =0 if h is
not conjugated to g**!. To see that [g] # 0 € C(g)ap note that & : G — R restricts
to ¢ : C(g) — R which induces € : C(g)ay — R and clearly £([g]) = £(g) < 0 by
assumption. O

In our situation we get py(DE(7)) = [g] and pp(DZ(7)) = —[h]. Now apply The-
orem 7.4 to get a manifold M, a Morse function f : M — S' and a transverse
f-gradient v such that 7(¢,) = 7 — 7(1 — b) where b(g) = 0 for {(g) > —1. Then
¢(—v) detects two closed orbits corresponding to g and h while ¢(—v) does not
detect any closed orbits corresponding to —1 € Z = Hy(M).
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