CONTROLLED CONNECTIVITY OF CLOSED 1-FORMS
D. SCHUTZ

ABSTRACT. We discuss controlled connectivity properties of closed 1-forms and their
cohomology classes and relate them to the simple homotopy type of the Novikov com-
plex. The degree of controlled connectivity of a closed 1-form depends only on positive
multiples of its cohomology class and is related to the Bieri-Neumann-Strebel-Renz in-
variant. It is also related to the Morse theory of closed 1-forms. Given a controlled
0-connected cohomology class on a manifold M with n = dim M > 5 we can realize it
by a closed 1-form which is Morse without critical points of index 0, 1, n — 1 and n.
If n =dimM > 6 and the cohomology class is controlled 1-connected we can approx-
imately realize any chain complex D, with the simple homotopy type of the Novikov
complex and with D; = 0 for s < 1 and i > n — 1 as the Novikov complex of a closed
1-form. This reduces the problem of finding a closed 1-form with a minimal number of
critical points to a purely algebraic problem.

1. INTRODUCTION

Given a finitely generated group G, Bieri, Neumann and Strebel [4] and Bieri and Renz
5] define subsets ¥¥(G) of equivalence classes of Hom(G,R) — {0}, where two homomor-
phisms G — R are identified if they differ only by a positive multiple. These sets reflect
certain group theoretic properties of G like finiteness properties of kernels of homomor-
phisms to R. In these papers ¥¥(G) is defined in terms of homological algebra but a more
topological approach is outlined as well. This topological approach has become more im-
portant in recent years. Bieri and Geoghegan [2] extend this theory to isometry actions
of a group G on a CAT(0) space M. Although we will restrict ourselves to the classical
case, we will use this more modern approach for our definitions. This way a property of
a homomorphism y : G — R being controlled (k — 1)-connected (CC*~1) is defined such
that x being CC*! is equivalent to £[x] € ¥¥(G). A refinement which distinguishes
between x and —y is also discussed.

In the case where G is the fundamental group of a closed connected smooth manifold M
the vector space Hom(G, R) can be identified with H'(M;R) via de Rham cohomology.
Now the controlled connectivity properties have applications in the Morse-Novikov the-
ory of closed 1-forms. Given a cohomology class o € H'(M;R) we can represent it by
a closed 1-form w whose critical points are all nondegenerate. We will call such 1-forms
Morse forms. In particular there are only finitely many critical points and every critical
point has an index just as in ordinary Morse theory. A natural question is whether there
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is a closed 1-form without critical points. This question was answered by Latour in [18].
A similar problem is to find bounds for the number of critical points of Morse forms rep-
resenting a and whether these bounds are exact. Special cases of this have been solved
by Farber [11] and Pajitnov [22].

To attack these problems one introduces the Novikov complex C,(w,v) which first ap-
peared in Novikov [21]. This chain complex is a free ZG,, complex generated by the

critical points of w and graded by their indices. Here ZG, is a completion of the group
ring ZG which is discussed in Section 5. To define the boundary in C,(w, v) one needs the
vector field v to be gradient to w and to satisfy a transversahty condition. This complex
turns out to be simple chain homotopy equivalent to ZG @z C2(M) where M is the
universal cover of M and a triangulation of M is obtamed by lifting a smooth triangula-
tion of M. Therefore a closed 1-form has to have at least as many criti/c\al points as any
chain complex D, has generators which is simple chain homotopic to ZG, ®zq C*A(M ).
Latour’s theorem [18, Th.1’] now reads as

Theorem 1.1. Let M be a closed connected smooth manifold with n = dim M > 6 and
a € HY(M;R). Then « can be represented by a closed 1-form without critical points if and

only if a is CC*, Z/@X Qza C2(M) is acyclic and T(ZEJX ®Qza C2(M)) =0 € Wh(G; x).

Here Wh(G; x) is an appropriate quotient of K (ZE?X) The condition that o be CC! can
be described as follows: a closed 1-form w representing « pulls back to an exact form df
on the universal cover. For « to be CC' we require that for every interval (a,b) C R there
is a A > 0 such that every 0- or 1-sphere in f~'((a,b)) bounds in f~!((a — \,a + \)).

To prove this theorem one has to face the typical problems of the classical h- and s-
cobordism theorems. It turns out that the controlled connectivity conditions mentioned
above are exactly what we need for this. We get that a can be represented by a closed 1-
form without critical points of index 0 and n = dim M if and only if o is CC~!. Of course
this is equivalent to a being nonzero and the corresponding fact that such a cohomology
class can be represented without critical points of index 0 and n has been known for a
long time. If n > 5 removing critical points of index 0, 1,n — 1 and n is equivalent to CC?,
see Section 4. Finally CC! allows us to perform the Whitney trick to reduce the number
of trajectories between critical points, provided n > 6. This is basically already contained
in Latour [18, §4-5], but we think that our approach is easier. Also the connection to the
Bieri-Neumann-Strebel-Renz theory in [18] is not mentioned. Recently this connection
was made more clear by Damian [9], who also shows that the condition CC' in Theorem
1.1 cannot be removed.

We deduce Latour’s theorem by showing that for o CC* g{ld dim M > 6 we can realize a
given chain complex D, simple homotopy equivalent to ZG, ®zq C*A(M ) approximately
as the Novikov complex of a closed 1-form, provided D, is concentrated in dimensions 2
to n — 2. To be more precise, our main theorem is

Theorem 1.2. Let M be a closed connected smooth manifold with n=dimM > 6 and
let « € HY(M;R) be CC*. Let D, be a finitely generated free ZGX complex with D; = 0

fori <1 and 1 > n — 1 which is simple chain homotopy equivalent to ZG ®zq C2(M )
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Given L < 0 there is a Morse form w representing «, a transverse w-gradient v and a
simple chain isomorphism ¢ : D, — C.(w,v) where each p; is of the form I — A; with
[Asll < exp L.

The negative real number L comes from the fact that we do not actually realize the com-
plex D, perfectly, but we can only approximate it arbitrarily closely.

A similar theorem has been proven by Pajitnov [24, Th.0.12] in the case of a circle valued
Morse function f : M — S*. The condition C'C" is replaced there by the condition that
ker(fy : m (M) — Z) is finitely presented. This is in fact equivalent to CC" for rational
closed 1-forms, i.e. pullbacks of circle valued functions. See Theorem 6.9 for a comparison
to Pajitnov’s theorem.

In the exact case a similar theorem has been shown by Sharko [35] which is in the same
way a generalization of the s-cobordism theorem as Theorem 1.2 is a generalization of
Latour’s theorem.

Using Theorem 1.2 it is now easy to see that under the conditions that « is CC' and
n > 6 the minimal number of critical points of a closed 1-form within the cohomology
class « is equal to the minimal number of generators of a chain complex D, of the simple
homotopy type of the Novikov complej& Thus the problem is reduced to a purely algebraic
problem involving the Novikov ring ZG,. Using the work of Farber and Ranicki [13] and
Farber [12] this problem can also be shifted to a different ring, a certain noncommutative
localization of the group ring, see Theorem 6.10 for more details.

As an application of Theorem 1.2 we _can approximately predescribe the torsion of a natu-
ral chain homotopy equivalence ¢, : ZG,@C2(M) — C,(w,v) in K{(ZG,)/{[*4g] | g € G).
The result we obtain is

Theorem 1.3. Let G be a finitely presented group, x : G — R be CCt, b € Z/EX satisfy
16l <1 and € > 0. Then for any closed connected smooth manifold M with m (M) =G
and dim M > 6 there is a Morse form w realizing x, a transverse w-gradient v and a

b € ZGy, with ||b— V|| < e such that T(p,) = (1 =) € K\(ZG,)/{[+g]|g € G).

By [32, Th.1.1] 7(¢,) detects the zeta function of —v, a geometrically defined object car-
rying information about the closed orbit structure of —v. Therefore Theorem 1.3 allows
us to realize vector fields whose zeta function is arbitrarily close to a predescribed possible
zeta function.

To prove Theorem 1.2 we have to realize certain elementary steps between simple chain
homotopic complexes for the geometric Novikov complexes. The techniques of cancelling
critical points, adding critical points and approximating an elementary change of basis
are all contained in Milnor [19], but we have to make minor adjustments to be able to use
these methods in our situation. Most of these techniques in Milnor [19] are technically
quite involved, in order to not get hung up in technical difficulties we mainly just write
down the changes that need to be done in the original proofs of [19].

The results above suggest that vanishing of Novikov homology groups is related to con-
trolled connectivity conditions in general. To make this more precise one has to introduce
a weaker notion called controlled acyclicity. The precise relation can be found in Bieri
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[1] or Bieri and Geoghegan [3], but we discuss these results in Section 9 for the sake of
completeness.

The statement that the Novikov complex is chain homotopy equivalent to ZZ}X Rz C’*A(M )
was already announced in Novikov [21], but detailed proofs did not appear until much
later, see Latour [18] or Pajitnov [23]. Easier proofs have since then appeared which are
based on concrete chain homotopy equivalences, but they are scattered through the liter-
ature and are not very well connected to each other. In Appendix A we describe some of
these equivalences and show how they are related to each other.

I would like to thank Ross Geoghegan for suggesting this topic and for several valuable
discussions. I would also like to thank Andrew Ranicki for inviting me to Edinburgh
where parts of this paper were written.

Notation. Given a closed 1-form w on a closed connected smooth manifold M we denote
the cohomology class by [w] € H*(M;R). A cohomology class o« € H'(M;R) induces a
homomorphism x = x, : m (M) — R. We set G = m(M). For a given closed 1-form w
there is a minimal covering space such that w pulls back to an exact form, namely the one
corresponding to ker x(,;. We denote it by p : M|, — M. The universal covering space is
denoted by p: M — M. Given a vector field v on M, we can lift it to covering spaces of
M. We denote the lifting to M by v and the lifting to My, by v. If the critical points of
w are nondegenerate, we say w is a Morse form. The set of critical points is denoted by
crit w.

Given a smooth function f : N — R on a smooth manifold N with nondegenerate critical
points only we define an f-gradient as in Milnor [19, Df.3.1], i.e. we have

(1) df(v) > 0 outside of critical points.

(2) if p is a critical point of f, there is a neighborhood of p such that f = f(p) —

> i 2505y 3. Inthese coordinates we require v = (=21, ..., =T, Tiy1, - -, Tn)

This notion of gradient extends in the obvious way to Morse forms. It is more restrictive
than e.g. Pajitnov [26] or [31], but is used to avoid further technicalities in cancelling
critical points.

Choose a Riemannian metric on N. If p is a critical point and § > 0, let Bs(p), resp. Ds(p),
be the image of the Euclidean open, resp. closed, ball of radius ¢ under the exponential
map. Here 0 is understood to be so small that exp restricts to a diffeomorphism of these
balls and so that for different critical points p, ¢ we get Ds(p) N Ds(q) = 0.

If & denotes the flow of an f-gradient v, we set
We(p,v) = {re N| lim &(z,) = p}
Wp,v) = {zeNJ| lim &(z,t)=p}
Bs(p,v) = {xe€ N|FIH >0 &(z,t) € Bs(p)}
Ds(p,v) = {xeN[3t =0 ®(x,t) € Ds(p)}

The set W#(p, v) is called the stable and W*"(p, v) the unstable manifold at p. Notice that
W#(p,v) C Bs(p,v) C Ds(p,v), W*(p,v) C Bs(p,—v) C Ds(p,—v) and the Bj sets are
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open. The sets Ds(p,v) do not have to be closed as other critical points might be in their
closure.

A gradient v is called transverse, if all stable and unstable manifolds intersect transversely.
The set of transverse gradients is generic, see Pajitnov [26, §5].

Let R be a ring with unit and 7 : ZG — R a ring homomorphism. Then define
C2(M; R) = R @z C(M) and CA(M; R) = Homp(C2(M; R), R).

Notice that C2(M;R) is a free left R module and Cx(M;R)

a free right R module.
Furthermore we denote the homology and cohomology by H,(M; R)

and H*(M; R).

2. CONTROLLED CONNECTIVITY

Let k be a nonnegative integer and G a group of type Fj, i.e. there exists a K (G, 1) CW-
complex with finite k-skeleton. Given a homomorphism y : G — R we want to define
statements " x is controlled (k —1)-connected” and ”y is controlled (k — 1)-connected over
+00”. To do this let X be the k-skeleton of the universal cover of a K (G, 1) CW-complex
with finite k-skeleton. Then X is (k — 1)-connected and G acts freely and cocompactly
on X by covering translations. The homomorphism x induces an action of G on R by
translations, i.e. for r € R we set g - r = r + x(g). An equivariant function » : X — R
is called a control function for x. They exist because G acts freely on X and R is
contractible. For s € R and r > 0 denote X, (h) = {x € X |s—r < h(z) < s+r}. We
will write X, if the control function is clear.

Definition 2.1. The homomorphism x : G — R is called controlled (k — 1)-connected
(CC*1), if for every r > 0 and p < k — 1 there is a A > 0 such that for every s € R every
g:SP — X, extends to g : DP*1 — X, ).

This definition uses a choice of X and h, but it turns out that controlled connectivity is
a property of G and x alone. To see that it does not depend on h we have the following

Lemma 2.2. Let hy,hy : X — R be two control functions of x. Then there is at > 0
such that Xs,(h1) C Xsrit(he) C Xsprat(hy) for every s € R, r > 0.

Proof. Choose t = sup{|hi(z) — ha(x)| |z € X}, which is finite by cocompactness. O
Lemma 2.3. The condition CC*~' does not depend on X.

Proof. Let Yy, Y3 be two K(G,1) CW-complexes with finite k-skeleton. Let o : Y] — Y5
and (3 : Yy — Y] be cellular homotopy equivalences mutually inverse to each other. For
i = 1,2 let X; be the k-skeleton of the universal cover of ¥;. « and (3 lift to maps
a: X7 — Xgand § : Xy — X; and we get a homotopy between & o 6’X§k—1) and

the inclusion Xék_l) C Xs, where Xék_l) denotes the (k — 1)-skeleton. Given a control
function h : Xo — R we get that hoa : X; — R is also a control functiqn. Now &
induces a map (X1)s,(ho &) — (X2)s,(h). There is also a ¢ > 0 such that § induces a
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map (X2)s,(h) — (X1)s,r+e(h o @) and we get a diagram
(XD)sr(hoa)  — (Xa)sr(h)  — (Xi)srp(hod)

l l !
(X)srmalhod) — (Xo)sra(h) — (Xi)srrera(hod)

It follows that y being CC*~! with respect to X, implies x¥ being CC*~! with respect to
Xi. [

It is clear that we can attach cells of dimension > k+1 to X and still use X to check for
CCk1. We also have y is CC*~1 if and only if 7 - y is CC*~! for r # 0.

Let us look at the case k = 0. A (—1)-connected space is a nonempty space. Given a
homomorphism x : G — R, let us check for CC~!. Choose X and h. For r > 0 we need
A > 0 such that for every s € R the empty map ) — X, extends to g : {*} — X, yx.
So we need a A such that X, is nonempty for all s € R. This is clearly equivalent to
X being a nonzero homomorphism. A nonzero homomorphism y : G — R is also called a
character.

In the case where im Y is infinite cyclic, CC? is equivalent to ker y being finitely generated
and CC' is equivalent to kery being finitely presented. This follows from Brown [6,
Th.2.2,Th.3.2] or Bieri and Geoghegan [2, Th.A].

Controlled connectivity over end points. To draw a closer connection to the work of
Bieri, Neumann and Strebel [4] and Bieri and Renz [5] let us define controlled connectivity
over end points of R. Let X and h be as before. For s € R define X; = {z € X | h(z) < s}.

Definition 2.4. (1) The homomorphism y : G — R is called controlled (k — 1)-
connected (CC*1) over —oo, if for every s € R and p < k — 1 there is a A\(s) >0
such that every map g : SP — X, extends to a map g : DP*' — X, () and
s+ A(s) — —o0 as s — —00.

(2) The homomorphism x : G — R is called controlled (k — 1)-connected (CC*~')
over +o00, if —y is CC*~1 over —oo.

As before we get that these conditions only depend on G and Y, in fact they only depend
on positive multiples of .

It is shown in Bieri and Geoghegan [2, Th.H] that x : G — R being CC*~! is equivalent
to x being CC*~! at —oo and +oo. This is also contained in Renz [30]. Furthermore

being CC*1 at —oo corresponds to [x] € X¥(G), the homotopical geometric invariant of
Bieri and Renz [5, §6].

Cohomology classes and manifolds. Now let M be a closed connected smooth man-
ifold and let G = m(M). By de Rham’s theorem we have Hom(G,R) = H'(M;R) and
we can represent cohomology classes by closed 1-forms w. Now w pulls back to an exact
form on M, i.e. pfw = df with f: M — R smooth.

Lemma 2.5. The map f: M — R is equivariant.
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Proof. Let z € M, g € G and # a path from z to gz. Then po# represents the conjugacy
class of g € G and we have

x(g) = /w - /p*w - /df — Flgo) - f(a),
so f(gx) = f(z) + x(9) = g~ f(x). [

Therefore we can check for the controlled connectivity of x by looking at a closed 1-form
w which represents x and use the pullback f as control function. Of course we need
M to be (k — 1)-connected to ask for CC*~!, but we can always check for controlled
connectivity up to CC*. In the special case of an aspherical M on the other hand we can
check for CC*! for any k. We will say o € H'(M;R) is CC*!, if the corresponding
homomorphism is. A control function of a will always refer to the pullback of a closed
1-form representing o.

Now assume that y can be represented by a nonsingular closed 1-form w. Then f : M—R
is a submersion. An w-gradient v lifts to an f-gradient v and we can use the flowlines of
¥ to push every map g : D? — M into the subspace X, So we can arrange CC*™! as
long as M is (k — 1)-connected.

If we represent a by an arbitrary Morse form w the critical points will represent an obstacle
to this approach. But if there exist no critical points of index less than k, a generic map
G : D? — M with p < k will miss the unstable manifolds of the critical points of f and we
can use the negative flow to get a map g, : D? — X, homotopic to g for every » € R. So
given a Morse form with no critical points of index < k and > n — k we again get CC*~!
as long as M is (k — 1)-connected.

3. CHANGING A CLOSED 1-FORM WITHIN A COHOMOLOGY CLASS

The purpose of this section is to provide tools to modify a Morse form within its co-
homology class. We need to move the critical values of the control function in a useful
way. This is achieved by starting with a Morse form w and a transverse w-gradient v and
modifying w to a cohomologous form w’ which agrees with w near the critical points and
such that v is also an w’-gradient. Then we need a tool to cancel critical points of w in a
nice geometric situation. Both tools are described in Milnor [19], but we need to sharpen
the results to apply them to irrational Morse forms, i.e. where the action induced by the
form is not discrete. Compare also Latour [18, §3].

Lemma 3.1. Let N be a smooth manifold, f : N — R a smooth function with nonde-
generate critical points only and v an f-gradient. Let p be a critical point of f, 6 > 0
and a < b such that f(Bs(p)) C (a,b) and (Ds(p,v) U Ds(p, —v)) N f~1([a,b]) contains no
critical points except p. Then given ¢ € (a,b) there is a g : N — R which agrees with f
outside of (Ds(p,v) U Ds(p, —v)) N f~([a,b]) such that g(p) = ¢ and v is a g-gradient.

Proof. Let W = (Ds(p,v)UDs(p, —v))Nf " ([a,b]), V = f1({a})NW and 0 < §; < §y < 4.
Define p : V' — [0, 1] to be 0 on Dy, (p,v)NV and bigger than % on V —Ds,(p,v). Extend p
to i : W — [0, 1] by setting it constant on trajectories. Now define G : [a, b] x [0, 1] — [a, b]
with the properties
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1) %%(z,y) > 0 and G(z,y) increases from a to b as x increases from a to b.

(1)
(2) G(f(p),0) = c and Z%(z,0) =1 for x in a neighborhood of f(p).
(3) G(z,y) = x for all z if y > § and for = near 0 and 1 for all y.

Now g : W — [a, b] defined by g(q) = G(f(q), ii(q)) extends to the desired function as in
Milnor [19, Th.4.1] O

Let w be a Morse form, v a transverse w-gradient and f : M,, — R satisfy df = p*w. If
p € M is a critical point of w, it lifts to a critical point p € M, of f. Let a < f(p) < b
such that A = (W*(p) UW"“(p)) N f~*([a,b]) is a positive distance away from all other
critical points. Then A is a compact set and since v is transverse we get that A is disjoint
from all translations of A in M,. Then there is a 0 > 0 such that this is also true for
(Ds(p,v) U Ds(p, —v)) N f~([a, b]). So we can apply Lemma 3.1 equivariantly on M,, to
get

Lemma 3.2. Let w be a Morse form, v a transverse w-gradient and f : M, — R the
pullback of w. If p € M, is a critical point of f and a < f(p) < b such that the closure of
A= W:(p)UuWp)) N f~([a,b]) contains no other critical points, then given c € (a,b)
and a neighborhood U of A, there exists a Morse form w' cohomologous to w such that v
is an w'-gradient and a pullback [’ : M, — R that agrees with f outside the translates of
U and satisfies f'(p) = c.

Cancellation of critical points. Theorem 5.4 of Milnor [19] shows how to cancel two
critical points of adjacent index if there are no other critical points around and there is
exactly one trajectory between them. To apply this to our situation we have to modify the
result so that the function will only be changed in a neighborhood of the critical points
and part of the stable manifolds. More precisely we have

Lemma 3.3. Let f : N — R be smooth with nondegenerate critical points only and v a
transverse f-gradient. Let p, q be critical points with indp = indq + 1. Assume there is
exactly one trajectory T' of —v from p to q and an € > 0 such that for any other trajectory
of —v starting at p and ending in a critical point p', we have f(p') < f(q) —e. Then
there is an arbitrarily small neighborhood V' of (W*(p) U {q}) N f~ ([f(q), f(p)]) and a
smooth function f': N — R which agrees with [ outside V' and has no critical points in

V. Furthermore there is an f'-gradient v' which agrees with v outside an arbitrarily small
neighborhood of T'.

Proof. Using Lemma 3.1 we can change f near Ds(p,v) such that there is no trajectory
of v starting at ¢ and ending at a critical point ¢’ # p with f(¢') > f(p) + ¢, i.e. we
can get the images of p and ¢ arbitrarily close together. So it is good enough to look at
neighborhoods of the form Us; = (Bs(q, —v) U Bs(p,v)) N f~Y((f(q) — &, f(p) + €)) with
0 > 0 satisfying § < e.

We can assume the Preliminary Hypothesis 5.5 of Milnor [19]. Using the first assertions of
the proof of Milnor [19, Th.5.4] we can alter the vector field v in U s to a vector field v" such
that every trajectory starting in Us N FH{f(q) — 5}) reaches f1({f(p) + £}) and stays
within U 5 Since v agrees with v outside U s we get that Uy is invariant for trajectories of

o' within f~1((f(¢)—e¢, f(p)+¢)). The closure of Ugﬂffl({f(q)—% ) is compact, so we get
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a product neighborhood V' x[0,1] C Us of T where V = V x{0} = Usnf~'({f(q)—2}) and
Vx{1} C f1({f(p)+1}). After rescaling we can assume f(¢) —2 =0and f(p)+2 = 1.
Consider V' x [0, 1]as a subset of N and define g : V' x [0,1] — R by

u 1

g(x,u) = /)\(:E, t)%(a:,t) + (1 - )\(az,t))fo

ot

Mz, s)% (z,5)ds it
fol 1—\x,s)ds

where A : V' x [0,1] — [0, 1] is a smooth function which is constant 1 outside of Us; NV x
[0,1] and in a small neighborhood of V' x {0,1} and 0 in Us NV x €1 —¢€] for e’ >0

so small that the function is 0 where v’ differs from v. Notice that g is smooth even for
x €V with A(z,s) =1 for all s.

As in Milnor [19, p.54] it follows that g extends to f' : N — R with the required
properties. O

For a Morse form w the covering space M, has G/ ker x as covering transformation group
and so there is a well defined homomorphism y : G/ker y — R. The desired Lemma to
cancel critical points of a Morse form now reads as

Lemma 3.4. Let w be a Morse form on the closed manifold M, v a transverse w-gradient,
p, q critical points with indp =indq+ 1. Let p, ¢ € M, be lifts of p and q such that there
15 exactly one trajectory T between q and p and that there are no trajectories between
translates DG and p with x(D) > 0. Then there is a Morse form w' cohomologous to w
such that critw’ = critw — {p,q} and an '-gradient v' which agrees with v outside an
arbitrarily small neighborhood of p(T).

Proof. Let f: M, — R satisty df = p*w. Use Lemma 3.2 to move the images of the lifts
of all critical points other than ¢ of index less than ind p by f(p) — f(¢) into the negative
direction. To do this start with critical points of index 0, then critical points of index
1 and so on. This way we obtain a Morse form w” with p*w” = df” and the same set
of critical points as w which still has v as a gradient. But now there are no trajectories
between p and critical points in (f”)"*([f"(q), f”(p)]) other than T. By choosing the
neighborhood Us in Lemma 3.3 small enough, we get that all translates of Us in M, are
disjoint. Now use Lemma 3.3 equivariantly on f”. OJ

4. RELATIONS BETWEEN CONTROLLED CONNECTIVITY AND CANCELLATION OF
CRITICAL POINTS

We show that controlled connectivity in low degrees of a cohomology class leads to the
existence of a Morse form without critical points of low indices. This way we recover some
well known results of Latour [18, §4] in a slightly different setting.

Proposition 4.1. Let « € H'(M;R). Then the following are equivalent:
(1) a #0.
(2) ais CCL

(3) « can be represented by a Morse form w without critical points of index 0,n.
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Proof. 1. & 2. is clear.

1. = 3.: Choose an arbitrary Morse form w and a transverse w-gradient v and let p be a
critical point of index 0. Lift p to a critical point p € M, and choose an € > 0 such that
the component of pin A = f~1((—oo, f(p+¢€]) is just a small disc. Since o # 0 there are
other components in A or otherwise p would be an absolute minimum of f : M, — R.

Claim: There is a critical point ¢ of w of index 1 and a lift § € M, such that one of the
flowlines of W*(q,v) ends in p while the other does not.

Since we know that M, is connected there is a path between p and a point of A which lies in
a different component of A. This path sits inside of some set A’ = f~1((—o0, f(p)+ R]) for
some big enough R. But if there is no critical point ¢ as in the claim in f~1([f(p), f(p)+R)])
the component of p in A’ remains isolated by ordinary Morse theory.

Now the other trajectory of ¢ can flow to
(1) —oo

(2) a critical point p’ of index 0 with f(p') < f(p).
(3) a critical point p' of index 0 with f(p') > f(p).
(4) a critical point p' of index 0 with f(p') = f(p).

In the cases 1. and 2. we can cancel p with ¢ by Lemma 3.4. In case 3. we cancel ¢ with
p(p'). In case 4. note that p’ cannot be a translate of p because we are in M, so we can
push the image of p slightly to a bigger number by Lemma 3.2 and then cancel p and gq.
A dual argument holds for critical points of index n.

3. = 2.: Let w be a Morse form without critical points of index 0,n, v a transverse w-
gradient and f : M — R a control function. We claim that given r > 0 and = € R there is
amap §: {*} — f'((x —r,z +7)), i.e. we choose A = 0. We know that M is nonempty
so let y € M. Since there are no critical points of index 0 and n, any neighborhood of
y contains a dense subset of points that do not lie in any stable or unstable manifold by
Sard’s theorem. Choose such a point. Using the flow of © we can flow this point to a
point ¢ with f(y') =« for any x € R. O

Let o € H'(M;R) and f : M — R a control function of a. If ¢ € R is a regular value we
define

N(f.t) = ({t}).

Lemma 4.2. Let w be a Morse form and v a transverse w-gradient. Let t be a reqular
value of f: M — R where df = p*w. Let ty > 0 and C' a compact subset of N(f,t). Then
C intersects only finitely many unstable discs W*(p, ) with p € f~1([t — to,1]).

Proof. For i > 0 define W* = |JW"(p,v) N f~ ([t —to, t]) where the union is taken over all
critical points p € f~!([t —to,t]) with ind p > 4. Then W is closed. To see this notice that
we can change f on f~!((—o00,t]) to a function g such that W* C g~ ([t —to,]) and g has
no critical points of index <i—11in g~!([t —to,t]) and ¥ is a g-gradient. This is done using
Lemma 3.1 on every critical point in f~'([t — tg, #]) of index < i — 1 unequivariantly. So if
z € g ([t —to,t]) — W7, then x is on a trajectory going all the way to g~ ({t}) = N(f,1).
By continuity points near x do the same.
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Therefore Wi N C' is compact. Now assume that C' intersects infinitely many discs. Since
w has only finitely many critical points, there is a critical point ¢ such that C' intersects
infinitely many translates of W*(g,©) in W*, where § is a lifting of ¢ with f(q) € (t—to,t).
Choose a point xy for every such translate. Since C' is compact there is an accumulation
point x € C. Choose a small neighborhood U of x that gets mapped homeomorphically
into M under the covering projection. Then there are infinitely many points y, € W*(g, ?)
and pairwise different g, € G such that gy, € U and {X(gk)} is bounded. But the y;, also
have to have an accumulation point since W*(q,v) N f~1([f(q), f(§) + to]) has compact
closure by the well definedness of the Novikov complex. But this contradicts gryr € U for
infinitely many k. 0

Proposition 4.3. Let o € H'(M;R). Assume that a # 0 and dim M > 3. Then the
following are equivalent:
(1) a is CCO.
(2) There is a control function f of a without critical points of index 0,n and with
connected N(f,t) C M.
(3) There is a control function f of a with connected N(f,t) C M.

Proof. 1. = 2.: Choose w" without critical points of index 0,n by Proposition 4.1 and
a transverse «’-gradient v. Let N’ = N(f’,t) where t is a regular value of f with
df' = p*w'. Since « is CC° there is a A > 0 such that any two points in N’ can be
connected in W := (f")"*((t — A\,t + \)). Use Lemma 3.2 to get a new Morse form w and
control function f such that f(p) = f'(p) — A for every critical point p of index 1 and
(@) = f'(q) + X for every critical point of index n — 1. Notice that since there are no
critical points of index 0 and v is transverse, every critical point of index 1 can be pushed
arbitrarily far to the negative side, similar for critical points of index n — 1.

Let N = N(f,t). We claim that N is connected.

Let x,y € N. Since there are no critical points of index 0 and n we can assume that =
and y do not lie on any stable or unstable manifold of ¥. So there are points 2/, € N’
and paths from x to 2/ and y to v’ using flowlines. But 2’ and ' can be connected in
W. Using transversality we can find a smooth path between z/ and ¢/ in W that does
not meet any stable or unstable manifolds of critical points ¢ with 2 < indq < n — 2,
the stable manifolds of critical points with index 1 and the unstable manifolds of critical
points with index n — 1.

By following flowlines this path can be pulled back into N giving a path in N between
x and y. Assume not: let z be a point on the path that lies on a trajectory that does
not intersect N. Without loss of generality assume f(z) < ¢, so z would have to flow
into the positive direction to reach N. That the trajectory does not intersect N means
it converges to a critical point p with f(p) < r and indp = n — 1 by the transversality
properties of the path. Now f'(z) < f/(p) = f(p) — A < t — A, contradicting z € W. So
every point on the path can flow into N giving a path between z and v.

2. = 3. is trivial.
3. = 1.: Let N = N(f,t) be connected. Choose A\ > 0 such that f~'([0,)]) contains
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two copies of N, note that g/N is a copy of N in M for every g € G. Let g : S° —
fH(x—mr, x—H“)) be a map. Since M is connected, we can extend g to amap ¢’ : D' — M.
If (DY) C f((z—r—XNz+7r+X)), we are done. If not observe that by the choice of
A both f~'((z —r — XNz —7r]) and f~'([x 4+, + 7+ \)) contain a copy of N. Denote
them by N_ and N,. We can arrange that ¢’ (D') intersects N_ U N, transversely.
Then (¢')""(N_ U N,) C D' is a finite set. Order them as —1 < t; < ... < t; < 1. If
g'(t;) # ¢ (tiy1), then the restriction of ¢’ to [t;, t;41] isa pathin f~1((x—r—\, z+r+N)). If
g'(t;) = ¢'(t;x1) we can change ¢’ on [t;,t;11] to a path in ]\quc. This way we get an extension
Gg:D'— fl(x—r—XNxz+r+N)ofg. O
Proposition 4.4. Let a € H*(M;R). Assume that o # 0 and dim M > 5. Then « is
CC° if and only if a can be represented by a Morse form w without critical points of index
0,1,n—1,n.

Proof. Assume « is CC?. Choose a Morse form w without critical points of index 0, n and
such that there is a regular value t € R with N (f,t) connected by Proposition 4.3. Let v
be a transverse w-gradient.

Let p € M be a critical point of index 1 and choose a lift p € M with f(p) > t. Let
r > f(p) such that N(f,7) " W*(p, ) is an (n — 2)-sphere S. Denote the piece of the
unstable manifold with boundary S by B. Choose a small arc in N(f,r) that intersects S
transversely in one point and so that the endpoints do not lie in any unstable manifold.
Both endpoints can then flow into the negative direction until they reach N (f,t). Since
N(f,t) is connected we can choose a path between them. Now we have a loop in f~([t,7])
which intersects S transversely in exactly one point. We want to flow this loop back to
N(f,r). By transversality we can change the loop so it avoids stable manifolds of critical
points with index < n — 2. But we can change w by Lemma 3.2 by increasing the value
of critical points of index n — 1 by (r — t). By abuse of notation denote the resulting
Morse form still by w and f for the control function. Then the loop can flow back to

N(f,r). Since M is simply connected, the loop bounds in M. By transversality we can
embed a disc D? that avoids stable mamfolds of critical points of index < n — 3. We
can also arrange that D? embeds into M, not just in M. Notice that 9D? C N(f,r) and
intersects S in exactly one point. Choose a < b such that f(D?) C [a,b]. Use Lemma
3.2 to increase the value of critical points of index n — 1 and n — 2 by (b — a). Denote
the resulting Morse form again by w and the control function by f. Note that this can
be done so that 9D? and S are still in N(f,r). We can assume that b is a regular value.
Now we can use the flow of & to push D? into N(f,b). Denote the boundary of that disc
by S;. We have that S; intersects W*(p, ) transversal in exactly one point, S; embeds
into M and S; bounds a disc D? in N(f,b). Since the vector field will be changed in a
small neighborhood of D?, we need to make sure that D? is nice. Since S; is obtained
from 0D? by flowing we get a 2-dimensional surface S' x I between S; and dD?. Use
transversality to modify D? such that it does not intersect any translates of that surface.
We do not want to change the vector field on B. Since B is (n — 1)-dimensional and
D? € N(f,b), D? can intersect translates of B in finitely many circles. But whenever we
have such a circle, we can change D? to remove the intersection since the normal bundle
of B is trivial.
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Now we can proceed as in Milnor [19, p.105]. Insert two critical points ¢, ¢’ of index 2
and 3 equivariantly near the right of S;. Adjust @ to @' so that W*(g, ) N N(f,b) =

Then there is exactly one flowline from ¢ to p and all other trajectories from ¢ go to the
left of p. Hence we can cancel p and ¢. This way we can trade all critical points of index
1 for critical points of index 3. A dual argument works for critical points of index n — 1.

Now assume we have a control function f without critical points of index 0,1,n — 1,n.
Given g : S° — f~Y((x — r,z 4+ 7)) it extends to a map D' — M. By transversality we
can change this map so that it avoids stable and unstable manifolds in the interior of D*.
Then we can use the flow to push it into f~'((z — r,z +7)). O

Proposition 4.5. Let « € H'(M;R). Assume that o # 0 and dim M > 5. Then the
following are equivalent:
(1) a is CCT.
(2) There is a control function f of o without critical points of index 0,1,n—1,n and
with simply connected N(f,t) C M.
(3) There is a control function f of a with simply connected N(f, t) C M.

Proof. 1. = 2.: The proof is analogous to the proof of Proposition 4.3. Choose a Morse
form W’ representing v without critical points of index 0, 1,n — 1, n by Proposition 4.4, let
v be a transverse w'-gradient and let ' : M — R be a control function. Let N/ = N(f’, t)
where t € R is a regular value. Since o is CC! there is a A > 0 such that every loop in N’
bounds in W := (f')~'((t— A, t+\)). Change o’ to a Morse form w with control function
f such that f(p) = f'(p) — \ for critical points of index 2 and f(q) = f'(§) + A for critical
points of index n — 2.

Let N =N (f,t) and v a loop in N. Using transversality we can assume that v does not
intersect any stable or unstable manifolds of v. So we can use the flow of © to flow 7 into
N’. This loop bounds in W. Choose the disc so that it intersects stable and unstable
manifolds transversely. This disc now flows back into N as in the proof of Proposition
4.3. Therefore N is simply connected.

2. = 3. is trivial.

3.=1.: Let N = N(f, t) be simply connected. Then a is CC° by Proposition 4.3. Choose
A > 0 such that f~*([0, \]) contains two copies of N. Letg:S' — f~ (( —r,z+71)) be a
map. This extends to a map ¢’ : D* — M. Let N_ be a copy of N in f Y(x—r—=X\x—7])
and N, a copy of N in f~'([z+r,z+7r+))). We can assume that ¢ intersects N_ U N,
transversely, i.e. in a finite set of circles. Since these circles bound in NJF we can change
g away from the boundary to a map g: D*> — f~'((zx —r — A,z +71+ ). O

5. THE NOVIKOV COMPLEX

Let G be a group and x : G — R be a homomorphism. We denote by ZG the abelian

group of all functions G — Z. For A € ZG let supp A = {g € G|X(g) # 0}. Then we
define

LG, ={) € ZE?WT €R #supp ANy !([r,00)) < oo}
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For \i, \s € ZZ;X we set (A1 - X2)(g) = > A1(h1)A2(he), then A1 - Ay is a well defined

hi,ho€G
hiho=g

element of ZE?X and turns ZE?X into a ring, the Novikov ring. It contains the usual group
ring ZG as a subring and we have ZG = ZG,, if and only if x is the zero homomorphism.

Definition 5.1. The norm of A € Z/EX is defined to be
Al = lIAlly = inf{t € (0,00)] supp A C x™*((—00,logt])}.

0  otherwise
factors through ZG and is a homomorphism of abelian groups, but not of rings. It also

extends to free ZZ;X modules.

For L € R define py, : ZEJX — ZAGX by pr(N)(g) = { Ag) x(g) > L . Notice that p,

Given a € ZE?X with [la]| < 1, the series Y ;2 a* is a well defined element of ZEJX and
hence the inverse of 1 — a. Therefore {1 —a € ZG, | ||a|| < 1} is a subgroup of the group

of units. Let Wh(G} x) be the quotient of K;(ZG,) by these units and units of the form
+g with g € G.

Given a Morse form w and a transverse w—grac/ii\ent v we can define the Novikov complex
C.(w,v) which is in each dimension i a free ZG, complex with one generator for every
critical point of index 7. Here y is the homomorphism induced by w. To define the
boundary homomorphism choose an orientation for the stable manifolds of every critical
point. Now coorient the unstable manifolds, i.e. choose an orientation of the normal
bundle so that the coorientation at W*"(p,v) projects to the chosen orientation of W*(p, v)
at p. If p, q are critical points with indp = indq + 1 = i, then W*(p,v) N W*(q,v) is 1-
dimensional which means it consists of isolated trajectories. Given a trajectory T' between
p and ¢ we want to define a sign for 7. If x € T'let X € T, M be a vector with w(X) < 0.
Also let Xi,...,X;_1 € T, M represent the coorientation of W*(q,v). If the projection
of X, Xy,..., X, into the tangent space of W?*(p,v) at = represents the orientation of
Ws(p,v), set e(T') = 1, otherwise set (T') = —1. Note that these projections do represent
a basis for T,W?*(p,v) by the transversality assumption.

Now lift the orientations to M and choose for every critical point of w exactly one lift in
M. For critical points p, ¢ with indp = ind ¢ + 1 define [p : ¢|] € ZG, by
p:ql(g) =) (T

where the sum is taken over the set of all trajectories between p and gq, where p and ¢
are the chosen liftings of p and ¢. Then define 9 : Cy(w,v) — Ci_1(w,v) by

o)=Y, Ip:da

q,ind g=ind p—1

That [p : ¢ is indeed an element of @x and 92 = 0 is shown in the exact case in Milnor
[19, §7]. The case of a circle valued Morse function can be reduced to the exact case by
inverse limit arguments, compare Pajitnov [23] or Ranicki [29]. Finally the irrational case
can be reduced to the rational case by approximation, see Pajitnov [25] or the author [31,
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§4.2).

Since [p : q] depends on the gradient v, we also write [p : ¢], when we deal with different
gradients.

The appendix describes simple chain homotopy equivalences , : C2(M; ZZ?X) — Cy(w,v)

and 1/}111,112 : O*(wbvl) - C*<w27v2) with w’Ul,UQ O Yuy; = Py, ¢U2,v3 © 1/}111,112 = 77Z)U1,U3 and
Yo, 0, = id, where ~ means chain homotopic and w, w;, ws, ws are cohomologous.

To define the Novikov complex, we made a choice of liftings of critical points. Let B C
crit(f) be this choice. Set Ag = sup{|f(p) — f(Q)||p, ¢ € B}.

Proposition 5.2. Let w be a Morse form without critical points of index 0,1,n—1,n, v a
transverse w-gradient, B a choice of liftings of the critical points of w and py # ps critical
points of w having index i. Let g € G be such that f(p1) > f(p2) + x(g), where py, ps € B
are liftings of p1, p2 and L < min{0, x(g)}. Then there is a transverse w-gradient v' such
that

(1) pL( vﬂv(pl)) P1+ gp2.

(2) pr(Yw.w(q)) = q for critical points q # p.

(3) prlp: dlv) = pr(lp: qlv) for p # p1, indg =indp — 1.

(4) pr(p1 = alw) = pr(lp1 = qlo) + gpr([p2 : qlu) forindg =i —1.

We can think of the statement as performing an elementary change of basis, but we can
only approximate the elementary change. The proof is based on Milnor [19, Th.7.6]. The
condition f(p1) > f(p2) + x(g) can always be achieved by changing w using Lemma 3.2.

Proof. Choose a regular value to with f(p;) > to > f(p2) + x(g) and set Vo = f~1({to}).
We have Sp, := W?*(py,0)NVj is (i —1)-dimensional and Sg := W*(gps, 0NVp is (n—i—1)-
dimensional. Since there are no critical points of index 0, 1, n—1, n, both are nonempty and
Vo is connected. Hence we can embed a path ¢ : [0, 3] — V; that intersects Sy, transversely
at p(1), Sk transversely at ¢(2) and that misses all other stable and unstable manifolds.
Using Milnor [19, Lm.7.7] we get a nice product neighborhood U of this arc. By choosing
it small enough and Lemma 4.2 we can assume that it misses the unstable and stable
manifolds of critical points of f other than p; and gps in f~!((tg — Ag+ L, to+ Ag — L)).
To see this notice that for every critical point of w there are only finitely many liftings in
[ Y((to — Ag + L,ty + Ag — L)) whose stable or unstable manifolds can get close to the
arc. So they stay away a positive distance.

Now using the flow of & we can find a small product neighborhood of U in M and change
the vector field © to a vector field ¢” equivariantly as in Milnor [19, p.96]. The stable
and unstable manifolds of critical points of f other than p; and ps do not get changed
within a range of +£(Ap — L). The w-gradient v” need not be transverse, but we can find
a transverse w-gradient v’ as close as we like to v in the smooth topology. Choose one so
close that the intersection numbers of stable and unstable manifolds within the +(Az— L)
range are as with v”. Then the properties 1.-4. of 1,/ , follow by the definition of v, ,
and the fact that we can use v” for pr([p : ¢l). O

For the next proposition the controlled 1-connectivity is crucial.
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Proposition 5.3. Let w be a Morse form without critical points of indexr 0,1,n — 1,n
which is CCY and v a transverse w-gradient. Assume that n = dim M > 6. Let q be a
critical point of index 1 with 2 < i < n — 3 and p be a critical point of index i + 1. Let
D, q be liftings of p and q to M such that there ezist two trajectories Ty, Ty between p and
G with (T1) = —e(Ty) and there ezist no trajectories between p and gq with x(g) > 0.
Let L < 0. Then there is a Morse form w' cohomologous to w which agrees with w at
the common set of critical points, a transverse w'-gradient v’ such that there are two less
tragectories between p and ¢, no new trajectories between p and g§ with x(g) > L and we
have pr, o Yy = pr and pr([r: s]y) = pr([r: s]y) for indr =ind s + 1.

Proof. Let us assume that 2 <7 <n —4,if i =n — 3, look at —w and —w.

We can alter w as in the proof of Proposition 4.5 such that there is a simply connected
N(f,t). Inthe irrational case we can assume that ¢ satisfies f(§) > t > f(p) and that ¢ is so
close to f(§) such that N(f,t)NW(§, ) is a sphere of dimension (n—i—1). In the rational
case we can change w so that f orders the critical points in f~([t,t + x(g)]), where x(g)
generates im y and then we also get a simply connected N(f,t) with f(§) <t < f(p) and
N(f, t)NW*(g, ) is a sphere of dimension (n—i—1). We now want N(f,t)nWs(p, D) to
be a sphere of dimension 7. Since there are no trajectories between p and g¢ with x(g) > 0
we can achieve this by changing w to a Morse form ' such that f'(7) = f(7) — (f(p) — t)
for every critical point r # ¢ with indr <.

Let N = N(f',t). Then N N W*(§,%) = Sg and N N W*(p,0) = Sy, are spheres.

We need that N is still simply connected. But a loop in N is homotopic to one that
can be flown into N(f,t) since there are no critical points of index 0 and 1. Now this
loop bounds in the simply connected N (f,t). But a generic 2-disc can flow back into N ,
since we only moved critical points of index < n — 4. This shows that N is also simply
connected.

We want to apply Milnor [19, Th.6.6]. To see that N — Sg is simply connected the same
argument as in Milnor [19, p.72] works. Notice that the isotopy in [19, Th.6.6] is fixed
outside a neighborhood of a 2-disc which bounds two arcs between T N N and T 5N N.
By transversality arguments we can assume that this disc does not intersect any unstable
manifolds W*(7, ©) and stable manifolds W#(§, v) for 7, s € (f') "' ((t—Ag+L,t+Ag—L))
with ind7 > 7+ 1 and ind§ < i. Here Ap is defined as before with respect to f’.
We can also assume the disc embeds into M. By choosing the neighborhood of the
disc small enough we can change the w’-gradient v to an w’-gradient v” with two fewer
trajectories between p and §. Choose a transversal w’-gradient v’ so close to v” such
that the intersection numbers in the +(Ag — L)-range are the same. By the way the
neighborhood of the disc was chosen we now get p, 09 = py 00 and py o ¢y, =pr. O

Proposition 5.4. Let w be a Morse form without critical points of index 0,1,n—1,n and
v a transverse w-gradient. Let x € M be a reqular point, i an integer with 2 <i <n —3
and L < 0. Given any neighborhood U of x there is a Morse form ' and a transverse w'-
gradient v' such that W' agrees with w outside U and critw’ = critw U {p, q} withp, g € U
and indp =i+ 1, indg = i such that

(1) [p:qle =1—a with ||a|]| < 1.
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@) max{lllp : @l 11 5 Bl 1 5 aloll g © sloll} < exp L, where indg’ =
indp' =i+ 1,indr=i+2,inds=1i—1, ¢ # q and p' # p.

(3) pr(lp : ¢'lor) = pr([p' = ¢'lu) for p’ # p and ¢' # q.

(4) pr(Yuw (p')) =P forp' € critw.

Proof. Since there are no critical points of index 0 and n there is a y € U which does not
lie on any stable or unstable manifold. Let y € M be a lift of y. We can find a small
neighborhood V' of y with V' C U such that V N W**(7,3) = ), if r is a critical point of
w and |f(7) — f(§)| < 24z — L. Here V is a lift of V with § € V.

We can insert two critical points p, ¢ of adjacent indices as in Milnor [19, p.105]. This
way we obtain a Morse form w’ and a w’-gradient v”. Choose a transverse w’-gradient v’
so close to v” the intersection numbers do not change in a range of +(Ag — L). Choose
the liftings for the basis of the corresponding Novikov complex in a translate of V' such
that Ap does not increase by more than |f(p) — f(§)|. Orient the discs so that there is
one positive trajectory between p and . Hence [p : ¢|,, = 1 —a with ||a]] < 1. We get the
term a because there might be trajectories between p and g¢ with x(g) < 0.

Conditions 2. 3. and 4. follow because the stable and unstable manifolds W#**(7,¢") did
not change in f~'([f(F) — Ag + L, f(F) + A + L]) for critical points r # p or ¢ and since
v’ is close enough to v”. |

Theorem 5.5. Let w be a Morse form without critical points of index 0,1,n — 1, n which
is CCY. Let v be a transverse w-gradient and L < 0. Let p, q be critical points with
indp = indq + 1 such that [p : q) = £9(1 — a) with g € G and ||a|| < 1. Assume that n =
dim M > 6. Then there is a Morse form w' cohomologous to w with crit w’ = critw—{p, ¢}
and a transverse w'-gradient v’ such that

(1) pr([p' : ¢)o) = 0[P : ¢']y) for all p', ¢ € critw” with indp’ =indqg + 1 # i+ 1.
(2) pr(Yu ,v( ) =p' for all p’ € critw’.

Proof. Let p and ¢ be the lifts of p and ¢ used for the Novikov complex. By replacing
G by gq we can assume [p : ¢ = £1 — a. There exist only finitely many trajectories
between p and all hg with x(h) > 0. Furthermore, for every trajectory 7 between p
and hq with x(h) > 0 and h # 1 there is another trajectory Ty between p and hq with
e(Ty) = —e(Ty) since [p : q](h) = 0. So we can cancel such trajectories using Proposition
5.3 provided there are no trajectories between p and h'¢ with x(h’) > x(h). Start with
the biggest x(h) and cancel all trajectories between p and hg with y(h) > 0 and h # 1.
Since [p : q](1) = £1 we can cancel all trajectories between p and ¢ except one. Now we
can cancel p and ¢ using Lemma 3.4. The new transverse w’-gradient v’ can be arbitrarily
close to v outside a small neighborhood of the trajectory so we can achieve conditions 1.
and 2. since the stable manifolds of critical points of index < ¢ with respect to v stay away
from the trajectory and so do the unstable manifolds of critical points of index > i+1. [

Remark 5.6. We do not obtain condition 1. of Theorem 5.5 in dimension 7 + 1 as there
can be trajectories of —v from a critical point p’ of index i + 1 to ¢. After cancelling ¢
with p these trajectories flow towards p under —o’ and from there to other critical points
of index ¢ which appear in the boundary of p under v.
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6. THE SIMPLE HOMOTOPY TYPE OF THE NOVIKOV COMPLEX

In this section we assume that M is a closed connected smooth manifol/d\ with n =
dimM > 6 and a € H'(M;R) is CC'. Given a finitely generated free ZG, complex
D, with D; = 0 for : < 1 and ¢ > n — 1 which is simple chain homotopy equivalent to

CA(M; ZZJX) we want to realize it as the Novikov complex of a Morse form representing
a. We will not be quite able to do this, but we can approximate this in a reasonable
sense. Notice that such complexes exist by Proposition 4.4.

If A is a matrix over Z/EJX, denote ||A|| = max{||4;;||} to be the norm of A. This

norm has similar properties as the norm for elements of ZG,, in particular we have

IA+ B < max{|[|All, [|B[|} and |AB|| < [|A[|[|B].
Definition 6.1. An invertible matrix A over be is called simple if T7(A) = 0 € Wh(G;x).

Being a simple matrix is an open condition in the following sense:

Lemma 6.2. If A is invertible, there is an R4 > 0 such that A — B s also inve/r\tible and

T(A— B) = 7(A) for ||B|| < Ra. If A is simple, then A = X(I — D) € GL(ZG,) with

IDI <1 and 7(X) = 0 € K1(ZGy)/(£[g] |9 € G).

Proof. We have A — B = A(I — A™'B), so choosing Ry = ||A7||~! gives the first part.
A0

0 I
stabilization of +¢ or 1 — ¢ with ||¢]| < 1. We can move matrices of the form 1 — ¢ to the

If A is simple, we have = FEi--- E; with E; either an elementary matrix or a

right of the product to get ( 13 ([) = X - (I — D) with ||D|]| < 1 and X a product of
elementary matrices and stabilizations of +g. 0

Given a chain map ¢ : D, — FE, between finitely generated free @x complexes with
given basis we can express each ¢; : D; — FE; by a matrix which we also denote by ;.
Finitely generated free ZG,, complexes are assumed to have a basis, in case of a Novikov
complex the basis comes from liftings of critical points.

Theorem 6.3. Let M be a closed connected smooth manifold with n = dim M > 6 and
let € H'(M;R) be CC'. Let D, be a finitely generated free Zg}x complex with D; = 0
fori < 1 and v > n — 1 which is simple chain homotopy equivalent to C*A(M;Z/éx).
Given L < 0 there is a Morse form w representing «, a transverse w-gradient v and a
simple chain isomorphism ¢ : D, — C.(w,v) where each p; is of the form I — A; with
[ As]| < exp L.

The condition that o be CC! cannot be removed as is shown in Damian [9], where for
every n > 8 a manifold M of dimension n and a cohomology class o € H'(M;R) is
constructed such that the Novikov complex is simple chain homotopy equivalent to the
trivial complex, but a cannot be realized by a nonsingular 1-form.

Let us first outline the idea of the proof. Given D,, we choose any Novikov complex
corresponding to a closed 1-form w. Then we introduce for every generator of Dy a pair
of critical points of index 2 and 3. The new critical points of index 2 do not carry any
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information, but we can change the chain equivalence between D, and the new Novikov
complex so that the part between Dy and the new critical points of index 2 approximates
the identity. Then we change the stable discs of these new critical points so that they
carry the information of the old critical points. Then the old critical points do not carry
any relevant information and can be traded against critical points of index 4. This way
we can work our way up inductively until the Novikov complex looks like D, except in
dimensions n — 3 and n — 2.

Now we introduce for every generator of D, 3 and D,,_5 pairs of critical points of index
n—3 and n — 2, one which will carry the information of the complex D, and one which is
useless. Then we are left with the old critical points of index n — 3 and n — 2 and the new
useless critical points. The fact that D, has the simple homotopy type of the Novikov
complex now allows us to cancel these unnecessary critical points and we are left with a
Novikov complex which approximates D,. In fact the boundary between the unnecessary
critical points forms a simple matrix which can be transformed to a matrix of the form
I — B with ||B]| < 1. by elementary steps. But this is good enough to cancel these critical
points.

Before we start with the proof we need two algebraic lemmas first.

Lemma 6.4. Let D,, E, be chain complezes, ¢ : D, — E, a chain map and j an integer.
Assume that E; = C; @ D; and Ej41 = Cj1q1 @ Dj. Denote

oF  — O O L Ay o By
T\ By O YiT\ A, Pt =\ B,

and assume that Oy : D; — D;j is invertible. Define ¢ : D, — E, by ¢, = ¢; for
i1#7,j+1 and

;= Ay + 01205 iy = B,
i I+ A, T\ 008 + By

where I : D; — D; denotes the identity. Then 1) is chain homotopic to ¢.

Proof. Define H : D, — E, 1 by H; =0 for i # j and H; = ( 0 ) Then

-1
—0p

J

— 012055
Of Hy + Hy 0 = 07, H; = ( W ) = —Y;

and
0
0fpaHjr + HjOR = Hi0f, = ( ~05'07,, ) = @jt1 — Vjt1.

Hence H is the required chain homotopy. O

Lemma 6.5. Let D,, E, be chain complexes, j an integer and ¢ : D, — FE, a chain
homotopy equivalence such that p; : D; — E; is an isomorphism fori < j—1. Then there
is an inverse equivalence ¥ : E, — D, such that 1¥; = o;* fori <j —1.

Proof. Let ¢/ : E, — D, be a chain equivalence with id ~ ¢'¢ and id ~ py'. Let

H : D, — D, be a chain homotopy H :id ~ v/¢. Define ¢ : E, — D, by ¢; = ;! for
i< j—1 ;=Y + Hj,lgajf_llﬁf and ¢; = ¢} for i > j+ 1. Now define K : F, — D,
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by K; = Hyp;' for i < j—1and K; = 0 for i > j. Then it is easy to see that
OF K + K;_10F = 1; — 1. for all i. O

Proof of Theorem 6.3. By Proposition 4.4 there is a Morse form w representing o without
critical points of index 0,1,n — 1,n. Choose any transverse w—g/r\adient v. The Novikov
complex C, (w, v) is simple chain homotopy equivalent to C2(M; ZG,, ), so there is a simple
chain homotopy equivalence ¢ : D, — C,(w,v). Denote C, = C\(w,v).

Assume we have j < n — 4 such that we have a simple chain homotopy equivalence
¢ : D, — C, such that ¢; = I — A; with [|A4;|| < exp L for i < j — 1. Note that this is
true for 5 = 2. We want to find a new Morse form such that this is also true for j + 1.

Step 1: Introduction of new critical points of index j. Let q{,...,qij be the
critical points of w with index j and let d{, e ,d{j be the generators of D;. Denote the

chain inverse of ¢ by ¢. By Lemma 6.5 we can assume that ¢; = ;' for i < j — 1. Also
let H: C, — C,11 be a chain homotopy H :id ~ ¢ o ¢. Since C, is free, we can assume
that H; = 0 for i < j — 1, compare Dold [10, Ex.VI.1.12.4].

For every d{ we introduce a pair of critical points p{ and p{“ of index j and j + 1

by Proposition 5.4, thus getting a new Morse form «’ and a transverse w’-gradient v'.
Also, we can achieve this so that (i,,.); = I _,Ej , (Yowr)jrr = I _,EjH

’ L ’ B
and (,.); = I — E; for i # j, 7+ 1 with [|E|], |E}]| < min{1,|¢| '} - expL. Also
1 Cia (W v') — C(w',0') s of the form

g _ (Om-F B
Jtl Fy I-A

with 0;41 : Cjy1(w,v) — Cj(w,v) the boundary, ||A|| < 1 and ||F;|| < min{1,|¢||} -
min{1, ||H|~%,]l¢]"'}. The composition of ¢ and 1,, gives a simple chain homo-

topy equivalence ¢ with [|p; — ;|| < expL for i # j, j+ 1 and ¢} = ( i ];,FJ ),
j
i1 = ( SOjHF,_ Fy >, where || F;||, || F}|| < exp L. So by Lemma 6.4 we have a sim-
1

_
ple chain homotopy equivalence ¢ : D, — C,(w',v") with ¢; = ( @Ij—i—F; ), Vi =
J

SOjJrl)_(FjH ) with [[F|| < exp L and ; = ] for i # j, j + 1. Since L <0, I + Fj is

invertible.

Let E, = C.(«',v'). Then E; = C; & D;. Perform an elementary change of basis on E; of
o o " / -1
the form ( é (5 F]I)(I + F]> ) With this change of basis the matrix of 9, is of

the form . Using Proposition 5.2, we can approximate this elementary change

0
I+ Fj
of basis arbitrary well. So approximate the elementary change of basis so that we get a
Morse form w”, a transverse w”-gradient v” and a simple chain homotopy equivalence 1) :
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D, — Cu(w,v") with 1} = I_YGj 7;+1=(*0j*12Gj+1),anduw;—soiu@xpL

for i # j, j + 1 with [|Gy|| < exp L and the boundary 97, , : Cj 1 (w",v") — Cj(w",0v") is
of the form

/" _ aj—i—l - Kl —¥; = KQ
T —Ks I— A

with [|KG|| < min{L, [[H[7", ¢ 7'} and [|A"] < 1.
Define L; : C(w",v") = Cj(w”,v") by L; = ( _[_g 8 ) Then
J
9 ol — 0jm1H; — KhH + pj0; + Kop; 0
JHL —K3H; —p; — A'p; 0

- (270)

with ||S|| < 1. So for every critical point ¢ there exists a u, € Cjyq(w”, v") with 87, ur =

k J 7+1
(L—ag)qy+7r with [lag|| < 1 and pyx(r) = 0, where py : Cj(w”,v") — Cf,v") is projection
to the span of ¢j.

Rename w = w”, v =0v" and p =/,

Step 2: Removal of unnecessary critical points of index j The critical points of w
of index j are ¢, ... ,qij and p, ... ,pfj where the ¢ are the critical points of the original

w and the p{c correspond to the generators d{c of D;. For qi introduce a pair of critical
points ri“ and ri” of index 7 + 1 and j + 2 with Proposition 5.4 to get a new Morse
form w’ and a transverse w’-gradient v’ so that ¢’ = v, o ¢ satisfies ¢, = ¢, — E; for
1£j+1,j+2, ¢, = it ) and o, = ( P72 ) with ||E;|| < exp L for all i. In
7 J J Pi+1 ( Ej . Pit2 Ejis | ]| P

particular we have p,(9ri") = aq] with |ja|| < exp L.

With the elementary change of basis on C;1(w’,v") of the form 7" = /™" 4 u; we get
pex(07) = (1 — ap + a)gl. So use Proposition 5.2 to get a new Morse form w” and
transverse w”-gradient v” such that for the critical point r, ™" we now have p,(dr.™) =

(1 — b)q] with ||b]| < 1. Therefore we can cancel the critical points 7' and ¢/ for all k

) with ||G,|| < exp L. We can

. Y
using Theorem 5.5. Remember we have ¢; = ( I—C.
j
cancel so that for the new Morse form without the critical points ¢7, . . . ,qij we now have
! =1 — G with ||G}|| < exp L for all i < j. Therefore we have finished the induction
step.

So we can assume that we have a simple chain homotopy equivalence ¢ : D, — C\(w,v)
such that ¢; = I — A; with ||A;]] < expL for i < n — 4. Notice also that everything
we have done so far would have worked if D, was just chain homotopy equivalent to the
Novikov complex. But to get the result in the final two dimensions, we need the same
simple homotopy type. Denote C, = Cy(w,v).
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Step 3: Introduction of new critical points in dimension n — 3 and n — 2.
We want to introduce new critical points of index n — 3 and n — 2 for every generator
of D, 3 and D,_5. Let us do this on an algebraic level first. We have a simple chain
homotopy equivalence ¢ : D, — C, such that ¢; : D; — C; is a simple isomorphism for
i < n — 4. Define a new chain complex E, by E; = C; and 9F = 9 for i < n — 4,
En—3 = Cn—?; S Dn—2 D Dn—S; En—2 = Cn—2 S Dn—3 S Dn—2 and

o, 0
oF , = 0 0
0 I—A,;

n

0
I—A, OF =(054 0 0)
0

with || A,_2||, [|[An_s|| < 1. It is easy to see that F, is simple homotopy equivalent to C,

Pn—3 Pn—2
and ¥ : D, — FE, defined by ¥; = ¢; fori <n—4,, 3 = 0 s Y9 = 0
0 0
is a simple chain homotopy equivalence.
Pn-3
By Lemma 6.4 1 is chain homotopic to ¢’ with ¢ =, fori <n—4, ¢! _, = 0 ,
Spn—Q
o= (I—A, 3719”7, |. Let » be a chain inverse to ¢ such that ¢; = ! for

0
1t <n-—4and K : Dx — D,; a chain homotopy K :id ~ ¢ o ¢ such that K; = 0 for
i1 #mn—3.

Now define a chain homotopy H, : D, — FE,.1 by H; = 0 for i # n —3 and H,,_3 =

0
0 . Then H : ) ~ " with ¢ =} for i <n — 4 and
Kn—S
¥n—3 Pn—2
"= (I—A, 2K, 3 |, ¢! s=1| (I —A,3)7'0P, |. Perform a change of basis
I I — @n—2§0n—2
I 00 Pn—2
on E,_5 of the form 0 I 0 |,then the matrix of ¢ ,is | (I — A, 3)7*97,
@n—? 0 I I
and the boundary matrix is
¢, 0 0
87?—2 = _<I - An—2)@n—2 0 I— An—Z
0 I—A, ;3 0
Define F; =0fori<n—4, F, 3=C,_3® D, s and F,_5: C,,_o ® D,_3. Now 9" is a
!
chain map ¢" = ( L > : D; — F; ® D; with ¢, a simple automorphism for every . By
D

Ranicki [29, Prop.1.8] we have that coker(¢)”) is isomorphic to a chain complex F, with
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) e 0 _
P 9 Pn—3
—= n — - O I - An_
o = (e o)~ Cam i ) +)

— 1 0 ar?—? —¥n-3 1 0
N 0 [_Aan _§5n72 —fAn-3 0 [_An73

Furthermore, again by Ranicki [29, Prop.1.8] the natural projection p : C(¢)") — coker(¢)")
= F'is a chain homotopy equivalence with torsion

[\

n—

7(p) = (=) r (), : Dy — D;) € Wh(G; x),

I
[\

. c —
so 7(p) = 0 and we have 7(F) = 7(¢") = 0. Therefore D := ( 6:;_2 [SO(n_?’ ) is
—¥n-2 T IHn-3

a simple matrix. By Lemma 6.2 there is an R > 0 such that D — B is also simple for
|B|| < R. Also 8% , — B is simple for ||B|| < R and || A, 2|, ||An_3| < 1.

I 0 —¥n-3
Now perform a change of basis on E,_3 of the form [ 0 I —(I —A,_5)K,_3 |. Then
0 0 I
the matrix of 9¥ , is
0y —n-3(l — Ay_s3) 0 _
8572 = _(I - An—2)@n—2 _(I - An—2)Kn—3(I - An—?)) ] - An—2 =: D
0 11— A, 3 0

Now introduce as in Step 1 new critical points p? > and r"~2 of index n — 3 and n — 2
for every generator of D,,_3 and critical points pZ_Q and T’Z_?’ of index n — 2 and n — 3
for every generator of D, o to get a new Morse form w’ and transverse w’-gradient v'.
We can approximate the described change of basis on C,(w’,v’) to end up with a Morse
form w” and a Novikov complex C,(w”,v"”) such that 9, o = D — X with || X|| arbitrary
small. In particular we can make it so small that the submatrix, denoted 0, corresponding
to the critical points {¢"~2, 772} and {q'*, 7"} is simple and ¢; = [ — A;, ¥, 3 =

* *
* and 1,9 = * with || A4;]| < exp L for all 7.
I— An73 I — An72

Step 4: Elimination of critical points in dimension n — 3 and n — 2 Using Lemma
6.2 we can change 0 into a matrix of the form I — B with || B|| < 1 by elementary changes
of basis and stabilizing. Approximate these changes of basis and add critical points so
that for the Novikov complex we have

I - B
On-z = ( * I)

with ||B’|| < 1. Now we can cancel all critical points {g/'®, 7} against the critical
points {g"~2, 772} to get the required Morse form. O
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As a corollary we get Latour’s theorem [18]. If the chain complex C2(M; Zg}x) is acyclic,
define the Latour obstruction to be 7(M, o) = 7(C2(M;ZG,)) € Wh(G; x).

Theorem 6.6. Let M be a closed connected smooth manifold with n = dim M > 6 and
a € HY(M;R). Then a can be represented by a closed 1-form without critical points if

and only if a is CC*, C*A(M;ZE’X) is acyclic and 7(M,a) = 0 € Wh(G; x).
Remark 6.7. To proof Theorem 6.6 directly, notice that the fairly involved steps 1 and

3 are not needed for this.

To compare Theorem 6.3 to Pajitnov [24] we need a new notion.

Definition 6.8. Let N € R. Two finitely generated free Z/@X chain complexes with basis
and rank D; = rank E; for all i are called N -equivalent if |0 — || < exp N.

The analogue of Pajitnov [24, Th.0.12] is
Theorem 6.9. Let M be a closed connected smooth manifold with n = dim M > 6 and
a € HY(M;R) be CC*. Let D, be a finitely generated free ZG,, complex with D; = 0 for

1 <1 and v > n — 1 which is simple chain homotopy equivalent to C*A(M;Z/@X). Given
N € R there is a Morse form w representing o and a transverse w-gradient v such that
D, and C,(w,v) are N-equivalent.

Proof. By Theorem 6.3 there is a Morse form w, a transverse w-gradient v and a simple
chain isomorphism ¢ : D, — C,(w,v) with p; = I — A; and ||A;|| < ||0]| "' exp N. Then,
since ¢ is a chain map, we have ¢; ;0P ;' = 0. As matrices we get

107 — oF| 107 — (I — Ai1)d7 (I — Ai) 7|
max{[[ 4107 ||, |07 Asll}
107 masx{[| Ay, 1|4}
1071+ 1107117 - exp N

IAIA A

O

Instead of the Novikov ring we can look at a certain noncommutative Cohn localization.
Let X, be the set of diagonal matrices over ZG of the form I — A with ||A]|, < 1. By Cohn
7] there is a unique ring X 1ZG and a natural ring homomorphism i : ZG — Z;lZG
with i(X,) C GL(X{'ZG) such that for every ring homomorphism 7 : ZG — R with
n(X,) C GL(R) there is a unique ring homomorphism ¢ : 2;120 — Rwitheoi=n.

Notice that the inclusion j : ZG — @X satisfies j(X,) C GL(Z/EJX), so there is a ring
homomorphism ¢ : Z;lZG — ZZ}X with 7 = € o4. In particular i : ZG — E;1ZG is
injective. Define Wh(G; ¥,) = K1 (X'ZG) /([£g], [i(Xy)])-

A result of Farber [12] says that given a Morse form w there is a finitely generated free
¥ 1ZG complex D, simple chain homotopy equivalent to C2(M; ¥ 1ZG) with rank D; =
¢i(w) = {p € M|w, = 0and indp = i}|. Notice that Farber [12, Lm.8.12] points
out that D, need not be simple chain homotopic to C2(M; X 1ZG) when viewed over
Ki(X'ZG) /([£g]). But by comparing the proof of [12, Lm.8.12] with [12, Lm.7.1] and
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Ranicki [29, Prop.1.8] one sees that the torsion of the last collapse in [12, Lm.8.12] vanishes
in Wh(G; %,). Combining this with Theorem 6.3 we get

Theorem 6.10. Let M be a closed connected smooth manifold with n = dim M > 6 and
a € HY(M;R) be CC*.

(1) Given a finitely generated free E;lZG complex D, with D; = 0 for i < 1 and
i > n — 1 simple chain homotopy equivalent to C>(M; E;lzG) there is a Morse
form w with ¢;(w) = rank D;.

(2) Given a finitely generated free ZZ?X complex E, with E; =0 fort <1 andi>n—1
simple chain homotopy equivalent to C*A(M;Z/@X) there is a finitely generated
free Z;IZG complex D, with rankZ;1ZGDi = rankZAGXEi simple chain homotopy
equivalent to C2(M; X 'ZG).

In particular the Latour obstruction for the existence of a closed 1-form without critical
points pulls back to an obstruction in Wh(G; X, ). In the rational case the obstruction
actually pulls back to Wh(G), see the original fibering obstructions of Farrell [14, 15] or
Siebenmann [36] and their comparison to the Latour obstruction in Ranicki [28]. This

raises the question whether the Latour obstruction can be pulled back to an obstruction
in Wh(G) in general.

Remark 6.11. Theorem 6.3 reduces the problem of finding a Morse form with a minimal
number of critical points in a CC! cohomology class a on a mani/fgld M with dimension
> 6 to the algebraic problem of finding a finitely generated free ZG, complex D, simple
homotopy equivalent to C2(M ;ZEJX) with a minimal number of generators and with
D;=0fori<1andi>n-—1. The last condition that D, =0fori<landi>n-—1
can be removed using Pajitnov [24, Prop.7.14]. By Theorem 6.10 we can furthermore use

Z;lZG instead of ZZ?X.

7. REALIZATION OF TORSION

In this section we analyze the impact of Theorem 6.3 on the torsion of the chain homo-
topy equivalence ¢, : C2(M; ZE?X) — Cy(w,v) described in the appendix. We know by
Theorem A.4 that the torsion vanishes in Wh(G; x), but it is known that 7(p,) is a well
defined element of the subgroup W of K; (ZE?X) /{[xg]| g € G) generated by units of the
form 1 — a with ||a|| < 1. This torsion also carries information about the closed orbit
structure of v in form of a zeta function, see [32, Th.1.1]. So realizing a given element of
W as the torsion of ¢, for some combination of w and v implies the realization of a zeta
function. The result we can prove now reads

Theorem 7.1. Let G be a finitely presented group, x : G — R be CC*, b € Z/ZJX satisfy
16l <1 and € > 0. Then for any closed connected smooth manifold M with m (M) =G
and dim M > 6 there is a Morse form w realizing x, a transverse w-gradient v and a

b € ZG,, with |b— V|| < & such that (p,) = 7(1 — V) € K1(ZG,)/([g] | g € G).

Proof. Choose a Morse form w’ representing x and a transverse w’-gradient v’. Let 1 —c €
ZG, represent 7(1—b) —7(p,) € W. Let C, = C.(w',v'). Denote by C(1—c), the finitely
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generated free Z/E’X complex with C(1 —¢); =0 for j # n —3,n — 2, where n = dim M,
C(l—c); = Z/E‘X forj=n—-3n—-2andd: C(1—c¢),—o — C(1 —¢),_3 is multiplication
by (1 —¢)V"". Then C(1 — ¢), is acyclic with 7(C(1 — ¢),) = 7(1 — b) — T(¢y). Also
D, = C, ® C(1 — ¢), is simple homotopy equivalent to C,. By Theorem 6.3 D, can
be approximately realized as the Novikov complex of a Morse form w and a transverse
w-gradient v. Note that in the proof of Theorem 6.3 we can start directly with Step 3 and
we only have to introduce critical points for the generators of C'(1 — ¢),. By analyzing
the proof using Section 5 we see that there is a sequence of Morse forms w;, i =1,...,k
with w; = &', wp = w and w; agrees with w’ in a neighborhood of the critical points of
w'. Furthermore there are homotopy equivalences ¢ : C,(w;, v;) — Ci(wir1,v;41) chain
homotopic to 1y, ,,, and the matrix of ¢’ restricted to the subgroup generated by the
critical points of &’ is of the form I — A with ||A|| < e. Denote ¢ = "t o--- 0!, then
7(Yw ) = 7(p) by Proposition A.2. We have Cj(w,v) = C; for j # n — 3,n — 2 and
Cijw,v) =C; & ZZ}X for j = n —3,n — 2. Since all p; restricted to C; are of the form
I — A; with [|A4;]] < e we get that ¢; is a split injection and that C(y) is chain homotopy
equivalent to coker(y) by the projection p : C(¢) — coker(y), see Ranicki [29, Prop.1.8].
Furthermore 7(p) = Z;‘;ﬁ(—l)jHT(gpj : C; — (). Also coker(¢p) is an approximation of
C(1—c), i.e. T(coker(¢)) = 7(1—c)+7(1—e) where e € Z/éx satisfies ||e]| < e. Therefore

T(Yv0) = 7(p) = T(coker(¢)) = 7(p) = 7(1 = c) = 7(1 = ¢)
with ||¢’]] < e. By Proposition A.2 we now get

(o) = T(Vy ) + () = T7(1 = b) — T(pp) = T(1L — €') + 7(pur)
This gives the result. 0

8. POINCARE DUALITY

Let M be a closed connected smooth manifold, w a Morse form and v a transverse
w-gradient. Then —w is a Morse form as well and —v a transverse (—w)-gradient.
To define the Novikov complex C,(w,v) we need to choose orientations of W?*(p,v)
which induce coorientations of W*(p,v) and liftings p € M for all critical points p
of w. These orientations lift to orientations of W#(gp,v) for all ¢ € G. To define
C,(—w, —v) we need orientations for W*(p, —v) = W*(p,v). The universal cover M
is orientable, so fix an orientation. Denote chosen orientations by o(/N) for orientable
manifolds N. Now choose for every critical point p an orientation of W#(p, —0) such
that o(W*(p, 7)) A o(W*(p, —0)) = o(M), where the wedge means ”followed by”. Use the
covering transformations to orient W#(gp, —0) for all g € G and the projection to orient
W*(p, —v). Then o(W*(gp,v)) A o(W*(gp, —0)) = w(g) - o( M) where w : G — {£1} is
the orientation homomorphism of M.

Let p, q be critical points of w with indp =indg+ 1 =i. Let T be a trajectory between
p and g, where p and ¢ are the chosen liftings of p and ¢q. Then g=*(—T) is a trajectory
between ¢ and ¢g~'p. With the choice of orientations we now get

(1) e(g7(=T)) = wlg)(=1)'e(T)
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where £(T) and (g~ '(—T)) are defined as in Section 5.

The involution™: ZG — ZG given by A(g) = w(g) - A(g~!) extends to an antiisomorphism
~: ZGy — ZG_. By (1) we now get

(2) pral = (=1)[a:pl

If Ais a left ZEJ_X module, we can turn HomZAG,_X(A, ZZ}_X) into a left ZZJX module by
setting A - ¢ : a — p(a) -\ € @_X.

Let C*(—w, —v) = Homgzz (Ci(—w, —v), Z/a,x). Using (2) it is easy to see that

P: Ciw,v) — C"*(—w,—v)
p (_1)i(i+1)/2p

is a simple isomorphism of free ZZ;'X chain complexes, where p : C\(—w, —v) — ZZ}_X is
defined by p(p) = 1 and 0 for all other critical points. This induces the Poincaré duality
isomorphism P, : H;(M;ZG,) — H""(M,ZG_,).

To get a duality isomorphism for the noncommutative localization 1Z.G we need the
following

Lemma 8.1. Let R be a ring with unit,”: R — R an involution, ¥ a set of diagonal
matrices over R which is closed under transpose. Then the involution extends to an
antiisomorphism™: ¥ 'R — YR,

Proof. For any ring S denote S° the opposite ring, i.e. multiplication is given by (z,y) —
y - x. Hence we can think of the involution as a ring homomorphism ¢ : R° — R. Let
£ : R — Y7'R be the natural map. Now £ o ¢(¥) C GL(X"'R). Note that A € ¥
can be thought of as a matrix over R° and then ¢(A) is a matrix over R contained in
Y. Therefore we have a unique map 6; : ' R° — S 7'R such that 6, o &’ = £ o ¢ with
¢’ : R° — Y 'R° the natural map. Similarly we get a unique map f, : ¥ 'R — X~!R°
such that €' o o = 0,05 : R — YL 1R°. It follows that #; and 6, are mutually inverse
isomorphisms.

We have &'(R°) C ¥R, so (¢')°(R) C (X7'R°)°. Also if A € X, then AT € ¥ and
g/(AT) is invertible in ¥7'R°. But if a matrix is invertible over a ring S, its transpose
is invertible over S°. Therefore (¢')°(A) is invertible in (37'R°)°. Thus there is a ring
homomorphism v, : X' R — (£71R°)? such that (¢/)° = 1, oe where e : R — X' R is the
natural map. Similarly we get a unique ring homomorphism v, : 37! R° — (7' R)° with
poe’ = R° — (X71R)°. It follows that ¢ and 3 are mutually inverse isomorphisms.
Now 6; 04§ : (X71R)° — 71 R induces the desired antiisomorphism. O

Now let P : C24(M) — C%*(M) be a Poincaré duality simple chain homotopy equiva-
lence, e.g. induced by an exact Morse form df. Let ¢ : ZG — X 1Z.G be the inclusion.
Then we get a simple chain homotopy equivalence

id® P: C2(M;S'ZG) — S ZG @z Ca*(M).

Using Lemma 8.1 we have an isomorphism © : Z;1ZG Rza CZ‘*(]\ZI) — O (M, Z:;ZG)
given by O(r ® 6*) : s®@ 7+ s-o*(7) - 7. Hence we get a Poincaré duality simple chain
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homotopy equivalence
P CH(M; 5" 2G) — CRT{(M; 202G,
Because of Poincaré duality we now get

Proposition 8.2. (1) CA(M; Z/ax) is acyclic if and only if C’*A(M;Z/é,x) is acyclic.
(2) CA(M; Z;lzG) is acyclic if and only if C2(M; E:;ZG) is acyclic. O

In that case we get for the Latour obstructions
T(M,a) = (=1)"7'7(M, —a)
both in Wh(G; x) and Wh(G; X, ) by Milnor [20]. Notice that the antiisomorphism  :

ZG_, — ZG, induces an isomorphism of abelian groups™: Wh(G; —x) — Wh(G; x) by
taking the conjugate transpose of a matrix. Similar for Wh(G; X, ).

9. CONNECTIONS BETWEEN NOVIKOV HOMOLOGY AND CONTROLLED CONNECTIVITY

Proposition 4.1 and Proposition 4.4 show directly how controlled connectivity properties
lead to the vanishing of certain Novikov homology groups and vice versa, at least in the
manifold case. In Section 4 we did not deal with end points as we needed absolute CC*
for the results in Section 6. But we can refine the results of Section 4 slightly by looking
at end points.

For a control function f of a define
M; = [~ ((—o00,t]) and M;t = f7'([t, 00))
The analogues of Propositions 4.3-4.5 are now

Proposition 9.1. Let « € H'(M;R). Assume that « # 0 and n = dim M > 3. Then
the following are equivalent.
(1) a is CC° at —oo (resp. +0).
(2) There is a control function f of a without critical points of index 0, n and with
connected M, (resp. M;").
(3) There is a control function f of o with connected M, (resp. M;).

The proof is analogous to the proof of Proposition 4.3.

Proposition 9.2. Let a € HY(M;R). Assume that a # 0 and n = dim M > 5. Then «
is CC° at —oo (resp. +00) if and only if o can be represented by a Morse form w without
critical points of index 0, 1 and n (resp. 0, n —1 and n).

Proof. Replace N (f,t) by M, in the proof of Proposition 4.4, the rest is analogous. [

Proposition 9.3. Let a € H'(M;R). Assume that a # 0 and n = dim M > 5. Then
the following are equivalent.
(1) a is CC* at —oo (resp. +00).
(2) There is a control function f of a without critical points of index 0, 1 and n (resp.
0, n— 1 and n) and with simply connected M, (resp. M;").
(3) There is a control function f of a with simply connected M~ (resp. N;7).
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O

Example 9.4. Let M be a closed connected smooth manifold such that its fundamental
group is the Baumslag-Solitar group G = (z,t|t 'zt = 2?). Clearly H{(M) = Z. Let
a € HY(M;R) induce the homomorphism x : G — Z given by x + 0 and ¢t — 1. It is
shown in [2, §10.2] that y is CC' at —oo, but not CC? at +oo.

This shows that we can find cohomology classes which are CC' over —oo but not C'C?
over +00. In particular we can represent such a cohomology class by a Morse form without
critical points of index 0, 1 and n, but with critical points of index n — 1.

Let us now return to the group theoretic setting. Given a character y : G — R let
X again be the k-skeleton of the universal cover of a K(G,1) CW-complex with finite
k/—\skeleton and h a control function. We can look at Elge completed cellular complex
LGy ®zc Co(X) and the completed singular complex ZG, ®z¢ C$(X) and denote its
homology by H,(X; Z/ax) For this situation let us introduce a notion similar to controlled
connectivity.

Definition 9.5. The homomorphism x : G — R is called controlled (k — 1)-acyclic
(CA*=1) over —oc0, if for every s € R and p < k — 1 there is an A(s) > 0 such that every
singular p-cycle (over Z) in X, bounds in X, ) and s + A(s) — —o0 as s — —o0.

We can define y being CC*~! over +oo similarly. For k < 1 we clearly have y is CCO*!
over —oo if and only if x is CA*~! over —oo. For higher k we have the usual problem in
comparing homology and homotopy, but there is a Hurewicz-type theorem, see Geoghegan
[16].

Theorem 9.6. For k > 2, x is CC*! over —oo if and only if x is CC' over —oo and
CAF1 over —oo. O
The relation with Novikov homology is now summarized in

Proposition 9.7. [1, Prop.D.2] Let x : G — ]R/b\e a character, k > 1 and X as above.
Then x is CA*=2 over —oo if and only if Hi(X;ZG,) =0 fori <k —1.

Proof. We can attach (k + 1)-cells to X to make X k-connected. This will not change
the Novikov homology in dimensions < k — 1. We can describe C' A¥~! by saying that the
map H;(X,) — I:Ii(XSJr)\(S)) induced by inclusion is trivial for i < k — 1 with s and A(s)
as in the definition. We have the commutative diagram

Hin(X, X5) - I:—,i(Xs)

Hii(X, Xoiae) — Hi(Xoirs)

and the horizontal arrows are isomorphisms for ¢ < k — 1 since X is k-connected.

It is known that ZEJX ®zc C(X) = lim C¥(X, X), compare Remark A.5, so the Novikov

homology fits into a short exact sequence

0 — lim' Hyy (X, X,) — Hi(X,2G,) — lim Hy(X, X,) — 0
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see e.g. Geoghegan [16]. By the diagram above and this short exact sequence we now
get immediately that CA*~! implies the vanishing of the Novikov homology groups in
dimensions < k — 1 and this vanishing implies C A*~2. To see that already C' A*~2 implies
Hy_1(X; ZEJX) = 0 note that by Bieri and Renz [5, Th.4.2] the inverse system { Hi (X, X;)}
is surjective, hence @1Hk(X ,Xs) = 0. By the short exact sequence above we get the

result. O

Let us now look at the case of an aspherical manifold M. In this case we can use the
universal cover M to check for all controlled connectivity properties.

Proposition 9.8. Let M be an aspherical closed connected smooth manifold with n =
dim M and x : G — R a character. Then the following are equivalent.

(1) The Novikov complex C*A(M;Z/@X) is acyclic.

(2) x is CA"™2 over —oo.

(3) x is CAZITL
Proof. By Proposition 9.7 we get 1. = 2. and 1. = 3.

If x is CA™ 2 over —oo, we get Hi(M;Z/éX) =0 for © < n — 1 by Proposition 9.7. Now

H,(M;ZG,) = H°(M;ZG_,) = 0 by Poincaré duality and since x # 0.

If y is CABI7L) we get H;(M; Z/E’X) =0 for i < [§]. Now for ¢ > [5] 4+ 1 we have
Hy(M;ZG,) = H" ' (M; ZG_))

But n —i <n—[3] —1< [5] and Hn_i(M;ZZ;_X) = 0, since —x is CAEZI as well.

Therefore we get the result. 0

The proof shows we can loosen the condition that M be aspherical slightly to get

Corollary 9.9. Let M be a closed connected smooth manifold with n = dim M and
X : G — R a character such that M is [%]-connected. Then C2(M;ZG,) is acyclic if and
only if x is CAlz1-1, O

For an aspherical manifold M Latour’s theorem can now be phrased as

Theorem 9.10. Let M be an aspherical closed connected smooth manifold with n =
dimM > 6 and x : G — R a character. Then x can be represented by a nonsingular
closed 1-form if and only if x is CCY, x is CA"™2 over —oo and 7(M, x) = 0. 0

Whitehead groups of aspherical manifolds are conjectured to be zero which is known for
certain classes of manifolds. In this case CC! and C' A™ over —oo suffices in Theorem 9.10.

APPENDIX A. CHAIN HOMOTOPY EQUIVALENCES BETWEEN NOVIKOV COMPLEXES

In this appendix we introduce several chain homotopy equivalences between Novikov
complexes and sketch proofs of their properties. The techniques involved are described in
more detail in [31, App.A] and [32, §9]. The reader might also want to compare Cornea
and Ranicki [8], Hutchings and Lee [17, §2.3], Latour [18, §2], Pozniak [27, §2] and Schwarz
(33, 34].
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The Morse-Smale complex. Let us begin with the exact case. Let (W; My, M;) be
a compact cobordism, f : W — R a Morse function and v an f-gradient satisfying the
transversality condition. A smooth triangulation A of W is said to be adjusted to v, if
every k-simplex o intersects the unstable manifolds W*(p,v) transversely for all critical
points p of index > k. In particular, if p is a critical point of index k, a k-simplex o
intersects W*(p, v) in finitely many points. Using the orientations we can assign to every
such point a sign. Given a regular covering space ¢ : W — W we can use the covering
transformation group G and liftings of critical points and simplices to assign an element
[0 : p] € ZG to the intersection and define a map

o - C*A(Wa MO) B Ci\/[S(W,MO,f,U)

on = Y lo:plp
pecrity(f)
Here CM S(W, Moy, f, U)NiS the Morse-Smale complex generated by the critical points of f.
For A C W we denote A = ¢~ !(A). It is shown in [31, App.A] that adjusted triangulations
are generic and ¢, is a simple homotopy equivalence.

Now given another Morse function g : W — R with a transverse g-gradient w, let
¢ : W — W be isotopic to the identity such that ®(W?*(q,v))H W*(p,w) for criti-
cal points ¢ of f and p of g with indg < indp. The existence of ® is achieved by
standard transversality arguments. Furthermore we get openness and density for such
® in the smooth topology. If indg = indp we get that ®(W*(q,v)) N W¥(p,w) is fi-
nite, in fact we get an intersection number [q : p| € ZG as above and we can define
Yy CMS(W, My, f,v) — CMS(W, My, g,w) by

Yow(@) = D la:plp

p,ind p=ind ¢

The proof that ,,, is a chain map is identical to [32, §9], even though the two Morse
functions there were equal. Also, as in [31, Lm.A.2] the chain homotopy type does not
depend on .

Proposition A.1. Fori =0,1,2 let f; : W — R be a Morse function of the cobordism
(W3 My, My) and v; a transverse f;-gradient. Then

(1) Yuo,01 © Poy = Loy -
(2) Vs v © Yugor = Vg v, -

In particular we get that 1, ,, is a simple chain homotopy equivalence.

Proof. The proof of 1. is identical to the proof of [32, Prop.9.4] even though the Morse
functions there are equal. 2. now follows from the fact that ¢, is a chain homotopy
equivalence, but in view of the nonexact case let us give a direct proof. Let & : W — W
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be isotopic to the identity such that

O(W*(q,v0)) M W*(p,v1)
(3) O(W=(q,v0)) M W*(r,vs)
O(W*(p,v1)) M W*(r,vs)
for the relevant critical points. For j = —1,...,n and d > 0 let
D(vi) = U D;s(p,vi) U Mo
pEcrit f;
ind p<j

Choose § > 0 so small that ®(DJ(v;)) is disjoint from W*(p, vy,) where k > i and ind p > j.
This is possible by (3).

Let © : W x R — W be induced by the flow of —wvy, i.e. stop once the boundary is
reached. There is a K > 0 such that ®(Ox(Dj(vg)) C D}(v1). Let h : W x I — W be
a homotopy between the identity and ® o ©x such that ®(h(W*(p,ve) x I))N W (r, vs)
for indp < indr — 1. Again we get intersection numbers [p : r] € ZG. Then h defines
a chain homotopy H : CMS(W, My, fo,v0) — CMS(W, My, fa, v2) between 1y, v, © Py
and Yy, b

H(p)= (=17 > [p:r]r.
r,ind r=ind p+1
To see that this is indeed the right chain homotopy compare the proof of [32, Prop.9.4]. O

The Novikov complex. Let M be a closed connected smooth manifold and w; be co-
homologous Morse forms with transverse w;-gradients v; for ¢ = 0,1. Then we can define
chain maps

v, : CA(M;ZG) — Calwi, vy)
and

Yoy = Cu(wo, v9) — C(wr, 1)

as in the exact case using intersection numbers which are now elements of @x- To see this
one uses inverse limit arguments in the rational case, compare the proof of [32, Prop.9.2].
The 1rrat10nal case 1s treated by approximation, one shows that [0 : ¢] and [p : ¢] are
elements of ZG NZG v, where X' : G — Q. The details are similar to [32, Prop.9.2],
though the Morse form is fixed there, and will be omitted.

Proposition A.2. For: =0,1,2 let w; be cohomologous Morse forms and v; transverse

w;-gradients. Then

(1) Vo0, © Poy = Loy -
(2) VYuy 03 © Yugo1 = Vg va-

Proof. Both statements are deduced from the exact case by inverse limit arguments in
the rational and approximation arguments in the irrational case. Compare the proof of
(32, Prop.9.5]. O

Corollary A.3. ¢, ., and p,, are chain homotopy equivalences.
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Proof. That 1, ., is a chain homotopy equivalence follows from Proposition A.2.2 since
Yoo = id. To see that ¢, is a chain homotopy equivalence, it is by Proposition A.2.1
good enough to find a v; such that ¢,, is a chain homotopy equivalence. But by a nice
trick of Latour [18, Lm.2.28] there is a Morse form w; cohomologous to wy and a transverse
wi-gradient vy such that vy is also the gradient of an ordinary Morse function f : M — R.

Then C,(wy,v1) = Z/ax Q2 Co(M, f,v1) and @, = idzg, ®za @5 Since )5 is a chain
homotopy equivalence, so is ¢, . O

We are also interested in torsion.

Theorem A.4. v, ,, and ¢,, are simple chain homotopy equivalences, i.e. T(Vyy ) =
() = 0 € Wh(G; x).

Proof. That 7(¢,,) is in the image of units of the form 1 — a with ||a|| < 1 is shown in
[32]. Now 7(%y,4,) = 0 follows from Proposition A.2.1.

Alternatively we can use the techniques of Latour [18, §2.25-2.28] to show that 7(¢y, .4, ) =
0. Then 7(p,,) = 0 follows from Proposition A.2.1 after noticing that 7(¢,,) = 0 for ¢,
as in the proof of Corollary A.3. U

Remark A.5. Both proofs that 7(y,) = 0 are quite involved. But in the rational case
there is a significantly easier proof: let p : M, — M be the infinite cyclic covering such
that p*w = df. We can assume that 0 is a regular value of f and that f(tz) — f(z) = 1 for
a generator t of the infinite cyclic covering transformation group. For k a positive integer
let My, = f~1([~k,0]) and Ny, = f~'({—k}). Then the following diagram commutes

CA(My, Ny) —  CA(Myy1, Niy1)

2 Lew
CNS(MMN/% f|7UD — CyS(Mk—i-l; Nk+1)
—~ 0 o~
Let ZG, be the subring of ZG, consisting of elements a with [[a|| < 1 and let H = ker x.

—~0

Then the inverse limits are finitely generated free Z(G, complexes. Since @, is a chain

homotopy equivalence, so is lim¢,. Also idzy ®=0 limpy = @y : C*A(]V[l,Nl) —
— X —

CMS(My, Ny, f,v]) and id R0 limp, = @, : CA(M;ZG,) — Cy(w,v). Since Dol
X X —
is simple, 7(limy,|) € kerr, C Kl(@i)/(:l:[hﬂh € H), where r : @i — ZH is

projection. But by an elementary argument ker r, is generated by units of the form 1 —a
with |la|| < 1, see Pajitnov [23, Lm.1.1]. Hence 7(yp,) = i.7(limg,) = 0 € Wh(G;x)

3 —~~ 0 o~ L. .
where i : ZG, — ZG, is inclusion.
This proof does not seem to carry over to the irrational case.

Continuation. Given two Morse-Smale or Novikov complexes, one can find other meth-
ods in the literature to produce a chain homotopy equivalence between these complexes,
like continuation. This principle is explained e.g. in Schwarz [33] or Pozniak [27, §2]. The
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purpose of this subsection is to show that even though its definition differs from the defi-
nition of v, ,, given above it agrees with 1), ,, up to chain homotopy. We will only consider
the exact case noting that the nonexact case can be derived from the exact case by the
typical techniques described above. To describe continuation we choose the description
of Pozniak [27, §2.6].

So let f,g : M — R be Morse functions, v a transverse f-gradient and w a transverse
g-gradient. Let FF : M x R — R be a smooth function with F(z,0) = f(x) + C,
F(z,1) = g(z) + Cy such that the critical points of F' are exactly of the form (p,0) where
p is a critical point of f and (g, 1) where ¢ is a critical point of g. Furthermore we want
ind (p,0) =indp+ 1 and ind (¢, 1) = ind ¢. Using a transverse F-gradient u which agrees
with v on M x {0} and with w on M x {1}, Pozniak [27, §2.6] shows that there is an
acyclic finitely generated free Morse-Smale complex CMS(F,u) which fits into a short
exact sequence of chain complexes

0—>C}£MS(M,Q,IU) _)C»{WS(F7U) _>C%§(M7fvv) —0

But this means we can think of CM9(F,u) as the mapping cone of a chain homotopy
equivalence ¢,,, : CM5(M, f,v) — CM5(M, g, w). Furthermore c,,, can be described by
flowlines of —u from critical points (p,0) to critical points (g, 1). Notice that this agrees
with the chain map given in Cornea and Ranicki [8, Prop.1.11].

Proposition A.6. We have cy. ~ by : CMS(M, f,v) — CMS(M, g, w).

Proof. We can assume that W*(p, v)NW"(q,w) for indp < ind q. Let p be a critical point
of f of index 7. Let 6, : R* x R — W#((p,0),u) be an immersion of the stable manifold
in M x R so that we can identify the image of R* x {0} with W*(p,v) in M = M x {0}.
By the definition of F we either have 6,(x,t) € M x (0,1) for all z € R* and ¢ > 0, or for
all z € R and ¢t < 0. Let us assume this is true for ¢ > 0.

Identify CM5(M, g, w) = Hp(C*(w), C*(w)) with C*(w) = M — |J W%q,w), com-

ind g>k

pare [32, §9]. By the transversality assumption on u we can find for every compact disc
D' C R* a K > 0 such that py 0 0,(D" x {K}) C C"(w), since 6,(R***) will avoid critical
points (¢, 1) with indg > . Here py; : M x R — M is projection. We can also find a
large disc D; C R* such that py; 0 6,(dD;, x {K}) C C*~'(w) and

cow(p) = (pyy © 6,):D, x {K}] € Hi(C'(w), C"(w)).

If Dj, is large enough, we also have

Yow(p) = (P37 © 6,)4[D}, x {0}].

Choose K so large that it works for every critical point of f. Let C' be the union of
the images of the discs D; x {0} in M and let h : C' x I — M be a homotopy between
par 0 (D}, x {0}) and pyy 0 6,(D}, x {K}) such that h(py o 6,(D}, x {0}) x I) intersects
W (q,w) transversely for ind p < ind ¢g—1. Then h extends to a homotopy h : M xI — M
of the identity which induces the desired chain homotopy equivalence. 0
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