Bayesian analysis of a capture-recapture-recovery model for birds

Pauline Coolen-Schrijner & Peter Craig pauline.schrijner@durham.ac.uk p.s.craig@durham.ac.uk

Department of Mathematical Sciences University of Durham Science Laboratories, South Road Durham DH1 3LE, UK

Introduction

On several occasions, curlews were captured in the Tees estuary (North-England) and were ringed, a total of 449 birds in all. On some of these occasions previously ringed birds were recaptured. On 556 other occasions, which we will call the observation points, the estuary was visited to record visual observations of ringed birds. During the period of study, 24 ringed birds were found dead (recovered). We denote the sequence of dates of (re)captures and observations by t_1, t_2, . . . , t_N . Here t_i is called an observation time point if any bird is observed at that time point and it is called a non-observation time point if it is not an observation time point but corresponds to a capture or recapture of a bird. Inspired by these data we present a Bayesian approach to estimate bird survival and observation probabilities in a capture-recapture-recovery model.

Preliminaries

With the data we have constructed two matrices, denoted by O = (O_{ij} ) and X = (X_{ij} ) where i refers to a bird identity and j to time point t_j.

2 We define O_{ij} = 1 if t_j is an observation time point and bird i is observed 0 if t_j is an observation time point and bird i is not observed NA if t_j is not an observation time point and X_{ij} = 1 if bird i is alive at time point t_j 0 if bird i is known to be dead at time point t_j NA otherwise.

Let t_{R(i)} be the time point at which bird i was ringed, t_{D(i)} be the time point at which bird i was found to be dead or, if bird i was not found dead, let it be the end of the study and finally, let t_{OC(i)} be the time point bird i was last seen

(observed or recaptured) or, if bird i was never observed or recaptured, t_{OC(i)} = t_{R(i)}. In addition, let Z(i) = 1 if bird i was found dead, otherwise take Z(i) = 0.

Model Parameters

A complete model has parameters {ϕ_{ij}, p_{ij}} where ϕ_{ij} is the probability that bird i survives from time t_{j−1} to t_j given that it was alive at time t_{j−1}, and p_{ij} is the probability that bird i is observed at time t_j when time t_j is an observation point and the bird is alive at time t_j .

Given the model parameters and considering only the time points between t_{R(i)} and t_{D(i)}, the process {X_{ij}} is a Markov chain since for every bird i and for j = R(i) + 1, . . . , D(i), we have P r{X_{ij} = 1|X_{i,j−1} = 1} = ϕ_{ij} P r{X_{ij} = 0|X_{i,j−1} = 1} = 1 − ϕ_{ij} so that X_{ij} , given that bird i is still alive at time t_{j−1}, has a Bernoulli distribution with parameter X_{i,j−1} · ϕ_{ij} . Moreover, since for all i and j = R(i) + 1, . . . , D(i), we have

P r{O_{ij} = 1|X_{ij} =1∩t_j is an obs. point}=p_{ij} P r{O_{ij} = 0|X_{ij} =1∩t_j is an obs. point}=1−p_{ij}

it follows that O_{ij} given that bird i is alive at time t_j and t_j is an observation point has a Bernoulli distribution with parameter X_{ij} · p_{ij}.

Bayesian Modelling

In the Bayesian approach to inference we must specify a prior distribution for the model parameters, which reflects our initial beliefs. When data is observed, these beliefs are updated, resulting in a posterior distribution for the model parameters. This posterior distribution is proportional to the product of the prior distribution and the likelihood function.

In our models we assume that conditional on the values of p = (p_{ij} ) and X, all values in O are independent. Also, the values of X at time t_j are independent conditional on the values of X at time t_{j−1} and on the values of ϕ = (ϕ_{ij} ) at time t_j . Thus the joint likelihood function for the data is the product of the likelihood functions for all individual birds.

Denote by L_i(ϕ_i, p_i; O_i, X_i) the likelihood function of bird i where ϕ_i, p_i, O_i and X_i are the i^{th} row of ϕ, p, O and X respectively. Let OC(i) = max{j|X_{ij} = 1}, D(i) = min{j|X_{ij} = 0} and if the event {X_{ij} = 0} never happens then D(i) = N. Define ξ_{i,j+1} = ϕ_{ij}(1 − p_{ij})ξ_{ij} for j = OC(i) + 1, . . . , D(i) − 1 with ξ_{i,OC(i)+1} = 1, then the likelihood function of bird i can be written as

L_i(ϕ_i, p_i; O_i, X_i) =^{OC(i)} ∏ j=R(i)+1 { ϕ_{ij} p^{Oij}_{ij} (1 − p_{ij} )^{1−Oij} + ϕ_{ij} · 1_{{Oij =NA}} } · {_{D(i)} ∑ j=OC(i)+1 ξ_{ij}(1 − ϕ_{ij} ) + ξ_{i,D(i)}ϕ_{i,D(i)}(1 − p_{i,D(i)}) · 1_{{Z(i)=0}} } .

3 Hazard function

Let T_i be the lifetime of bird i with density function f_i. The probability that bird i is still alive at time t, the survival function of T_i, is denoted by S_i(t), and a natural indicator of the proneness to die after time t has elapsed, the hazard or failure rate function for bird i, is given by h_i(t) = f_i(t)/S_i(t). Using the relationship between the survival function and the hazard function, the survival probabilities ϕ_{ij} can be written as ϕ_{ij} = P r{ T_i ≥ t_j | T_i ≥ t_{j−1} } = e − tj∫ tj−1 h_i(s)ds ∼= e−hi(tj ) · Δtj where Δt_j = t_j − t_{j−1}. In our models, we assume that the hazard function and consequently the survival probabilities are the same for all birds and we model the hazard function in terms of temporal covariates. We have studied a number of models for the curlew data involving seasonality, temperature and time passed since beginning of the study. Seasonality has been modelled in two different ways: periodic and season dependent. For example, the hazard function taking into account seasonality, depending on the season (winter/spring/summer/autumn) to which t_j belongs to, and temperature can be written as

h(t_j )= ( α_1·1{ssn_j = 1}+ α_2·1{ssn_j = 2} + α_3· 1{ssn_j = 3}+ α_4·1{ssn_j = 4} ) ·eβ(tmp^j − tmp) where tmp_j is the maximum temperature during t_j, tmp is the mean maximum temperature during the study, and ssn_j = 1, 2, 3, 4 for all t_j in winter, spring, summer and autumn respectively. The parameter β is approximately the relative increase in the hazard associated with one degree increase in temperature compared to average. The prior for β is a Normal distribution with mean 0. The parameter α_i is approximately the mean hazard during season i and is given an Exponential prior distribution.

The hazard function, taking into account the periodic seasonality, temperature and time passed since beginning of the study, can be written as

h(t_j ) = a(1 + s_1sin(2π w_j 52 ) + c_1cos(2π w_j 52 ))· eβ(tmp^j − tmp) + k(z^j − z̄). Here w_j is the week of the year time t_j refers to, z_j indicates the number of weeks the study has been running by time t_j with mean z̄. The parameter a refers to the mean hazard (instantaneous risk of death), s1 = η · sin(2π^θ_{52} ) and c1 = η·cos(2π^θ_{52} ) describe seasonal changes in the hazard where θ is used to locate the periods of the year when the hazard function is maximum and minimum and η is used to describe the relative magnitude of seasonal variation in the hazard. The parameter k is approximately the relative increase in the hazard per time unit through the period of the study. The parameters a, k, θ and η have been given appropriate prior distributions.

Observation probabilities

The observation probabilities are assumed to be the same for all birds or they are bird dependent by allowing them to depend on the territoriality of the bird. In the first case we model the observation probabilities via

logit(p_{ij}) = logit(π_j )

and take the Uniform distribution as prior for π_j . In the second case, denote by terr = (terr_i) a vector which i^{th} component indicates whether bird i is territorial or not. Unfortunately, we only have partial information. For the birds for which we do not know the territorial status, we assume that terr_i has a Bernoulli distribution with parameter u, where u has a Beta(1,1) distribution as prior. Now the observation probabilities are modelled via

logit(p_{ij}) = logit(π_j ) + ψ_i

where ψ_i = γ · terr_i and the Normal distribution has been taken as prior for γ which reflects the importance of territoriality.

4 Graphical representation

A → indicates a stochastic dependence while a → indicates a logical function.

Computation

To carry out the computation we have initially used WinBUGS, a program for Bayesian analysis of complex statistical models using Markov chain Monte Carlo (MCMC) techniques. Using WinBugs to implement one of the standard models, 15000 simulations took about 40 hours. However, simulations can be made a lot faster and convergence improves as instead of treating each component of the parameter vector separately, estimates are obtained by resimulating the unknown components of X_i as a block. So we implemented in R a fairly simple MCMC sampler to approximate the distribution of a vector of parameters by generating a sequence of possible values. The basic method is Metropolis-Hastings using Gaussian random walk proposal distributions, proposing a new value for the parameter and accepting or rejecting the parameter on the basis of the ratio of the likelihood using the new and old values.

Results

• The quarterly seasonal parametrisation increases the log-likelihood by somewhere between 2 and 3 in comparison with the periodic seasonal parametrisation.

• Including temperature as a covariate improves the fit of the simpler models but has less effect on the more advanced models which is maybe due to the strong interaction between estimates of seasonality and of association with temperature.

• Including the territoriality parameter in the observation process substantially increases the log-likelihood values.

• Adding the covariate “time passed since beginning of the study” does not show much improvement in the fit.

Reference

P. Coolen-Schrijner and P.S. Craig (2002). Bayesian analysis of a capture-recapture-recovery model for birds. In preparation.