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Abstract

Computer simulators are an important source of information
when we make predictive statements about future climate. If
these predictive statements are to be probabilistic, it is neces-
sary to construct a joint probability distribution over evalua-
tions of the simulator and the climate itself. In other words,
we must quantify the way in which the climate simulator is
believed to be informative about the climate. This paper de-
scribes a ‘minimal’ probabilistic framework for linking these two
things, which should be sufficiently general to accommodate a
wide variety of computer-based climate predictions. It clarifies
and extends recent developments in the statistics literature on
prediction for physical systems using computer simulators, often

known as computer experiments.
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1 Introduction

The most recent Assessment Report of the Intergovernmental Panel
on Climate Change (IPCC) contained a telling statement concerning

uncertainty about future climate, among its proposals for future work:

Improve methods to quantify uncertainties of climate projec-
tions and scenarios, including development and exploration of
long-term ensemble simulations using complex models. The cli-
mate system is a coupled non-linear chaotic system, and there-
fore the long-term prediction of future climate states is not pos-
sible. Rather the focus must be upon the prediction of the
probability distribution of the system’s future possible states
by the generation of ensembles of model solutions. Addressing
adequately the statistical nature of climate is computationally
intensive and requires the application of new methods of model
diagnosis, but such statistical information is essential. (Moore
et al., 2001, p. 771)

Writing as a statistician, I am happy to see that quantifying uncer-
tainty is recognised as an essential aspect of climate projection, and
that probability is identified as the appropriate measure of uncertainty.
This is timely, as statisticians are actively developing inferential pro-
cedures for computer experiments (some references are given in 4.2.1).
One point to note, however. The assertion that “prediction of future
climate states is not possible” does not accord with statistical usage,
since by ‘prediction” we would typically mean the determination of a
future probability distribution, as clarified in the next sentence of the
quotation. In this context one would not “predict the probability distri-
bution”, but rather a probability distribution would be the prediction.
Clearly statisticians and climate scientists should both be aware of this
difference in interpretation of the word ‘prediction’.

Most striking in the above quotation is the reason adduced for the
impossibility of an exact prediction. This is attributed to the fact
that the climate system is a coupled non-linear chaotic system which,

in the logic of the sentence, is taken to be a sufficient condition for



predictive uncertainty. I would certainly not disagree with this, but I
would question whether the authors are correct in drawing attention to
this aspect as the primary cause of predictive uncertainty. If they are
correct then our lack of knowledge of the initial value of the climate
state-vector is the primary impediment to an exact prediction. I believe
that most climate scientists would disagree, citing rather imperfections
in the models used, both in terms of our incomplete understanding
of climate physics, and the constraints imposed by current computing
technology. Certainly the current emphasis seems to be on building bet-
ter models, rather than performing more evaluations of existing models.
The problem of an unknown initial value can be solved, in principle,
by brute-force methods. But the question of how it is that evaluations
of a very imperfect computer simulator can be informative about the
climate is extremely subtle.

The outline of this paper is as follows. Section 2 clarifies the notion
of prediction within a subjective probabilistic framework. Section 3
describes climate prediction without a simulator, introducing the likeli-
hood function as the means of packaging climate data. Section 4 intro-
duces the simulator, and describes a probabilistic model for expressing
how the simulator is thought to be informative about the climate it-
self. Section 5 outlines two practical methods of inference about future
climate, and describes the ways in which we can learn about climate
using the climate data and the simulator. Section 6 presents a simple
toy example, showing that inference in practice. Section 7 discusses
some practical issues that are often raised by climate scientists, while

section 8 concludes.



2 Subjective probability and prediction

When predicting future climate it is necessary to synthesise informa-
tion from three different sources. First, there are historic and current
measurements of the climate, and of quantities affected by the climate.
Second, there are evaluations of the climate simulator at different set-
tings. Finally, there are the climate experts. The end-result of the syn-
thesis is primarily a better understanding of future climate, although

it can also help to foster a better understanding of the simulator.

2.1 Subjective probability

There are a number of ways in which the above synthesis might be
attempted. This paper focuses entirely on probability. To forestall any
confusion it must be stressed at the outset that these probabilities must
be based on the subjective assessment of experts. From the subjective
point of view, the rules of the probability calculus are seen as neces-
sary and sufficient conditions to avoid the possibility of being made
a sure loser in a series of bets, a treatment associated with de Finetti
(1972, 1974). The subjectivist point of view is usually termed Bayesian;
Lindley (2000) gives a robust and non-technical defence of the Bayesian
position, while Bernado and Smith (1994) provides a general reference.

The Bayesian view-point has its champions in the climate commu-
nity, most prominently perhaps Stephen Schneider (see, e.g., Moss and
Schneider, 2000; Schneider, 2001, 2002). It has also been popular in
climate change attribution (see, e.g., Berliner et al., 2000). In my ex-
perience, though, there remains a large amount of confusion, not to say
scepticism. The point which is often not fully grasped is that proba-
bility is used as a measure of uncertainty, and this entirely subsumes

notions of ‘randomness’. This can only be a good thing, as the no-



tion of randomness itself is very poorly defined, except perhaps at the
quantum level. To this end, it has been advocated that we ought to
interpret probabilities on future events within a ‘many world’ frame-
work, in what appears to be an attempt to make climate prediction
conform to the same inferential laws as tossing a coin. But the point
is that this kind of sophistry is unnecessary. Anyone who can ask the
question “What is the probability that the world will get 6°C hotter by
2100?” without needing to indulge in an ontological debate is already
a Bayesian at heart.

The Achilles’ Heel of the Bayesian approach is often taken to be
our need to make an initial quantification of uncertainty. This occurs
in what is usually referred to as the ‘prior’ Probability Density Func-
tion (PDF). Two troublesome situations are envisaged. The first is
where our expert cannot choose between two (or more than two) prior
PDFs as representations of her beliefs.! The second is where two (or
more than two) experts disagree about their prior PDFs. These two
situations are clearly different from each other, but at a practical level
the response is the same: try them both, and give extra weight to those
conclusions that appear to be invariant to the choice. In my opinion
this is a great strength of the Bayesian approach: it allows us to show,
formally and quite explicitly, how our conclusions depend on our as-
sumptions. That this is a good idea for climate modelling assumptions
is enshrined in the guiding philosophy of the IPCC, and in the many
model inter-comparison experiments currently underway. We should
demand nothing less of our inferential assumptions, and that is exactly
what the Bayesian approach gives us.

In the context of climate prediction, the Bayesian approach implies

!'Throughout the paper I adopt the convention that there is a single female
expert.



that there is no such thing as the probability that world will get 6°C
hotter by 2100. Instead, there are many probabilities, expressed as “the
probability according to expert A (or B, C, ...) and conditional on
data D (or D', D", ...)”. A consensus will arise if we can establish that
certain probabilities are robust across experts and some kind of union
of the datasets. In this case might we talk, with forgivable impreci-
sion, about ‘the probability’. One encouraging feature of the Bayesian
paradigm is that with sufficient data we can show that even the most

radically-opposed experts may be reconciled in their predictions.

2.2 Probabilistic prediction

Although the expert’s beliefs are subjective, the procedure for a Bayesian
analysis is completely unambiguous. A prediction is a probability distri-
bution conditional on data. The data in this case comprise observations
on quantities affected by climate, and evaluations of the simulator. The
conditional or predictive distribution may be extracted by routine op-
erations from the joint distribution over climate and data. This joint
distribution is the only subjective element. Therefore whenever we en-
counter a probabilistic prediction for future climate the only issue open
to debate among climate experts is “What joint distribution has been
specified?” It is incumbent on anyone making such a prediction to
ensure that the answer to this question is absolutely clear.

Now although it is possible to imagine a world in which climate
experts deliver a joint distribution and the data to a statistician, and
then come back a week later to collect a prediction for the year 2100, it
is not the world we live in. I think most climate scientists would react

with bemusement were they instructed to write down

Pr(y,z,F) , (1)



namely the joint PDF of the climate, observations on quantities af-
fected by climate, and evaluations of a climate simulator. One key role
for the statistician is to study the ways in which we can make this
very complicated PDF understandable in terms of well-defined primi-
tive quantities. Naturally we want to do this by introducing only the
minimum of statistical modelling assumptions, so as to leave the ex-
pert with as much flexibility as possible. In a sense this is a meta-role
for the statistician, as a sufficiently flexible statistical model should be
applicable or generalisable across a wide range of inferential problems.

The approach taken in the following sections is to structure the
PDF given above according to two sets of beliefs. First, broadly qual-
itative beliefs, that may be acceptable across a wide range of experts
and inferential problems. These qualitative beliefs define the primitive
objects about which the expert is required to supply a PDF. If these
qualitative beliefs are acceptable to a particular expert in a particu-
lar problem then that expert has a free rein to quantify her beliefs, in
terms of the specification of the PDF, as she sees appropriate. It is the
qualitative beliefs that are the subject of this paper, and the primitive
objects they give rise to. They are expressed in terms of conditional
independencies, which are now widely used in statistics to construct
inferential models. In this paper I will follow the presentation of Smith

(1990).

3 Prediction without a simulator

The simplest case for prediction is where we do not use a simulator
at all. In this case the predictive PDF of y is simply Pr(y | 2). Here
z denotes the climate data—that is, observations on things that are

affected by climate—prior to measurement, i.e. while they are still un-



certain quantities about which the expert has beliefs, while z denotes
the observed values (which, hopefully, will be not-inconsistent with
those beliefs). The predictive distribution for climate is the conditional

distribution

Pr(y|z) =cL:(y)Pr(y) (2)

where ¢ = Pr(Z)_l, and L;(y) = Pr(z|y) is known as the likelihood
function of the climate. Eq. (2) is often referred to as Bayes’s Theorem.

The likelihood function describes the way in which different climates
give rise to different climate-related observations. If we are interested in
climate prediction using climate data we can partition y into (ys,y,),
where the ‘A’ and ‘p’ subscripts corresponding to ‘historic’ and ‘pre-
dicted’. ‘Historic’ is that period up to today, within which the data
z have been collected, and ‘predicted’ is that period in the future for
which we want a climate prediction. The expert is almost certain to
agree that, in the language of Smith (1990, pp. 90-91), “given the in-
formation in yj, the value of y, is uninformative about the value of
z, whatever the value of y, might be”. This is our first example of a

conditional independence statement, written

z Ll yp | yn (3)

(this relationship is symmetric with respect to z and y,). Note that
this is a statement about the expert’s beliefs about the climate data
made before these data are observed. Where all three components in
(3) are taken to be random vectors, this statement is equivalent to a

statement about the factorisation of the conditional PDF, namely

zlly, |y <= Pr(z|yny) =Pr(z |- (4)



Accepting (4), the predictive PDF for y becomes

Pr(y|z) =cL:(ys) Pr(y) . (5)

In simple problems it is common to think of the climate data simply
as observations made with error on elements of y,. However, in climate
studies a more subtle treatment is required. For example, where z is
actually proxy data it makes no sense even to write z — y,. A very
positive feature of the Bayesian approach is that it is not necessary to
map the proxy data into the same space as y;, in order to make a direct
comparison; in fact it is usually a mistake. For example, L (yh) might
represent the response of plants to climate, as measured by pollen found
in lake sediment cores; a probabilistic analysis of this type of data is
given by Whiley et al. (2004). The important thing is that the likelihood
is treated as a function of y, not of Z. Having said that, if there is a
need to map proxy data directly onto climate variables, this task can
be achieved quite naturally within the Bayesian approach outlined in
this paper. This is discussed in section 5.

Where we have several different sets of proxy data, the expert will
often believe that they are each conditionally independent given the
climate itself. This would be the natural belief if each set of proxy data
was collected by a different expert, using different equipment, from
different locations. In this case the likelihood function has a simple

product structure

L:(yn) = La(yn) L(yn) - - (6)

where @, b, ... are different sets of proxy data; perhaps sedimentary

pollen, tree rings, ice-cores, and so on. It would be very beneficial if



data experts were able to provide their likelihood functions to an agreed
template in y, so that they could simply be bolted onto an inferential
problem.

The other quantity the expert must specify is marginal beliefs about
the climate itself, in the form Pr(y). In many cases the expert may be
unwilling to specify beliefs about ¥, in which case she may be tempted
to choose Pr(y) to be a uniform distribution on some finite region,
so that it can be neglected in (5). This is almost certain to be an
inappropriate reflection on the expert’s actual beliefs about y, vague
though they may be. The only justification would be that there is
enough data in z for the likelihood to be highly concentrated, in which
case all vague choices of Pr(y) will give about the same prediction. In
the context of climate this is a very strong assertion that would almost
certainly be falsifiable in applications.

There is a second problem with asserting that Pr(y) is uniform,
which is a special case of the more general and clearly incorrect asser-
tion that y, LL y,, i.e. beliefs about historic climate on their own are
uninformative for predicting future climate. Were this the case it would
be impossible to use the data z to predict future climate, because it
follows from (4) that z LL y,. Therefore the expert who wants to make
predictive statements about future climate using climate data is obliged

to provide a PDF fory which does not have the property that y, 1L y,.

4 Introducing a simulator

Following on from the previous discussion, it should be clear that the
role of the climate simulator is to help the expert to express Pr(y).

Formally this follows immediately from a stronger version of (4): the

10



assertion that yy, is sufficient for z, or

z 11 everything else | y. (7)

In particular, we are going to introduce a climate simulator. In this
context (7) states that given the information in y, both y, and evalua-
tions of the simulator are uninformative about the value of z, whatever
the value of y;, is. This still seems to be a fairly uncontentious assertion,
although it is possible to think of instances where it might not hold. For
example, we might have calibrated one of our measuring instruments
using evaluations of the simulator, or one like it. But I think it would
be rare that the effect would be considered large enough to be worth
addressing formally. Where (7) holds, the only place for our simulator
in the predictive distribution for y is in the marginal distribution Pr (y)

At this stage we do not need to go into too much detail about the
climate simulator itself. The simulator is effectively a deterministic
function, with an input vector x € X that contains quantities that are
necessary to the evaluation of f, but about which the expert is uncer-
tain. It can be anything from a compartmental model or an Energy
Balance Model (EBM), to an Atmosphere Ocean General Circulation
Model (AOGCM). Typical examples of uncertain inputs in the latter
would be model parameters such as eddy viscosities, historic forcing
such as atmospheric CO, concentrations, and the initial value of the
state vector.

The output vector f(z) € ) is a possible realisation of the climate.
In the most general case a point in ) is a collection of space- and
time-indexed state vectors. For an AOGCM each state vector com-
prises quantities such as velocities, temperature, pressure, and salinity

or humidity. The output space ) also contains the true but unknown
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climate value y. Invariably the simulator is believed by the expert to be
an imperfect model for the climate, in the sense that she does not be-
lieve that there exists an input & € X such that f(Z) = y exactly. The
assumption that there exists such a ‘right’ input is sometimes referred
to as a ‘strong constraint’ (see, e.g., Annan et al., 2004). Unfortunately
this assumption is usually adopted, but there is no need, as I will show
below.

If the simulator is to run forward from the present to make predic-
tions about future climate then it must be subject to specified future
forcing. Therefore we should think of f as a simulator for past and
present climate, and for future climate in, say, the SRES-A1T scenario

(Nakic¢enovié¢, 2000; Schneider, 2002).

4.1 The simulator and the climate

When we introduce a climate simulator, the challenge for the expert
is to describe, probabilistically, the way in which she believes that the
simulator is informative about the climate itself. That is, she must

specify, either directly or implicitly,
Pr(F,y| X) (8)

where X = (z1,...,2,) and F = (f(z1),..., f(zn)). Here X is any
finite collection of simulator inputs, and F' the resulting collection of
simulator outputs. Some readers may be unfamiliar with the idea that
the simulator output is in fact an uncertain quantity, but this means
nothing more than the truism that we do not and cannot know f(z)
for all values of z. Even after our evaluations we will only know f on a
set of measure zero in X. Note that X will always appear to the right

of the bar in conditional statements: the expert’s beliefs about F' are
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always for specified inputs.

Now it seems to me to be very unlikely that a climate expert would
be able to formulate a PDF for the collection (F,y | X) directly. A
common practice in this situation is to introduce extra uncertain quan-
tities into the collection which can simplify the joint structure. Many
physicists will be familiar with this approach, for example in general
relativity. In probability calculations these extra quantities could then
be integrated out, but in our case they are meaningful and so are re-
tained. The primary new quantity to be introduced is a ‘best input’,
xo, the precise meaning of which is discussed in subsection 4.2. Once
we admit the notion of a best input, we also have the notion of the

discrepancy,

e =y — f(xo), (9)

i.e., the difference between the actual climate and the evaluation of the
climate simulator at its best input. This is discussed in subsection 4.3.
With these two extra quantities, the joint PDF is Pr(F, To, €, | X),

but it will be simpler below to use the equivalent form

PI’(F,.T](),fo,G ‘ X) (10)

where fy = f(z0), and y = fo + €. Hopefully it will be possible to
factorise this PDF in a way that makes it easier to compute the joint
density as a product of conditional densities. This will depend on the

properties that the expert is prepared to ascribe to xg and to e.

4.2 How might we describe the ‘best input’?

There seem to be two obvious ways in which we might identify a point

ro9 € X as being ‘best’. First, by analogy with the situation in which
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the simulator is perfect; and, second, by a simple optimality criterion.

4.2.1 Not a perfect simulator

Perfect simulators do not exist, but we may imagine them, if we refrain
from being too pedantic. A perfect simulator has an input z* with the

property that
fa™) =y (11)

In other words we believe that somewhere in X there is an input z*
with the property that the simulator output when evaluated at x* will
exactly match the climate itself. For perfect simulators of physical
systems like climate we may take x* to be unique, because it is op-
erationally defined with reference to the real world. So, for example,
the appropriate value for the gravitational constant G in the perfect
simulator is the value of G for which we could imagine an experimental
determination quite independently of the simulator.

Obviously if we knew z* we would only have to perform a single
evaluation of the simulator, and it makes sense in this case to speak
of the ‘right’ input value. In practice we will not know x*, simply
because we have not made the appropriate measurements (or not made
them sufficiently accurately). For example, we might not have an exact
measurement of the initial value for the state vector, or for the historic
forcing. In this case the expert must provide a PDF for z*, and it will
be necessary to evaluate the simulator many times.

By extension, where the simulator is not perfect and the notion
of the ‘right’ input is no longer tenable, the expert might still feel
that the simulator is sufficiently good that one evaluation at a unique
‘best input’ xo would be enough to predict y. In this case, however,

the outcome would not be exactly y, but would differ from y by some
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unknown amount € with Var(e) > 0.
The belief that a single evaluation at xy would be enough to predict
y is represented as

F 1l Yy ’ fo,[Eo,X (12)

remembering that fo = f(xo). In words, (12) asserts that were the
best input value zy to be revealed, and were we then to evaluate the
simulator at xy to compute fy, then further evaluations over any finite
collection of inputs X, which give rise to outputs F', would be unin-
formative about y. Of course in reality we never get to know x(, and
consequently we are obliged to perform many evaluations of the simu-
lator, where each one may be thought of as a candidate for zy. This is
really no different from the case of the perfect simulator where we did
not know z*, with the exception (crucial in practice) that for a perfect
simulator ¢ = 0.

The notion of a best input satisfying (12) was developed in a series
of papers by Craig et al. (1996, 1997, 1998, 2001). In a sense this
has been a formalisation of what Bayesian statisticians were already
doing; see, e.g., Haylock and O’Hagan (1996), Kennedy and O’Hagan
(2001) and Higdon et al. (2004), and the references therein. A related
approach suitable for very quick simulators is Generalised Likelihood
Uncertainty Estimation, known as GLUE (Beven and Binley, 1992);
more information is available at http://www.es.lancs.ac.uk/hfdg/
glue.html. But Craig et al. have been particularly concerned by the
meaning of xy, in order to facilitate the elicitation process for both g
and €. The point is that x( is not just a statistical parameter, whose
value we may select by, say, least squares. Rather, it is strongly related
to measurable quantities, to the best inputs of other existing simulators,

and to simulators yet to be built. It is true that at the moment the
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expert’s beliefs about xg for any given simulator tend to be fairly crude
(e.g., independent intervals). But we can expect that as more and
better climate simulators are built and analysed, the pool of common
knowledge about good simulator inputs will grow, and we will want to
borrow strength from that pool in our climate predictions, particularly
when we want to combine results from two or more simulators. This is
easiest if we have a consistent notion of xy that transcends, insofar as
this is possible, any one particular simulator.

Naturally, there will be situations in which the expert will decide
that the simulator is not good enough for there to exist an x satisfying
(12). Goldstein and Rougier (2004) discuss strategies for generalising
the best input model, albeit expressed in a more restrictive form than
is done here; this paper also considers extensions to more than one

simulator.

4.2.2 An optimal input value

For any input x we can define the bias to be

Bias(x) £ y — f(x) (13)

i.e. the difference between the actual climate and the output of the
simulator at any given x. The bias at x is an uncertain vector quantity,
so it does not make sense simply to state that the input value x is better
than 2’ if Bias(z) < Bias(2'), since this is a comparison of two uncertain
vectors. A natural metric with which to make such a comparison is the

expectation of the squared bias, or the Mean Squared Bias

MSB(z) = E(Bias(z)?) (14)
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where ‘v?

" is used informally to denote the outer product of the vector
quantity v. Now we can say that x( is the ‘best input’ if it has the
property that, for any given value of xy, the mean squared bias at xg

is no greater than the mean squared bias at any other given x, or

MSB(xg | zo,z) < MSB(z | zo, x) (15)

for all zo € X. Here MSB(-) is a variance matrix (i.e. square, real-
valued, non-negative definite, symmetric), and the statement that A <
B where both A and B are variance matrices implies that B — A is also

a variance matrix.

4.2.3 A sufficient condition

The way to think of (12) and (15) is as constraints on Pr (F, zo, fo, € | X)
that give x( a desirable property, and so help the expert to understand
how it is that x( is special, and, indeed, whether or not x, exists for a
given problem. In general these constraints are hard to implement, and
therefore it is natural to search for a sufficient condition that ensures
that one or other, or both, of these two conditions hold automatically.

I now show that that

f(),F 1l e | .To,X (].6)

is sufficient for both conditions, that is

F 1Lyl fo,z0, X
fo F Ll e|zo, X = | fo. o

MSB(zg | zo,z) < MSB(z | xg, x).
(17)

The proofs use the simple rules of manipulating conditional indepen-

dencies, as given, for example, in Smith (1990, p. 91), plus the property
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of random vectors that, in the notation and numbering of Smith,
XUY|Z=g9gX)LLY|Z (P4)

for any bounded function g(-).

To prove the first statement in (17), note that, starting with (16),

Jo, F Ll e|xo, X = F 1L €] fo,20, X
:>FJ_|_f0+€|f0,$0,X

EFJ—Ly|f07x07X (18)

where the first line is Smith’s P3, the second line is (P4) given above,
and the final line is by definition.
To prove the second statement in (17), start with (16) and set X =

{x}, from which we find
Jo. f(x) L€ | mo,w = fo— f(z) LL €|z, 2 (19)
by (P4) above. We can decompose the bias as
Bias(z) =y — fo+ fo— f(z) = e + (fo — f(2)). (20)
Then (19) and (20) together imply that
Var(Bias(z) | g, z) = Var(e | 7o) + Var(fo — f(z) | zo,z), (21

from which the second statement follows straightforwardly.
As it stands, (16) allows us to factorise the joint distribution (10)
as

Pr(F,xO,fO,e]X) :Pr(fO,F]:I;O,X) Pr(xo,e) (22)
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where we have been able to remove € from the conditioning statement
in the first PDF on the righthand side. Rather than dwell on the
meaning of (16) per se, I see it as providing an explanation of why the
factorisation given in (22) ensures that zg is the best input, in both of
the senses described above. In practice, the expert should ask herself
whether she believes that there exists a best input for her simulator,
and then, if satisfied, select (22) as an expedient way to achieve an
appropriate probabilistic formulation.

Formulating the first of the two PDF's on the righthand side of (22)
is still not an easy task, because of the potential for xy to play two
roles in (fo, F'). First, zg is the input value for which fj is the output.
But second, zy might itself be informative for the expert about F' for
given X. This may seem arcane, but it undoubtedly happens in prac-
tice. Consider, for example, the case of two inputs, x and 2/, where x
is a ‘realistic’ input value, according to the expert’s beliefs about x,
and 2’ is not. Familiarity with the climate, and of evaluations of other
simulators like f, will lead the expert to ascribe a distribution to f(z)
which is different from that of f(z’) not just because x is different from
2’, but because x is realistic while z’ is not. The difficult question for
the expert to resolve is whether she is prepared to ignore this infor-
mation for the purposes of simplifying the structure of the inferential
calculations.

This touches on a deep and difficult issue in inference: how much
of our climate data do we treat explicitly, i.e. bundle into z, and
how much do we treat implicitly, i.e. allow to influence our choice of
Pr(F . xo, fo, €| X )? If the expert wants to simplify the structure of
Pr(fo, F| zo, X) by asserting that

F 1l x| X, (23)
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i.e. the value of x( is uninformative about the simulator outputs at any
given collection of inputs, then she will need to put as much information
into z as possible, and put all available evaluations of the simulator into
(X, F). Currently no one, as far as I know, is contemplating jointly
modelling F' and z( for given X in climate. We may take this, for the
time being, as strong circumstantial evidence for the acceptability of
(23). In this case xg is just another input in the first PDF of (22),
which is simply the joint distribution of simulator outputs at any given
collection of n + 1 inputs. Now we may condition this distribution on

the actual evaluations, F, to give
Pr(xo,fo,e\F,X):Pr(f0|x0,F,X) Pr(xo,e). (24)

The first PDF on the righthand side is known as an emulator. An
emulator is a statistical model for the simulator that is conditioned on
the outcome of all available evaluations. In other words, an emulator

can be represented as
Em(v]:c)éPr(f(:c):v|x,F,X). (25)

In the same way that the likelihood function is the container for all
of the climate-related data, the emulator is the container for all of the
evaluations of the simulator. Emulators are extensively discussed in the
papers by Craig et al. and in Kennedy and O'Hagan (2001), which also
gives a number of references for the practice of using gaussian random
fields as prior distributions for unknown deterministic functions.

From (25) we can rewrite (24) as

Pr(xo,fo,e | F,X) =Em (fo | :UO) Pr(:zco,e) ) (26)
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Eq. (26) is, in effect, a PDF for the climate itself, remembering that
y = fo+e€. Therefore we have achieved the aim set out at the beginning
of this section, namely to help the expert to specify Pr(y), and we have
done it by building an emulator based on evaluations of the simulator,
and by specifying the joint distribution Pr(e,:co). But all of this has
been predicated on certain beliefs of the expert, namely those given in
(16) and (23), or, more heuristically, that there exists a best input and
that little information is lost by treating the best input as uninformative

about the behaviour of the simulator.

4.3 The role of the discrepancy

A natural way to consider the joint PDF of (z¢,€) in (26) is in terms
of the factorisation Pr(e ] xo) Pr(xo), i.e. the expert must provide a
marginal distribution for the best input, and a conditional distribution
for the discrepancy given the best input. The discrepancy PDF may
be specified by the expert to be independent of xy, which is certainly
conceptually simpler but also loses some of the richness of the statistical
model.

First, note that we may take E (e | xo) = 0 without loss of generality,
because we can always modify the simulator itself such that any non-

zero mean components of € at a given zy are incorporated directly:

f(z) « f(z)+ E(e | xozx) ) (27)

This is a formal statement of the informal practice of correcting the
simulator for known offsets. Therefore we can consider the role of €
primarily in terms of Var (e | 2o).

This variance represents the ‘distance’ between the simulator and

the climate itself, insofar as it is a chunk of uncertainty about the
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climate that cannot be resolved by the simulator. Thus it allows us to
formalise the notion that one simulator is better than another but, as
might be expected for such a complicated concept, the answer is not
always clear-cut. Each simulator has its own best input value, but these
two best input values are related to each other because they are both
rooted in the same physics. It is wrong, therefore, simply to assert that

simulator A is better than B if
inf Var (e | 2oa=x) < inf Var(ep | zop=2") , (28)

either for all components of ) or for a designated subset, perhaps for
the full variance matrix, as shown, or just down the diagonal. Some
(xoa, Top) combinations are far more likely than others, but we do not
respect this if we allow ourselves to range over all possible values in
search of the smallest variance in each case. Ome solution, but cer-
tainly not the only one, is to compare the variances at the mean of the
joint PDF of (294, zop). This discussion illustrates that although the
best input model may be rather simple, it does not necessarily impose
simplistic structure on issues that we know to be quite subtle.

There are two common situations in which it seems important to
allow the variance of the discrepancy to vary with the best input. First,
to account for unevenness in the simulator’s performance. Typically
the simulator is a discretised solver for an underlying set of ordinary or
partial differential equations. Often the expert will have the view that
the solver works better in some regions of X than in others. In this
case it is natural to set Var(e | xo) to be larger where the solver is less
reliable, perhaps in certain ‘corners’ of X', or perhaps in regions of X
where the simulator is thought to have a highly non-linear response.

Second, it is quite a common belief in physical modelling that for a
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given simulator a certain value 2’ will be a good input for one subset of
y, but a different value z” will be good for another. These subsets might
be regions, or times, or components of the state vector. A belief like
this may be thought to invalidate the notion of a best input, but this is
mistaken. Instead, it should be interpreted as stating that Var(e | xo)
must depend on zy. To give a very elementary example, suppose that
f has a scalar input and two outputs, and the expert believes that
r = 3 1is a ‘good’ value for predicting 1y; and a ‘bad’ one for predicting
Yo, while x = 7 is good for y, and bad for y;. This suggests that the

expert’s beliefs might be represented as

10 9 0
Var(e | zog = 3) = while Var(e | xog = 7) = , (29)
09 0 1

or something like it. This says precisely that f(3) is thought to give a
good prediction for y; but a bad one for y,, while f(7) is thought to
give a good prediction for ¢, and a bad one for y;.

I now turn briefly to the structure of Var (e | xo) and, for simplicity, I
will ignore the conditioning on xy as the following considerations should
hold for all values of xy. To understand Var(e) the expert needs to
perform a thought experiment, and imagine that the value of zy has
been revealed, and the simulator evaluated, so that she knows f,. She
must also imagine that she knows y, so that she can ask herself about
the characteristics that e (that is to say y — fy) might possess. One of
these characteristics would be the likely absolute size of €, which gives
us the diagonal of Var(e). As explained above, this part corresponds,
broadly, to the notion of the simulator’s quality.

The second characteristic is that where the simulator is in error,

it 1s often systematically so. If, for example, the simulator has under-
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represented sea surface temperature off the Azores for the last twenty
years, then the expert might believe that there is a more-than-evens
chance that this under-representation will continue into the future.
Spatially, if the simulator tends to over-represent rainfall in northern
France, the expert might believe that there is a more-than-evens chance
that it over-represents rainfall in southern France as well. There may
also be other more complicated types of effect: perhaps the expert
believes that if the simulator over-represents temperature it contem-
poraneously (or with a lag) under-represents rainfall. These kinds of
effects show up in the off-diagonal elements of Var(e).

Craig et al. (2001, p. 722) give an example of how these types of be-
liefs may be represented in practice. The authors are concerned with the
discrepancy between a hydrocarbon reservoir simulator and the mea-
sured reservoir well pressures, taken at different wells and at different
times. After a discussion with the reservoir engineers, and supported
by data analysis on the output of a fast version of the simulator, they
selected a discrepancy variance (not depending on xg) of the general

form

Cov (e, erp) = otexp{ — 01 (t —t')*} + 05 Lizy exp { — 6> (t — t')*}

(30)
where i represents a well location, and ¢ time, and the parameters
{01, 09,01, 92} had explicit values assigned. In this specification there
is a time effect, which says that discrepancies tend to extend through
time, and a location effect, which says that discrepancies at the same
well tend to be more closely related than discrepancies at different wells.
A specification such as (30) can be fed back to the reservoir engineers
as (random) realisations of the discrepancy vector, plotted by well and

by time, so that they can get a feeling for typical behaviour, and then
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Algorithm 5.1 Generating an independent random sample of size k
from the predictive distribution, using Rejection Sampling
Require: £k, L; (yh), Em (v | x), Pr(e | xo), Pr(xo)
M sup, L (1)
T — 0
for i € {1,...,k} do
repeat
Sample zy ~ Pr(xo)
Sample fo ~ Em (fo | xo)
Sample € ~ Pr(e | zo)
Yy fote
Sample u ~ Uniform (O, 1)
until uM < L; (yh)
T — T U{(fo,20,€)}
end for
Return T

adjust the variance parameters if necessary.

5 Learning about climate
5.1 Inferential calculations

Our predictive distribution, from (5) and (26) is, finally,

Pr(xo,fo,e | z, F, X) = ch(yh) Em (fo | xo) Pr(e | xo) Pr(mo) (31)

where ¢ = Pr(Z | F, X)_l, and y = (yn, yp) = fo+ €. A simple way to
understand how we might use this specification in practice is to consider
a method for independently sampling from the predictive distribution,
namely rejection sampling (see, e.g., Ripley, 1987; Robert and Casella,
1999), outlined in Algorithm 5.1. This sampling method does not re-
quire us to compute the normalisation constant, c.

In this Algorithm, the first three lines inside the repeat loop sample
(3:0, fo,e| F, X ) Each sample is a candidate value for the predictive
distribution, but the probability of being selected depends on the value

of the likelihood in a stochastic fashion. This is shown in the until
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line, which uses a randomly generated quantity « which is uniform in
the unit interval. With very fast simulators it may be possible to do
without an emulator. In this case fy = f(x) in the Algorithm, i.e. we
are able to evaluate the simulator on demand. In probabilistic terms
this is equivalent to letting X, the simulator evaluation points, become
dense in X, the input space.

If we are more interested in summarising the predictive distribution
we can use importance sampling, which has the attractive feature that,
unlike rejection sampling, we never discard a simulator evaluation, al-
though we may down-weight it. The simplest version, illustrated for

computing the mean of the predictive distribution of future climate, is

F A

k
[kzzwzyg) y(i)iri\('ipr(xOJf07€|F7X)
i=1

k
where w; o< Lz (y,@) and Zwi =1.
i=1

Here y® is sampled exactly as in the first three lines of the repeat
loop in Algorithm 5.1. It is straightforward to show that limy .., I, =
E(y, |z, F,X), by the Strong Law of Large Numbers (SLLN). This
type of weighted average for the mean is superficially similar to some
of the inferential calculations proposed in the climate literature, but
with at least one crucial difference: (32) contains a discrepancy. As
already discussed above, to treat the discrepancy € as identically equal
to zero is to assert that there exists a point in the simulator input
space for which the simulator output exactly matches the climate. No
credible expert could possibly believe this to be true, and consequently
an inferential calculation without a discrepancy cannot be treated as

well-informed.

Note that more sophisticated sampling and summary methods will
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be necessary for anything other than very small problems; Robert and
Casella (1999) provides a good general starting point, while Berliner
(2001) presents a hybrid scheme motivated by uncertainty analysis for
climate simulators. Uncertainty analysis is the study of how uncertainty
about the simulator input feeds through to the simulator output (see,

e.g., O’'Hagan et al., 1999).

5.2 How we learn about future climate

In (31) we are simultaneously learning about the climate, the discrep-
ancy and the best input, starting with expert beliefs about the climate,
the climate data and the climate simulator, and using climate data and
evaluations of the simulator. I like the name calibrated prediction (first
used, to my knowledge, in the technical report that preceded Kennedy
and O’Hagan, 2001) to describe this approach.

I now discuss the components of the predictive distribution in more

detail.

5.2.1 The best input

Learning about the best input corresponds to what has been termed
‘tuning’, ‘calibration’ or, in the oil industry, ‘history matching’. Per-
haps the crucial difference is that the approach outlined here makes it
clear exactly what the special input that lives in X’ actually is, most
clearly by stressing that it is not necessary for this quantity to be the
‘right’ quantity in the sense of satisfying the strong constraint that
f(&) =y.

The predictive probability distribution for the best input is highly
informative. First, it can be used diagnostically for the given simulator,
and in this role we should favour a large number of inputs. For example,

suppose we have an input which has a well-known physical analogue,
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say ¢: gravitational acceleration at the earth’s surface. It is tempting
to set ¢ = 9.81 m/s? in the simulator, and admit of no uncertainty.
But, as often remarked (see, e.g., Smith, 2002), the two ¢’s are not
the same thing, and the expert might reasonably think that some small
variation in the simulator ¢ is acceptable within the imperfections of the
simulator, if it leads to better prediction. By allowing the simulator g
to be slightly uncertain, the expert allows the climate data z to modify
simulator g if it can improve the correspondence between the simulator
and the climate data. Obviously the limits of this modification are
entirely controlled by the expert in Pr (xo), and for g they might be very
tight. From a diagnostic point of view, if the predictive distribution
for simulator ¢ is right at the limit of the range of values specified
in Pr(xo), then this ought to be highly informative about the way in
which the simulator is operating. For example, how would the expert
feel about the simulator if the simulator g wanted to be 8 m/s? rather
than 9.81 m/s??

Second, learning about xg is a good way of transferring information
across simulators, because we have specifically acknowledged that xg
is more than just a statistical parameter for a given simulator. Many
components of x will show up as inputs to other simulators: historic
forcing for example. It is natural to take the predictive distribution
of xy from one simulator and use it as the marginal distribution for
another. In this way we can partly ‘bootstrap’ the expert’s assessment
of Pr(xo), by accumulating information across simulators from what
might initially be quite vague beliefs about xy. In practice some care
has to be taken in this process not to double-count the climate data.

As a more general point about the size of the input space, it stands
to reason that if our statistical model linking the simulator and the cli-

mate is predicated on the existence of a point in the input space with
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special characteristics, then this model has more chance of being appro-
priate the larger is the input space. Simply put, an expert who is not
sure that the best input model holds for her particular problem should
make the collection of inputs over which she expresses uncertainty as

large as is feasible.

5.2.2 The discrepancy

The ability to learn about the discrepancy appears to be something
entirely new in the field of climate prediction. Many of the same com-
ments that apply to learning about the best input apply here too. Diag-
nostically the discrepancy allows us to identify subsets of the simulator
output that are performing well, or badly, and this feeds straight back
into the development of better simulators. In terms of transferring
information across simulators, the ‘offset” represented by the mean of
the predictive distribution for the discrepancy could be used to correct

other simulators in the same class, much like a flux correction.

5.2.3 The climate itself

Whether we sample or summarise the predictive distribution we get
the whole of y, that is, both historic and future climate. It may not
seem necessary to predict historic climate if we already have data, z,
but, first, there is a lot more climate than that for which we have
direct measurements, and, second, as explained in section 3, zZ may
well comprise observations on proxy data like tree-ring widths, in which
case eq. (31) provides a means of mapping proxzy data into a probability
distribution on the historic components of the climate state vector. This
is just a simple side-effect of the calibrated prediction calculation, but
it eliminates the need for separate evaluations of the simulator in order

to perform the mapping, and it ensures that the result of the mapping
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is consistent with the other aspects of the prediction.

If we turn our attention to future climate, y,, then (31) performs the
task often referred to as ‘data assimilation’ or ‘constraining the model
to the data’. We can now see that we learn about future climate in three
different ways: through learning about the best input, through learning
about the simulator; and through learning about the discrepancy. In
this decomposition it is possible to make a clear distinction between
weather forecasting and long-range climate prediction. In the latter,
we do not expect to be able to reduce the predictive variance of the
discrepancy by very much, because the time-point at which we wish to
make our prediction is far enough into the future that almost all of the
temporal correlation between ¢, and ¢, will have decayed away. Thus
although we can learn a lot about €, using the climate data z, little of
this reduction in variance will propagate all the way to ¢€,. Therefore
climate prediction is mostly about what can be achieved through learn-
ing about the best input and the simulator, and the variance of €, will
typically present an irreducible lower bound on the predictive variance

for y,,.

6 A simple example

In this section I present a simple example of calibrated prediction, with
a scalar input and a scalar output, which allows a graphical display
of the results. The situation in this case is one of ‘improving’ z, an
imprecise measurement on y, by introducing physical information via
the simulator and the expert’s beliefs about the best input. But there
would be no practical difference were f to have a 2-vector output, and
the observation z on f(x) was used to improve our prediction of fo(x).

For simplicity I only treat the case where the simulator is fast enough
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that an emulator is not required.

All the random samples from the predictive distribution are gener-
ated using Algorithm 5.1. The calculations used to create the figures
in this paper are available from the author as a file to be executed in
the R statistical computing environment (R Development Core Team,
2004).

My simulator is the function

fx)=3+8r 52" xeXx=][01] (33)

Being my own expert, I am happy to assert that this simulator is a
sufficiently good model of the underlying physical system that condition
(26) holds. Moreover, since I would like to keep things as simple as
possible, I am also happy to assert that e 1L xq. My prior beliefs about

the simulator and the system are then taken to be

o ~ Beta(2, 3) (34a)
e ~ Gaussian (0, 0.5%) (34b)
z | y ~ Gaussian(y, 1) (34c)

where (34c¢) is the likelihood function. There is nothing special about
the choice of gaussian, as opposed to any other distribution, for ¢ and
z | y. From (33), (34a) and (34b) and the simulator we can infer the
joint distribution of (z¢,y). This is shown in Figure 1. At this point,
i.e., before introducing the datum z, I have the opportunity to inspect
the marginal distribution of y, in order to audit my choices for xy and
€. We may suppose that I am satisfied with the distribution shown in
Figure 1, insofar as it concurs with my beliefs that, say, y ~ 6 4+ 3.

If my beliefs had been more specific, for example if I had had a view
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about the shape of Pr(y), then I would be able to scrutinise my choices
in more detail, and alter them if necessary.

Now we introduce the datum, z. Figure 2 shows the impact on the
predictive distribution of four different values of z. A simple maximum
likelihood approach to inferring y from 2z would give a gaussian density
for y centred on z with a standard deviation of 1. Compared to this,
we observe from the vertical ‘histograms’ in Figure 2 that the inclusion
of information from the simulator affects the mean, the standard devi-
ation, and the shape of the predictive distribution for y. In particular,
we can see how my beliefs about the simulator and the system have
‘dragged up’ a low value for z, and ‘dragged down’ a high one. The ex-
tra information available from the simulator can be quantified in terms
of how much smaller the standard deviation of y is than the maximum
likelihood value. For the four cases the predictive standard deviations
of y are 0.71, 0.86, 0.73, and 0.55, so inclusion of the simulator has lead
to sizable reductions in uncertainty over what could be achieved with
the datum alone.

We also have revised beliefs about the best input xy and the dis-
crepancy € (I'll ignore the latter here). Marginal summaries of xy are
shown on the horizontal ‘histograms’ in Figure 2, while the joint distri-
butions for (xg,y) are indicated by the contours. Once again all of the
characteristics of the predictive distribution of the best input appear to
be affected by the value of z. Interestingly, though not by design, the
predictive distribution for (xg,y) appears to be bi-modal. This is an
example of how much information we miss if we only consider marginal

distributions.
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Best input value

Figure 1: The joint and marginal distributions of zy and y. The
joint distribution is shown as iso-probability contours delineating high-
probability regions (0.9, 0.5 and 0.1), while the shapes of the marginal
distributions are shown on the two axes. The thicker line shows the
function.
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Figure 2: The joint and marginal distributions of zy and y conditional
on four possible values for the datum z. See the caption of Figure 1 for
details.

34



7 Discussion

This paper has not contained very much practical advice on how to
do probabilistic inference for climate prediction, and, frankly, section 7
is not a good place to start. Practical issues, which tend to be more
case-specific, are probably best dealt with in explicit studies, and we
are developing these at the moment. 1 would, however, like to make a
few brief comments that reflect the kinds of concerns that are raised by

climate scientists, as seen from the statistical point of view.

7.1 Calibration via optimisation

There seems to be an accepted wisdom among physical modellers that
the right way to calibrate a model, i.e. to choose the appropriate value
for the simulator input, is to minimise the sum of squared deviations
between the simulator outputs and the system data. The value so cho-
sen can then be thought of as the ‘right’ input, and a point prediction
of, say, future climate can be derived by running the simulator forward
at this input value. This optimisation approach is attractive because it
appears to be objective, in the sense that the least squares metric does
not require any parameters, so that two research groups with the same
model and the same data would reach the same conclusion without
communicating. It is possible to generalise the least squares metric to
introduce weighting, usually in the form of an inverted variance matrix.
Often this variance matrix is taken to be diagonal, where the individual
variances reflect ‘natural variability’ plus measurement error. Again,
this is reassuringly objective once there is widespread agreement about
how to compute the weights.

Of course the whole tenor of this paper is subjective, so it is hardly

likely that I will find favour with such an approach. It strikes me as
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strange that, after investing so much in the physics during the process
of building a model, we should want to abandon the physics at the
point where we calibrate the model. There is nothing ‘physical’ about
the least squares criterion. In statistics the advantageous properties of
estimators derived from the least squares criterion are restricted to a
very small subset of inferential problems, certainly not one that contains
the problem of assimilating system data into an imperfect and non-
linear physical model. And then there is the problem of how well these
optimisation methods work in practice: how do we know that we have
found a global rather than a local maximum, and how do we account
for the possibility that we have not? This has been referred to as the
problem of equifinality (see, e.g., Aronica et al., 1998).

In the probabilistic approach to calibration outlined here we ac-
knowledge the existence of a best input without requiring it to be the
right input. Therefore the probabilistic approach is clearly applicable
in all situations where it was previously thought that optimisation by
least squares was a good idea, and many more besides. But rather
than focus on a single evaluation at a single input, the predictions we
make are averaged over candidate values for the best input, allowing
for the possibility that there may be many good matches in different
parts of the input space. The physics enters into the expert’s choice for
the marginal distribution of the best input, the variance of the discrep-
ancy, and the likelihood function of the climate data. The second and
third of these should also have played a part in choosing the weights
in the least squares criterion, and so are not new although they may
have been downplayed. But incorporating beliefs about the best in-
put is a definite departure. With optimisation we have to impose hard
boundaries on the input space, but with probabilistic calibration those

boundaries can be ‘softer’, allowing us to down-weight but not exclude
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regions of the input space in which we get a good match to the climate

data but for which the physics is considered to be less likely.

7.2 Choice of simulator outputs

A climate simulator, especially an AOGCM, produces millions of out-
puts, and it is inconceivable that we could use them all in an inferential
calculation. At the moment, I would suggest a realistic upper limit for
the number of outputs that could be treated inferentially is a few hun-
dred, maybe rising one or two orders of magnitude as we become more
skilled and computers become faster. I have partitioned these outputs
into two types: those that enter into the likelihood function, 13, and
those that we want to predict, y,. As already discussed in subsection 5.2
, if we want to predict the near future then there is an advantage to hav-
ing recent-past outputs in y;, because using these we can learn about
near-future values for the discrepancy. But if we want to predict the
far future then we should choose the outputs in y, to be informative
about the best input, zg, since our best hope of reducing the variance
of our predictions is reducing our uncertainty about the best input to
the climate simulator. Very often this will include outputs from the
far-past, because these tend to present a clearer signal, being untainted
by the effects of anthropogenic forcing. Usually it is advantageous to
include several different sources of information, on the grounds that the
joint likelihood constrains g5, and thus xg, rather better. Therefore in
choosing y, we might start by identifying a few well-separated sources
of high-quality proxy data, plus some direct measurements on the state
vector, and then identifying the smallest collection of outputs y; that
is sufficient for the resulting union.

For prediction we have more options, as we can scale the size of

the inferential calculation according to the amount of detail we want
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about y,. For example, in the simplest case we would want just the
marginal predictive distributions, with no information about the joint
structure. In this case we can restrict y, to a scalar value, and then we
can repeat the inferential calculations once for each scalar about which
we wish to learn. If we are satisfied with simple summary statistics
of the joint predictive distribution like the predictive mean vector and
the variance matrix, then we can restrict y, to a pair of values, and
repeat the inferential calculation for each pair of elements about which
we wish to learn, and so on.

Our decision about how we treat y, should be driven by the needs of
the stakeholders, since we should envisage that predictive information
about y, goes forward into a decision analysis. In a full decision analysis
we need the full joint predictive distribution, but for many purposes,
including the more general task of raising awareness of future climate
issues, more marginal predictive information will suffice, and ¥, can be

treated in subsets, making the inferential calculations far easier.

7.3 Physical parameters in the likelihood

We can envisage sources of proxy data for which historic values for
the climate state vector are not sufficient on their own. For example,
if we consider tree-ring data, these will be affected not just by the
climate state vector, namely temperature, humidity and so on, but
also by atmospheric information that enters the simulator as an input,
namely CO, concentrations which may be forcing functions. From an
inferential point of view, there is no problem at all in including this

information in the likelihood function, which becomes

Lz(xmyh) = Pr(Z | l’myh) ) (35)
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but this raises a tricky foundational question. The quantity zq is de-
fined to be the best simulator input. Crucially, it is not defined to
be the ‘correct’ system value, even in those situations where there is
a straightforward analogue between simulator input and system prop-
erty. This has already been stressed in subsection 5.2 in the discussion
about the gravitational constant g. Therefore it is not entirely clear
that we want to use xy in the likelihood. Rather, we probably need
to think more deeply about the extent to which simulator inputs and
system properties are similar. I intend to treat this problem in more

detail elsewhere, but I raise it here as something worth thinking about.

7.4 What about chaos?

‘Chaos’ is a recurrent theme in climate prediction, although from a
practical point of view its impact seems to be felt primarily in terms of
high sensitivity of the simulator outputs to the inputs in certain regions
of the input space; Berliner (1992) provides an interesting discussion.
It is natural to ask whether our best input approach can accommodate
simulators that might display this kind of sensitivity, and the answer
is, of course, affirmative.

The best input approach asserts the existence of a simulator input
xo with special characteristics. It does not say anything about the
behaviour of the simulator at inputs away from xzy, and therefore it
contains no structure that would allow us to reject it explicitly for
simulators for which || f(z + dx) — f(x)| was large. That is not to say,
however, that knowing that the simulator is very sensitive in certain
regions of X is not important. On the contrary, it is a key part of how
we formulate the emulator, defined in (25).

The emulator can be though of as a technology that allows us to

predict the value of f(z’) from an observation on f(z). Simulators that
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are very smooth have || f(z) — f(2)|| small for 2’ in the neighbourhood
of z, and our prediction of f(z') using f(z) is likely to have a small
variance. But if f is thought to be very sensitive to the inputs in the
region of x we will want to ensure that even when 2’ is close to z, our
prediction of f(2') using f(x) has a large variance. In the extreme case
we can model part of the variance of our emulator as a ‘nugget’, so that

our beliefs about the simulator have the form

Cov(f(z), f(z')) = K(z,2') + 6(z — 2') & (36)

where £ is some differentiable variance function, §(-) is the delta func-
tion, and ¥ is the nugget variance; see, e.g., Bartlett (1978, ch. 5) for
an introduction to the theory of random fields, while Cressie (1991)
discusses statistical models with nuggets. Along the diagonal of ¥ we
may well have what is often termed the ‘natural variability” of the sim-
ulator: this is the variability of f(x) that can only be reduced by an
evaluation at x itself.

In the inferential calculations, for example as given in Algorithm 5.1,
the impact of this sensitivity of the simulator output to the input is
found in sampling f;: even where the sampled x is close to a value
that appears in X, say x1, the sampled value for f, will not necessarily
be close to that of f(x1). This seems perfectly right and proper. But
of course we can only implement this behaviour in a controlled fash-
ion if we have an emulator. Therefore inferential calculations that do
not use emulators are at an immediate disadvantage where the under-
lying simulator is sensitive in this way. Although a common practice,
it seems wrong, for example, to attempt to reflect this sensitivity in
the likelihood function or the weights w; in (32) because, as already

explained in section 3, the likelihood function exists entirely indepen-
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dently of the simulator, and so can in no way be affected by properties

that the simulator is thought to have.

7.5 Advantages of an emulator

It is important to understand the benefits of having an emulator, be-
cause while emulators are easy to construct, good emulators are not,
and it is important to understand the benefits that follow from invest-
ing in a good emulator (usually, by hiring a statistician to build one). A
full discussion of inference with emulators would take up a whole paper
in itself, and so I am not going to attempt it here, but I would just
like to pick out two other advantages, following on from the previous
subsection.

First, we seldom know the exact predictive distribution: we can only
sample it, or estimate summary statistics like moments. Consider, for
example, importance sampling for the predictive mean. As written in
(32) we have n evaluations of the simulator, which go into the emulator,
and k samples from the marginal distribution of (o, fo, € | F, X). Our
ability to make k as large as necessary, i.e. to have k > n, is crucial if we
want our estimate I; to have good properties, namely to be reasonably
close to the true value E (yp |z, F, X ) Typically we can keep increasing
k and monitoring the result until we are confident in the estimate. But if
we choose to do without an emulator, then k& and n are constrained to be
the same value, and the cost of increasing k£ by 1, which was previously
more-or-less zero, is now the cost of another simulator evaluation. So if
our simulator is expensive to evaluate it is much less likely that we can
have confidence in our estimate, because we do not have the freedom
to take it toward its asymptotic limit.

Second, with an emulator comes the freedom to separate the loca-

tion of the n evaluation points in X from that of the k£ sampled points.
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Only the second collection of k points has to follow a random design,
or, in the case of the more elaborate sampling procedures, a prescribed
design. The first collection of n points can be anything we like, which
affords us the opportunity to select the simulator evaluations that we
perform according to optimality criteria. Obviously this is important
where the number of evaluations that we can afford to perform is lim-
ited, and this will always be the case with AOGCMs, where we can
expect to have only 10-100 evaluations in total (remembering that this
is for a fixed future forcing scenario). Without an emulator we have
only limited freedom to select the n evaluation points, as they must
also be consistent with an integration rule over X

In a simple sequential design framework with an emulator, we can
score a candidate evaluation point for x,, ., directly in terms of our pre-
diction for y,. We can use our emulator to predict the simulator output
at x, our candidate value for x, .1, and then perform the inference as
though this were the actual outcome of the (n + 1)* evaluation, to
examine the impact of the choice x on measures such as the predictive
variance of y,. As we vary x we can identify good candidates for z,1,
and quantify their impact. Knowing, at least approximately, this im-
pact in advance allows us to terminate an experiment early on the basis
that little further improvement in our prediction can be expected, or
to make a strong case for further resources for more evaluations. The
issue of optimal design for inference is discussed in Craig et al. (2001,

section &), and, for large problems, in Goldstein and Rougier (2003).

8 Conclusion

In this paper I have attempted to present a coherent view of how we

might use climate simulators to make predictive statements about cli-
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mate. The approach I have suggested here is not that which is currently
adopted in climate prediction, where most of the effort appears to be
directed at data collection and model building. My personal view is
that creating the simulator is only half the battle. Understanding and
quantifying how that simulator is informative about the actual climate
is the other half, and is a prerequisite for calibrating the simulator using
climate data, and predicting climate using the simulator. My natural
inclination is to quantify in terms of probabilities, because I feel that
probability is the right metric for uncertainty, and I think this is a view
shared by many stakeholders.

The Bayesian approach outlined in this paper focuses expert knowl-
edge on the specification of well-defined primitive quantities, namely
the best input and the discrepancy, and relieves the expert of the
broadly mechanical task of assimilating knowledge and data into cli-
mate predictions, which proceeds using standard tools such as those
outlined in section 5. In this respect the Bayesian approach is exactly
in harmony with the approach taken by climate scientists themselves.
We would naturally be cautious of a statement about climate in 2100
that did not seem to accommodate the mechanical features of, say,
the various conservation laws. The computer-based climate simulator
is the means of imposing these conservation laws on scientists’ beliefs
about other more subjective aspects, such as subgrid-scale parameter-
isations or equations of state. In exactly the same way we should be
cautious of probabilistic statements about the climate in 2100 that are
not demonstrably conditional probabilities. We cannot simply compute
some weighted average from the output of our ensemble of evaluations
and call it a mean: it is only a mean if we have followed the rules of
the probability calculus.

The statistical approach I have outlined in this paper, based on the
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notion of a best input value, appears to me to be somewhat restrictive
(as discussed in Goldstein and Rougier, 2004). But it is far more general
than that implicit in current approaches. Therefore I think it makes a
natural staging post between where we are now, and where we might

want to be in, say, ten years time.
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