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e Highly variable (discontinuous) coefficients o/(x)
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Au=Db (n % n linear system)
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(i.e. independent of variations in n and in a(x))
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Model Problem
@ Elliptic PDE in 2D or 3D bounded domain 2

V- (aVu)="f + u=0 on 99

e Highly variable (discontinuous) coefficients o/(x)

o FE discretisation (p.w. linears V") on mesh 7":
Au=Db (n x n linear system)

e Aim: Find efficient & robust preconditioner for A
(i.e. independent of variations in n and in a(x))

e Key Question: Choice of coarse space !
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Motivation: Groundwater Flow

(e.g. safety assessment for radioactive waste disposal)

Darcy’s Law: g+ aVp = f
Incompressibility: Vg =0

-+  Boundary Conditions

coLHURST
FAULTED BROCKRANM.

e.g. permeability a(x) at Sellafield ©@NIREX UK Ltd.

DEEP CALDER
FAULTED NS CALDER
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Relevant also for preconditioning of

e Mixed FE discretisations (Raviart-Thomas):

(5 %5)(5)- (%)
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Relevant also for preconditioning of

e Mixed FE discretisations (Raviart-Thomas):

(5 %5)(5)- (%)

» Divergence-free reduction — standard pw.lin. FE for
—V - (1V§) = & (in 2D) [Cliffe, Graham, RS, Stals; JCP 00]
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Relevant also for preconditioning of

e Mixed FE discretisations (Raviart-Thomas):

M BT g\ (&
B 0 p) \O
» Divergence-free reduction — standard pw.lin. FE for

—V - (1V§) = g (in 2D) [Cliffe, Graham, RS, Stals; JCP 00]

» Scaled (2,2)-block in Rusten—Winther preconditioner:
BD,'BT =~ —V".(aV")  [Powell, Silvester; SIMAX 04]
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Relevant also for preconditioning of

e Mixed FE discretisations (Raviart-Thomas):

M BT g\ (&g
B 0 p) \O
» Divergence-free reduction — standard pw.lin. FE for
—V - (1V§) = & (in 2D) [Cliffe, Graham, RS, Stals; JCP 00]
» Scaled (2,2)-block in Rusten—Winther preconditioner:

BD,'BT =~ —V".(aV")  [Powell, Silvester; SIMAX 04]

e Two-phase porous media flow (e.g. oil recovery):

App Aps op\ _
( Asp  Ass ) ( Js = RHS

with A, ~ =V (an(s)V") + ... a diffusion-type operator.
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Heterogeneous multiscale deterministic media

)

Society of Petroleum Engineers (SPE) Benchmark SPE10

Multiscale stochastic media (A = 5h,20h & clipped)
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Stochastic Modelling of Heterogeneity
Log-normal random field a(x) (here with n =512, \ = 1/64 and o2 = 8)
Log—normal Reallsatlon Cllpped Reallsatlon
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Stochastic Modelling of Heterogeneity
Log-normal random field a(x) (here with n =512, \ = 1/64 and o2 = 8)
Log—normal Reallsatlon “Cllpped” Reallsatlon

(0%
~ ) = 0(10°
L (aT/) (10°) /

Variance o determines “contrast” !
(Correlation length \ determines “roughness”)
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Difficulties

@ Requires very fine mesh resolution: h < L

@ Complicated variation of «(x) on many scales
(hard to resolve by (geometric) coarse mesh)

@ A very large and very ill-conditioned, i.e.

K(A) < max (O‘> p2

T, eTh \ Ot
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Difficulties

@ Requires very fine mesh resolution: h < L

@ Complicated variation of «(x) on many scales
(hard to resolve by (geometric) coarse mesh)

@ A very large and very ill-conditioned, i.e.

« _
k(A) < max ( T> h~2
h
T.T'€T Qs Meaning of <
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Difficulties

@ Requires very fine mesh resolution: h < L

@ Complicated variation of «(x) on many scales
(hard to resolve by (geometric) coarse mesh)

@ A very large and very ill-conditioned, i.e.

k(A) < max (QT) h~2
Goa |S T ETh \ Op! Meaning of <

@ Solver that is efficient, scalable, parallelisable AND

» robust w.r.t. problem size n and mesh resolution h
» as well as robust w.r.t. coefficients o 1!

@ Underpinning theory —
“Handle” for choice of components !
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Possible Methods & Existing Theory

e Standard Domain Decomposition and Multigrid
robust if coarse grid(s) resolve(s) coefficients
[Chan, Mathew, Acta Numerica, 94], [J. Xu, Zhu, Preprint, 07]
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Possible Methods & Existing Theory

e Standard Domain Decomposition and Multigrid
robust if coarse grid(s) resolve(s) coefficients
[Chan, Mathew, Acta Numerica, 94], [J. Xu, Zhu, Preprint, 07]

@ Otherwise: Coefficient-dependent coarse space
[Sarkis, Num Math, 97], [Graham, Lechner, RS, Num Math, 07],
[RS, Vainikko, Comp. 07], [Van lent, RS, Graham, submitted 08]
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robust if coarse grid(s) resolve(s) coefficients
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@ Otherwise: Coefficient-dependent coarse space
[Sarkis, Num Math, 97], [Graham, Lechner, RS, Num Math, 07],
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e FETI also robust (with correct scaling)
[Pechstein, RS, submitted, 08]
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Possible Methods & Existing Theory

e Standard Domain Decomposition and Multigrid
robust if coarse grid(s) resolve(s) coefficients
[Chan, Mathew, Acta Numerica, 94], [J. Xu, Zhu, Preprint, 07]

@ Otherwise: Coefficient-dependent coarse space
[Sarkis, Num Math, 97], [Graham, Lechner, RS, Num Math, 07],
[RS, Vainikko, Comp. 07], [Van lent, RS, Graham, submitted 08]

e FETI also robust (with correct scaling)
[Pechstein, RS, submitted, 08]

e Practically most successful: Algebraic Multigrid
No theory explaining coefficient robustness for standard AMG!

Some first steps in [Aksoylu, Graham, Klie, RS, Comp.Visual.Sci. 08]
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Possible Methods & Existing Theory

e Standard Domain Decomposition and Multigrid
robust if coarse grid(s) resolve(s) coefficients
[Chan, Mathew, Acta Numerica, 94], [J. Xu, Zhu, Preprint, 07]

@ |Otherwise: Coefficient-dependent coarse space
[Sarkis, Num Math, 97], [Graham, Lechner, RS, Num Math, 07],
|[RS, Vainikko, Comp. 07], [Van lent, RS, Graham, submitted 08]|

@ FETI also robust (with correct scaling)
[Pechstein, RS, submitted, 08]

e Practically most successful: Algebraic Multigrid
No theory explaining coefficient robustness for standard AMG!

Some first steps in [Aksoylu, Graham, Klie, RS, Comp.Visual.Sci. 08]
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Two-Level Overlapping Schwarz
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Domain Decomposition

Two-Level Overlapping Schwarz Method

@ Fine grid

R. Scheichl (Bath) Mon 21-07-08, CLAPDE '08 11 /33



Domain Decomposition

Two-Level Overlapping Schwarz Method

@ Fine grid
@ Subdomains
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Domain Decomposition

Two-Level Overlapping Schwarz Method

e Fine grid
@ Subdomains

@ Overlap
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Domain Decomposition

Two-Level Overlapping Schwarz Method

e Fine grid
@ Subdomains
@ Overlap

e Coarse “grid”
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Domain Decomposition

Two-Level Overlapping Schwarz Method

Fine grid
Subdomains
Overlap

Coarse “grid”

Prolongation R
(coarse space)
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Two-Level Overlapping Additive Schwarz

- T a-1

Mss = R{ARy + >  RTATR
i=1,...S
coarse solve local solves
(Ao = ROAROT) (A, = R,'AR’-T)
o)
S
74
H h—"

Hsub

R; simple injection into ;, i =1,...,S.
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Two-Level Overlapping Additive Schwarz

Mss = R{ARy + > RTATR
i=1,...S
coarse solve local solves
(Ao = ROAROT) (A, = R,'AR’-T)
o)
S
74
H h—"
Hsub

But how to choose R/ ?
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Choice of prolongation R{ (abstract)

@ Select a set of linearly independent FE functions
(coarse basis)

(W,eVh:j=1... N}

st. > ;V;=1 and supp(V;) C w; (given)

(Assume w; overlaps at most 7 other supports — A, sparse!)
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Choice of prolongation R{ (abstract)

@ Select a set of linearly independent FE functions
(coarse basis)

(W,eVh:j=1... N}

st. > ;V;=1 and supp(V;) C w; (given)

(Assume w; overlaps at most 7 other supports — A, sparse!)
e Prolongation matrix
RS =[z1,...,zn] e R™N.
where z; is coefficient vector corresponding to V;.
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Coefficient-explicit Conditioning Analysis

Theorem (RS, Vainikko, Computing, 2007)

Let w; = supp(V;). Assume that each w; C Q; for some $2; and that

{w;} is a shape regular, uniformly overlapping, finite covering of €.
Then

H.
(M) S 2(0) 1+ max )
J O
where H; = diam(w;), d; = overlap(w;) and

Wa) = max O [|a| VU], g

the *“coarse space robustness indicator”.
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Coefficient-explicit Conditioning Analysis

Theorem (RS, Vainikko, Computing, 2007)

Let w; = supp(V;). Assume that each w; C Q; for some $2; and that

{w;} is a shape regular, uniformly overlapping, finite covering of €.
Then

H.
k(MpsA) < () (1 + mjax 6_J>
)

where H; = diam(w;), d; = overlap(w;) and

Wa) = max O [|a| VU], g

the *“coarse space robustness indicator”.

v

“Handle” for choosing {V;} w.r.t. «| — Energy minimisation!
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@ Robustness possible even for large variation of
coefficients inside coarse elements.
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@ Robustness possible even for large variation of
coefficients inside coarse elements.
@ Previous theory only for resolved coefficients!

@ Importance of energy minimisation already noted
in AMG literature, e.g.

» [Mandel, Brezina, Vanek, Computing, 1999]
» [Wan, Chan, Smith, SISC, 2000]
» [Xu, Zikatanov, Comput Visual Sci, 2004]
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@ Robustness possible even for large variation of
coefficients inside coarse elements.

@ Previous theory only for resolved coefficients!

@ Importance of energy minimisation already noted
in AMG literature, e.g.

» [Mandel, Brezina, Vanek, Computing, 1999]
» [Wan, Chan, Smith, SISC, 2000]
» [Xu, Zikatanov, Comput Visual Sci, 2004]

@ Corollaries for multiplicative and hybrid variants:
» [Graham, RS, NMPDE, 2007]
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@ Robustness possible even for large variation of
coefficients inside coarse elements.

@ Previous theory only for resolved coefficients!

Importance of energy minimisation already noted
in AMG literature, e.g.

» [Mandel, Brezina, Vanek, Computing, 1999]
» [Wan, Chan, Smith, SISC, 2000]
» [Xu, Zikatanov, Comput Visual Sci, 2004]
@ Corollaries for multiplicative and hybrid variants:
» [Graham, RS, NMPDE, 2007]

@ Assumption w; C (2; violated: 2 indicators
» [Graham, Lechner, RS, Numer Math, 2007]
Mon 21-07-08, CLAPDE '08 15 / 33



Example: Standard pw. linear coarsening
(binary medium with h =1/512 and H = 8h)

vvvvv

vvvvv

AAAAA

R. Scheichl (Bath)

0 || K(MasA) | (o)
100 5.2 2
10! 0.1 20
102 58.1 200
103 471 2000
10* 1821 | 2.0(+4
10° | 2561* |2.0(+5

*same as one-level method (robust!)
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Example: Standard pw. linear coarsening
(binary medium with h =1/512 and H = 8h)

: 0 | £(MasA) | ~(c)
: 107 5.2 2
Z 1 : 10% 9.1 20
/ 102 | 58.1 200
10° 471 2000
: 104 | 1821 | 2.0(+4
branels A e / 10° | 2561* |2.0(+5
a=96

*same as one-level method (robust!)

— Coefficient-dependent Coarse Spaces

R. Scheichl (Bath)

Energy Minimising Coarse Spaces

Mon 21-07-08, CLAPDE '08
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Energy Minimising Coarse Spaces
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Motivation — A bit of Linear Algebra

For simplicity assume 7, quasi-uniform, §; ~ H; ~ H (generous overlap)

and o pw. constant = «|VV,|? also pw. constant w.r.t. 7 € 7j,.
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Motivation — A bit of Linear Algebra

For simplicity assume 7, quasi-uniform, §; ~ H; ~ H (generous overlap)

and o pw. constant = «|VV,|? also pw. constant w.r.t. 7 € 7j,.

@ Let Y be matrix with Y, := mlﬁaiﬂvajﬂ and
note that Y'Y = RAR/.
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Motivation — A bit of Linear Algebra

For simplicity assume 7, quasi-uniform, §; ~ H; ~ H (generous overlap)

and o pw. constant = «|VV,|? also pw. constant w.r.t. 7 € 7j,.

o Let Y be matrix with Y, := |7[*/?a /2]V\UJT| and
note that Y'Y = RAR/.

o K(MasA) S H?max; [|a| VWPl o) < hd Hyllmax

where || B||,x == max;; |B; .
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Motivation — A bit of Linear Algebra

For simplicity assume 7, quasi-uniform, §; ~ H; ~ H (generous overlap)

and o pw. constant = «|VV,|? also pw. constant w.r.t. 7 € 7j,.

o Let Y be matrix with Y, := |7[*/?a /2]V\UJT| and
note that Y'Y = RAR/.

o 1(MasA) < H* max; [la| VWPl @) < hd Hyllmax
where || B||,x == max;; |B; .
e Idea: Replace || Y|, by Frobenius norm
Y[ = tr(YTY) = tr(RAR) ) = TAz,
IY[le = (YY) = tr(RARy ) ZJ.ZJ Z;

i.e. the energy of the coarse space basis.
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Energy Minimising Coarse Space — Method

R. Scheichl (Bath)

[Wan, Chan, Smith, SISC 2000]

Choose supports {w;} for {W;}. Then solve
constrained minimisation problem for {z;}:

minz_ijAzj s.t. Z.zjzl (POU)
J J

and z;; # 0 only if node x; € w; (sparsity).
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Energy Minimising Coarse Space — Method

[Wan, Chan, Smith, SISC 2000]

Choose supports {w;} for {W;}. Then solve
constrained minimisation problem for {z;}:

f‘::.;-*":’ minzjzjmzj s.t. ijjzl (POU)

and z;; # 0 only if node x; € w; (sparsity).

This problem has the unique solution
zj = RIATRA
with R; : R” — w] (injection) where X is the solution of
BX =1 (Lagrange multiplier system)

and B = Zj RJTAJTle (1-level Schwarz operator w.r.t. {w;})
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Energy Minimising Coarse Space — Method

Method /Questions

@ Select a set of supports (patches) {w;}. How? Important?

@ Solve (global) problem BA = 1. How? Cost?

@ Solve (local) problems Ajy; = RjA. Set z; = R]y;. Cheap!

[Wan, Chan, Smith, SISC 2000]

Choose supports {w;} for {W;}. Then solve
constrained minimisation problem for {z;}:

minzjijAzj s.t. ijjzl (POU)

and z;; # 0 only if node x; € w; (sparsity).

R. Scheichl (Bath)
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Example: Fine Scale Binary Medium

PCG-lIterations to solve Au = b with preconditioner Mag (¢ = 107°)

n = 2562
0 ‘1—Ieve| linear minim.

1007 79 13 13
10°| 80 63 14
104 | 84 113 14
10| 87 115 14

0 =10

n ‘1-Ieve| linear minim.

322 15 19 13
=1 and aa =40 642 23 33 14

1282 45 59 14
H = 8h 2562 87 115 14
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A Typical Basis Function

A
Wt
V uuuumm
Aﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂm
VN AN

R. Scheichl (Bath)
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Example: L-shaped inclusion

y

Vi

NN

LM// n = 2562
@ 0 | linear multiFE minim.
10°] 13 13 13
@ 10* | 167 157 32
W/K\R == Minimising 10° | 179 162 32
-7
~l (¢ n | linear multiFE  minim.
( 322 | 29 26 21
642 48 48 26
128% | 89 88 29
2562 | 179 162 32

2~ Multiscale FE

R. Scheichl (Bath)



Example: Lognormal Random Field

PCG-lIterations to solve Au = b with preconditioner Mag (¢ = 107°)

linear multiFE  minim.

g

0 10 2 22 23
4 33(+7) | 65 46 44
8 52(+10) | 121 65 62
12 16(+13)| 199 86 81
7

Not robust!

n=256% and \ = 4h
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Example: Lognormal Random Field

PCG-lIterations to solve Au = b with preconditioner Mag (¢ = 107°)

2 Ar linear multiFE  minim.

g

0 10 2 22 23
4 33(+7) | 65 46 44
8 52(+10) | 121 65 62
12 16(+13)| 199 86 81
7

Not robust!

n=256% and \ = 4h

Need to adapt supports {w;} (see below)!
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How to solve BA =17

Use structure of B (i.e. B~ A~ and “almost local”):
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How to solve BA =17

Use structure of B (i.e. B~ A~ and “almost local”):

@ Idea 1: precondition B with A [Wan, Chan, Smith, 00]
Problem: k(AB) = k(BA) ! (i.e. like 1-level prec. for A)
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How to solve BA =17

Use structure of B (i.e. B~ A~ and “almost local”):

@ Idea 1: precondition B with A [Wan, Chan, Smith, 00]
Problem: k(AB) = k(BA) ! (i.e. like 1-level prec. for A)

@ ldea 2: precondition B with D = diag(B) [Xu, Zikatanov, 04]

Problem: only robust (w.rt. hand o) for H ~d ~ h'! (mG)
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How to solve BA =17

Use structure of B (i.e. B~ A~ and “almost local”):

@ Idea 1: precondition B with A [Wan, Chan, Smith, 00]
Problem: k(AB) = k(BA) ! (i.e. like 1-level prec. for A)

@ ldea 2: precondition B with D = diag(B) [Xu, Zikatanov, 04]

Problem: only robust (w.rt. hand o) for H ~d ~ h'! (mG)
@ New ldea: additive Schwarz preconditioner for B

C = ZJRJTBj_lRJ- where B, := R,BR]

Sounds impractical as B; is dense. |But Bj’1 is sparse(ish)!

R. Scheichl (Bath) Energy Minimising Coarse Spaces Mon 21-07-08, CLAPDE '08 24 /33



Implement using Linear Algebra “Trick”

@ Consider w; overlapping only 2 neighbours w; & w;.

@ Local block . . A .
Bj = At + [k Al L + LA
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Implement using Linear Algebra “Trick”

@ Consider w; overlapping only 2 neighbours w; & w;.

@ Local block . . A .
Bj = A7t + LAl i + LA

@ Invert via Sherman-Morisson-Woodbury formula:

. s s |l
Bt = A=Al hi] G [7’?] Aj
J
where 2 iT
) . )
G = [ A,] + ’/ﬁ A; [l 1]
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Implement using Linear Algebra “Trick”

@ Consider w; overlapping only 2 neighbours w; & w;.

@ Local block . . A .
Bj = A7t + LAl i + LA

@ Invert via Sherman-Morisson-Woodbury formula:

. s |
Bt = A=Al hi] G !7’?] Aj
J
where 2 iT
) . .
Gj:[ A,] + 7;5? A; [l 1]

@ Cost: 1 sparse (local) solve & some sparse MatVec
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Robustness of Preconditioner for B

(Preconditioned CG iterations for BA = 1; tolerance £ = 107°)

Binary medium
A D C

0

10°
102
10%
10°

n

53
70
71
71

A

43
108
119
37

D

10
10
9
9

C

Log-normal field

2

Q

A D C

322
642
1282
2562

18
31
52
71

R. Scheichl (Bath)

33
37
38
37

10
10
10
9

= =
@MOO-PI\JO

38 44 10
9% 94 13
138 164 14
200" 200 15
200" 2007 16
200" 200" 16

Mon 21-07-08, CLAPDE '08
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Robustness of Preconditioner for B

(Preconditioned CG iterations for BA = 1; tolerance £ = 107°)

Binary medium Log-normal field

#|A D C )
o A D C
10753 43 10
1
10270 108 10 0138 44 12
10|71 119 9 2196 94
100171 37 9 4 1138 164 14
8 | 200" 200t 15
n |A D C 12 1 200" 200" 16
322 118 33 10 16 | 200" 200" 16
64 |31 37 10
1282 52 38 10 In practice sufficient to solve BA =1
2562 71 37 9 inaccurately!
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Energy Minimisation — Comments

@ Coarse grid construction is scalable, i.e. O(n)
(more costly than other coarsening strategies, but “best”!)
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(more costly than other coarsening strategies, but “best”!)

e Very important: Choice of supports {w;}!?
(e.g. aggregation (strong connections), compatible relaxation)
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Energy Minimisation — Comments

@ Coarse grid construction is scalable, i.e. O(n)
(more costly than other coarsening strategies, but “best”!)

e Very important: Choice of supports {w;}!?
(e.g. aggregation (strong connections), compatible relaxation)

@ Analysis of «(CB) possible (via Schwarz theory)
(collaboration with L. Zikatanov (Penn State))
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Energy Minimisation — Comments

@ Coarse grid construction is scalable, i.e. O(n)
(more costly than other coarsening strategies, but “best”!)

e Very important: Choice of supports {w;}!?
(e.g. aggregation (strong connections), compatible relaxation)

@ Analysis of «(CB) possible (via Schwarz theory)
(collaboration with L. Zikatanov (Penn State))

@ Also interesting for Linear Elasticity and Maxwell
[Mandel et al, Comp. 99], [Musy, Nicolas, Perrussel, SISC 07]
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Energy Minimisation — Comments

@ Coarse grid construction is scalable, i.e. O(n)
(more costly than other coarsening strategies, but “best”!)

e Very important: Choice of supports {w;}!?
(e.g. aggregation (strong connections), compatible relaxation)

@ Analysis of «(CB) possible (via Schwarz theory)
(collaboration with L. Zikatanov (Penn State))

@ Also interesting for Linear Elasticity and Maxwell
[Mandel et al, Comp. 99], [Musy, Nicolas, Perrussel, SISC 07]

@ Potential also for numerical homogenisation &
upscaling (especially if there is no scale separation!)
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Choosing Supports via Aggregation

(based on strong connections in matrix — like in AMG)

1636363636)
5 1 3636363636

15151515 3 11 13636363630}
1010101015151515} 0 3636363636}

[363636363¢)

Coefficient field (clipped) Aggregates (ADOUG)
(n=32%, A= 3, max = ~10%) (radius r = 2, threshold 3 = 0.67)
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Example: Clipped random field

(n = 2562 and \ = 1/64; aggregation with radius r = 2 and 8 = 0.67)

"%* ;

AAMG ... Aggregation—type Algebraic Multigrid [Bastian]
DOUG ... Classical Additive Schwarz with linear coarsening
UMFPACK . .. Sparse direct solver [Davies & Duff]

CG-lterations (¢ = 107°) CPU-time (in secs)
0% | max, 2= | Mas AAMG  DOUG | Mas AAMG  UMFPACK
2 1.5 % 10! 24 14 32 212 1.35 1.85
4 | 2.2x%10? 27 29 89 214 2.44 1.70
6 3.3%103 29 25 296 234 210 1.33
8 | 4.9x10* 26 25 498 241 210 4.88

Energy minimisation for minimal overlap (no solve needed!)
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Summary

@ Solvers for heterogeneous multiscale elliptic problems

@ Applications: porous media flow, material science, etc...
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Summary

@ Solvers for heterogeneous multiscale elliptic problems
@ Applications: porous media flow, material science, etc...

@ Coefficient-explicit analysis of two-level Schwarz
(when the coarse grid does not resolve the coefficients)

@ Requirement on coarse space: bounded/low energy of basis
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Summary

Solvers for heterogeneous multiscale elliptic problems
Applications: porous media flow, material science, etc...

Coefficient-explicit analysis of two-level Schwarz
(when the coarse grid does not resolve the coefficients)

Requirement on coarse space: bounded/low energy of basis
Explicit energy minimisation — global system BA =1
1-Level Schwarz Preconditioner sufficient for BA =1
Efficient implementation via Sherman-Morrison-Woodbury

Choice of supports crucial for random media

R. Scheichl (Bath) Mon 21-07-08, CLAPDE '08 30/ 33



Thank you!
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Coarse Space Construction — Timings

10% T

10° L 1
o + energy minimising

102 L + 1 X multiscale FE

3 x — linear growth (with n?)
0 3 -- quadr. growth (with n?)
1w L 1 n=H/h ratio coarse/fine

cpu in seconds
107!
1 2 5010 20 50 100

~2-3 times more expensive than multiscale FE (or linear) coarsening.
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