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All models are wrong, but some models are useful

George Box



Computational results are believed by no one, except pemrdom who
wrote the code

Experimental results are believed by everyone, excégt p@rdon who
ran the experiment



NUMERICAL METHODS FOR
STOCHASTIC PDE'S FOR DUMMIES
WHERE | AM THE DUMMY




INTRODUCTORY REMARKS




Uncertainty is everywhere

Physical, biological, social, economic, nancial, etc.
processes always involve uncertainties

As a resultmathematical models of these
processes should account for uncertainty

Accounting for uncertainty in processes governed by partia
di erential equations can involve

{ random coe cientsn the PDE, boundary condition,
and initial condition operators

{ random right-hand sidesthe PDE's, boundary conditions,
and initial conditions

{ random geomefry.e., random boundary shapes



Uncertainty arises because

{ available data are incomplete

- they are predictable but are too di cult (perhaps
Impossible) or costly to obtain by measurement
I media properties in oil reservoirs or aquifers

- they are unpredictable
l  wind shear, rainfall amounts

{ not all scales in the data and/or solutions can or shoulddieect

- it Is too di cult (perhaps impossible) or costly
to do so in a computational simulation
| turbulence, molecular vibrations

- some scales may not be of interest
I surface roughness, hourly stock prices

Of course, it is well known that two experiments run under
the \same" conditions will yield di erent results



Modeling noise

White noise{ input data vary randomly amadependentlyfrom one point
of the physical domain to another and from one time instanbtber

{ uncertainty is described in termsioéorrelated random elds

{ examples: thermal uctuations; surface roughness; lradgeamics

Colored nois¢ input data vary randomly from one point of the physical
domain to another and from one time instant to another augdoda given
(spatial/temporalxorrelation structure

{ uncertainty is described in termgafrelated random elds

{ examples: rainfall amounts; bone densities; pernesabiliti
within subsurface layers



Random parametefsnput data depend on a
niteY number of random parameters

{ think of this case as \knobs" in an experiment

{ each parameter may vary independently according to its
own given probability density

{ alternately, the parameters may vary according to a
given joint probability density

{ examples: homogeneous material properties, e.g., Yoadglss,
Poisson's ratio, speed of sound, in ow mass

YWhat we really mean is that the number of parameters is not arile, but independent of the spa-
tial/temporal discretization; this is not possible for thgproximation of white noise for which the number
of parameters increases as the grid sizes decrease



Ultimately, for all three cases, on a computer
one solves problems involvimgdom parameters

{ In the white noise and colored noise cases, one disdnetizeis¢ so that
the discretized noise is determined by a nite number ofgtara

- In the white noise case, the number of parameters hasasecr
as the spatial and/or temporal resolutions of the numsciuaine
used to solve the PDESs increases

- In the colored noise case, the number of parameters reeded t
approximate a correlated random eld can, in practice, be
chosen independently of the spatial/temporal resolutions



Uncertainty quanti cation

Uncertainty quanti cation is the task of determining stieal information
about outputs of a system, given statistical informatiout dfve inputs

— SYSTEM —

uncertain uncertain
Inputs outputs

{ of course, the system may have deterministic inputs as well

We are interested in systems governed by partial di €emi&tions

—_— PDE )
uncertain uncertain
inputs solution
of the PDE

{ the solution of the partial di erential equation de nesrttaping from
the input variables to the output variables



Often, solutions of the PDE are not the primary outpantity of interest

{ quantities obtained by post-processing solutions of the PD
are more often of interest

- of course, one still has to obtain a solution of
the PDE to determine the quantity of interest

Post-processing

— PDE ———3| of the soluton |——3»
uncertain uncertain of the PDE uncertain
Inputs solution guantities
of the PDE of interest




A realizatiorof the random system is determined by

specifying a speci c set of input variables
and then

using the PDE to determine the corresponding output gariabl

{ thus, a realization is a solution of a deterministic problem

One is never interestedimdividual realizatiord
solutions of the PDE or of the quantities of interest

{ one is interested in determining statistical informabiont dhe
guantities of interest, given statistical informationtaihe inputs



Quantities of interest

Suppose we hate random parametefy,gh-,

{ eachy, could be distributechdependentlyaccording to its probability
density function (PDF),(y,) de ned fory, in a (possibly in nite) interval

n

{ alternately, the parameters could be distributed aagdodanjoint PDF

(y1;:::;yn) that is a mapping from ah-dimensional setinto the real
numbers
- Independently distributed parameters are the speeidbcadich
W
(Yuiiiiyn) = n(Yn) and = 1 2 N
n=1

YWithout proper justi cation and sometimes incorrectlyjstalmost always assumed that the parameters
are independent; based on empirical evidence, sometimeés&ljusti able assumption in the parameters-
are-\knobs" case, but for correlated random elds, it istj@ble only for the (spherical) Gaussian case;

In general, independence is a simplifying assumption shiatvoked for the sake of convenience, e.g.,
because of a lack of knowledge



Realization = a solutiom(x; t; ¥) of a PDE for a speci c choige= fy,gh.,
for the random parameters

{ again,there isnointerest in individual realizations

One may be interestedatatistics of solutionsf the PDE

{ average or expected value

Z
u(x;t) = Hu(x;t; )l = u(x;t;y) (y)dy
{ covariance h i
Cu; xSt = E u(x;t;) u(x;t) ux5t%) a(x%t)
Z

= u(Gty) ueGt) uxStSy)  u(xGt) (v dy
{ variance Cy(x;t;Xx;t)

{ higher moments



One may instead be interestedtatistics of
spatial/temporal integratsf the solution of the PDE

{ for any xedy, we have, e.g.,
Z Z
J (t;¥y) = F (u; ) dx or J(X;¥) = F (u; ) dt

D to
or Z tlZ
J (¥) = F (u;¥y) dxdt

to D

whereF (; ) is givenD is a spatial domain, aii; t1) is a time interval

{ quantities de ned with respect to integrals over
boundary segments also often occur in practice



{ examples
- the space-time averageuof
Z,Z
J (y) = u(x; t;y) dxdt
to D

- iIf u denotes a velocityzeld, then

J (t;¥) = 3 u(x;t;y) u(x;t;y)dx

IS proportional to the kinetic energy

{ again, one is not interested in the values of these qusdiatitie
speci ¢ choices of the parametgrs

- one is interested in their statistics



{ example: e>§oected value of the kinetic energy

E  u(xt;y) u(x;t;y)dx
727

= DU(x;t;*sl) u(x;t;y) (y)dxdy

Thus,quantities of interedf this common type
iInvolve integrals over the parameter Space

{ Eg for som&( ), integrals of the type ~
G u(x;t;y) (¥)dy  or possibly G u(x;t;¥:x;ty  (y)dy

YAn important class of quantities of interest that ariseseim,., reliability studies, but that we do not have
time to consider involves integrals over a subset;on particular, we have
Z Z
LG u(X;y) (Ydy=  Gu(x;y) (y)dy

uo

where, for some givam

1 ifu(x;¥) ug

0 otherwise and 4, =fy2 suchthatu(x;y) uog

Ug —



|Ideally, one wants to determine an approximation of thedPbie fquantity
of interest,

l.e., more than just a few statistical moments

of some output quantity

{ the quantity of interest is a PDF

{ one way (but not the only way) to construct the approximakei®I
compute many statistical moments of the output quantity

- S0, again, we are faced with evaluating stochastic istegra



Quadrature rules for stochastic integrals

Integrals of the type
Z

G u(x;t;y) (¥)dy

cannot, in general, be evaluated exactly

Thus, these integrals are approximated using a quadtdgure r

Z X
G u(x;t;y) (¥)dy WG U(X;t;%g) ()
o=1
for some choice of

guadrature WeighfswngQ:1 (real numbers)
and
guadrature pointB'ng:Jf]f:1 (points in the parameter domaihn



{ Alternately, sometimes the probability density funstiosed in the
determination of the quadrature points and weights softead
one ends up with the approximation

Z X
G u(x;t;y) (y)dy WoG U(X;t; ¥y)
=1

Monte Carlo integration { the simplest ra)e

{ randomly sele€ points in according to the PDH¥)
{ evaluate the integrand at each of the sample points

{ average the values so obtained
- 1.e., for allg, wq = 1=Q

{ more on Monte Carlo and other quadrature rules later



Big problem

In practice, one usually does not know much about thectatisthe input
variables

{ one is lucky if one knows a range of values, e.g., maximunmgmgam
values, for an input parameter

- In which case one often assumes that the parameter
Is uniformly distributed over that range

{ if one is luckier, one knows the mean and variance for thpargmeter

- In which case one often assumes that the
parameter is normally distributed

{ of coursepne may be completely wrong in assuming such simpleiprobabil
distributions for a parameter

This leads to the need to sobtechastic model calibration problems



Model calibration

Model calibration is the task of determining statistifaimation about
the inputs of a system, given statistical information dabeututputs

{ e.g., one can use experimental observations to determisttistical
information about the outputs

{ in particular, one wants to identify the probability dehsictions (PDF)
of the input variables

Of course, the system still maps the inputs to the outputs

{ thus, determining the input PDF is an inverse problem
{ usually involves an iteration in which guesses for th&Dp@re updated

{ several ways to do the update, e.g., Baysean, maximunodaklely:



uncertain uncertain
inputs outputs
) SYSTEM )
PDF known PDE to be
determined

Uncertainty quanti cation {irect problem

‘ """" > comparer [ - - - - -- -~ 1

2B and -

' updated updater A :
initial guess : input PDF '

for the input PDF '

' system :

' ! output .
uncertain Y 3 :
inputs -~~~ "~ " 7 7 > SYSTEM uncertain
PDF to be outputs --

determined PDE known

Model calibration {nverse problem



Model calibration problems are a particular case of meralgen
stochastic inverse, or parameter identi cation, or
control, or optimization problems

feedback

updated s
inputs
system
output
initial
uncertain = = = = = = ) = SYSTEM
inputs
Feedback control
system
t — OPTIMIZER |—
objective optimal inputs (controls)
and system states

Optimal control



OBSERVATIONS ABOUT THESE LECTURES

Of greatest interest (to us) anenlineaproblems; however

{ so we focus on methods that are useful in the nonlineay settin

{ however, we do sometimes comment on special features ofetbatss
that only hold for linear problems

Both time-dependerandsteady-stat@roblems are of interest

{ for the sake of simplifying the exposition, we considdy istesidy-state
problems

{ however, almost everthing we have to say applies eqgually tmeé-
dependent problems



WHITE NOISE




UNCORRELATED RANDOM FIELDS

White noise refers to the caseuatorrelatedandom elds (x;t;! ) for
which we have

E (x;t;!') =0 and E (x;t;!) x%t%1) = @t t9 (x x9

{ atevery point in space and at every instant in ti(met;! ) is independent
and identically distributed

- one determinedqx;t;! ) at any point in space and any instant in time
by sampling according to a given probability distribution

{ the Gaussian case is the one that often arises in practiezdase of a
lack of information)

¥The zero mean and unit variance assumptions are not reggrict



Discretizing white noise

In computer simulations, one cannot sample the Gaudsiantidis at every
point of the spatial domain and at every instant of time

{ white noise terms are replacedlisgretized white noisgrms

- discretized white noise is margularthat white noise

Among the means available for discretizing white gogséased methods
are the most popular



To de ne a single realization of the discretized white, mase

{ subdivide the spatial dom&mninto Ngpace SUbdomains
{ subdivide the temporal interf@IT] into Nime time subintervals

{ then, in thens-th spatial subdomain having volijeand in then;-th
temporal subinterval having duratiap,, set

1

approximate(X; t; f Yngn, @) = P P Ynging
th, Vhe

whereyn ., are independent Gaussian samples having zero mean and un
variance

Additional realizations are de ned by resampling ovepdhe-sme grid
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Realizations of discretized white noise at a same timvalimest square subdi-
vided into 2, 8, 32, 72, 238, 242, 338, and 512 triangles
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Y | X Y | X
Realizations of discretized white noise at two di ereptititarvals in a square
subdivided into the same number of triangles

Thus,the discretized white noiseiscewise constaim space and time

Note that the piecewise constant function is much smob#methie random
eld it approximates



It can be shown that

-  t- Q +Q
lim E approximate(X, t; f Yns;ntg) approximate(x , fyns;ntg)
Nspacdl ;Ntme!l

=E (xt) x5t) = (x x)(t t)
Thewhite noise case has been reduced to a casa&@t &ut nitenumber

of parameters

{ we have the

N = Nspacej\ltime parametergn,n,

{ If we re ne the spatial grid and/or reduce the time step,
the number of parameters increases



PDE'S FORCED BY WHITE NOISE

Formally, we can write an evolution equation with white footsng as

u .
%t: Alux;t)+ f(x;t)+ B(u;x;t) (x;t;!) inD (0; T]
where
A Is a possibly nonlinear deterministic operator
f Is a deterministic forcing function
B is a possibly nonlinear deterministic operator

Is the white noise forcing function

{ among many other cases,
A, f, andB can take care of cases with meé&afsand variances 1



If B is independent af, we haveadditivewhite noise

%l:: A(u;x;t) + F(x;t) + b(x;t) (x;t)

{ In practice, oftelbis a constant

If B depends oo, we havenultiplicativewhite noise

{ of particular interest is the caseBofinear inu

%l:: A(u;x;t) + f(x;t) + b(x;t)u (x;t)



Some observations

{ solutions are not su ciently regular for the equationsyusten to make
sense

- the renownetio calculuss introduced to make sense
of di erential equations with white noise forcing

{ white noise need not be restricted to forcing terms in the PDE

- In practice, it can also appear
In the coe cients of the PDEs and boundary and initial gondit
In the data in boundary and initial conditions
In the de nition of the domain



Spatial discretization of the PDE can be e ected via a lataaent method
based on a triangulation of the spatial dor@aitemporal discretization is
e ected via a nite di erence method, e.g., a backward FEuddinod

{ itis natural to use the same grids in space and time as ate disecketize
the white noise

{ thus, if one re nes the nite element grid and the time stepatso re nes
the grid and time step for the white noise discretization

Once a realization of the discretized noise is chosen,
.e., once one chooses MgacdNime Gaussian samples:n,,

a realization of the solution of the PDE is determined
by solvinga deterministic problem



For example, consider the problem

8 @u
E@t: u+f(x;t)+ b(x;t)u (x;t;!) inD
E u=0 IIn@

u(x;0)=ug(x) InD

{ subdividd0; T] into N¢me Subintervals

Nspace

{ subdivided Into Nspace Nite elementdD n g, 7

{ de ne a nite element spa® HZ(D)

Nspace

with respect to the gritD n g, =7

(0, T]

(0, T]



{ choose an approximatiog.y(x) to the initial dataug(x)

{ sample, from a standard Gaussian distribution,

0
{ setup’(x) = U (x)

(n)

Vi dX + ru,’ r vhdx

4 s Z

P YnenVhdx — for allvh 2 Sh
D tnt Ans ns=1 Dns

I
m—t
<

>
o
X
+

)

- note that we have used a backward-Euler time steppingeschem



This is a standard discrete nite element system for thee@eation, albeit
with an unusual right-hand side

Due to the lack of regularity of solutions of PDE's with wbite,
the usual notions of convergence

of the approximate solution to the exact solution
do not hold

even in expectation

{ one has to be satis ed with very weak notions of convergence



COLORED NOISE




CORRELATED RANDOM FIELDS

We now consideorrelated random eldgx;t;!)

{ at each poink in a spatial domaiD and at each instartin an time
intervallto; t1], the value of is determined by a random varidbighose
values are drawn from a given probability distribution

{ however, unlike the white noise case, the covariancerfurfitchie random
eld (x;t;!) does not reduce to delta functions

In rare cases, a formula for the random eld is \known"

{ again, we cannot sample the random eld at every spatiaémpadral
point

{ on the other hand, unlike the white noise case, the facthihaamdom
eld is correlated implies that one can nd a discrete apm@ban to the
random eld for which the number of degrees of freedom chouutt
of as xed, I.e., independent of the spatial and tempaiadiges



More often, only the
mea# (X;1)
and
covariance function cdx;t;x%t9

are known for points andx®in D and time instants andt®in [to; t1]
{ In this case, what wad not have is a formula faoix;t;! )

{ thus, we cannot evaluatéx;t;! ) when we need to

{ for example, if (x;t;! ) is a coe cient or a forcing function in a PDE,
then to determine an approximate realization of the PDEegdme
evaluate (x;t;! ) for a specic choice of and at speci c pointg and
speci ¢ instants of timeused in the discretized PDE

YWe have that
x=E(Kt)

and
cov(x;t;x%t9=E (x:t;) (x;t)  (x%t%) (x2 9



Examples of covariance functions
covi; t;xCt9 = el x xI=Ljt =T

and
COVQ(,t,XO" t() — ej X xq2=|_2j t t(]2:-|-2

wherel is the correlation length aiidis the correlation time
- largeL; T =) long-range order

-smallL; T =) short-range order

Note thatcovariance functions are symmetric and positive



So, we have two cases

{ the more common case for which only the mean and covamantios fu
of the random eld are known

- we would like to nd a simple formula depending on only a few
parameters whose mean and covariance function are agaphgxim
the same as the given mean and covariance function

{ the rare case for which the random eld is given as a formuwa ant
to approximate it

- we would like to approximate it using few random parameters
certainly with a number of parameters that is independent
of the spatial and temporal grid sizes

- of course, this case can be turned into the rst case byntdetey
the mean and covariance function of the given random eld
(this may or may not be a good idea)



Among the known ways for doing these tasks, we will focushapspehe
most popular =)

the Karhunen-Lceve (KL) expansioina random eld (x;t;!)

{ given the mean and covariance of a random (&gld;! ),

- the KL expansion provides a simple formula that
can be used whenever one needs a (&lLe! )

{ to keep things simple, we discuss KL expansions
for the case of spatially-dependent random elds



The Karhunen-Lave expansion

Given the mean (x) and covariance cdqx; x9 of a random eld (x;! ),
determine theigenpgiré n h(X)gt2, from the eigenvalue problem

cov (x; X b(xY dx®= b (x)
D

{ often Iin practice, an approximate version of this problsoived, e.qg.,
using a nite element method

{ due to thesymmetryof cov( ; ), the eigenvalues, arerealand the
eigenfunctionl, (x) car}be chosen to be real amthonormali.e.,

5 h(X) (X)) dX = o

{ due to thepositivityof (x;! ), the eigenvalues are adisitive

- without loss of generality, they may be ordered in neasiuy order
1 2



Then, the random eld(x;! ) admits the KL expanston

X p__
)= (X)+ n Bn(X) Ya(!)
n=1
wheref Y, (! )gi-, arecentered and uncorrelated random varjadtees
EY.(!) =0 EY.(!)Y(!) =0

that inherit the probability structure of the random dkl;! )

{ e.g., If (X;!) Is a Gaussian random eld, then ¥yts are all Gaussian
random variables



¥To see this, let us make the ansatz

b
(x;t)y= (x)+ nbh (X)yn(!)

n=1
where Z
bh (X)bno(X) dX = pno; E(yn) =0; and EYnYno) = nno
D

i.e.,fbh()gt., is a set oorthonormalfunctions and y,( )gl_; is a set ofuncorrelatedandom variables;
we then have that

s
E()= ()+ nh(X)E(yn) = (X)

n=1

and
x X s

E  (x5) x)  (x%) (x) = n nobh (X) bho(X Y E(Ynyno) = 2 bn (X) bn (X9

n=1 n%=1 n=1

so that

ps
cov (x;x9 = 20 () b (x9;
n=1
then, we have that
Z ¥ Z
cov (x; XY bo(x9Y dx°= 2l () b(xYbo(x9 dx®=  2gbno(x)
D D

n=1

so that indeed 2;h,(x)gi., are the eigenpairs, i.e., we recover the KL expansion



The usefulness of the KL expansion results from the fatlidl@genvalues
f Loi., decayasn increases

{ how fast they decay depends on the smoothness of the cevianation
cov (x;x9 and on the correlation lendth
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The decay of the eigenvalues implies that truncated Klsexysan

X'p
NOGT) = (x) + nbh (X)Yn(!)

n=1
can be accurate approximations to the exact expansions

{ If one wishes for the relative error to be less than a prdsoidrance,
l.e., if one wants

K N k>
k k2 ’
one should choosé to be the smallest integer such that
A X
n n
”;\Hl or, equivalently, < L 1
n n

n=1 n=1



Although theY,'s are uncorrelated, in general they are not independent

{ In fact, they are independent if and only if they are (splh€mussian

{ however, every random eld can, in principle, be writtefuastaon of a
Gaussian random eld

- the inverse of the cumulative probability density ofvika gld,
so that, in this way, we only have to deal with Gaussian raadabiles

Dealing with independent random variables can have mhporta
practical consegquences



One important issue is thell posedness of the PDE when using a
KL representation of random elds

{ suppose the coe cierd(x;! ) of an elliptic PDE is a random eld

- It cannot be a Gaussian random eld since then it would
admit negative values, which is not allowable

{ one way to get around this is to let, vath, > 0,
a(x;!) = amin + e )

where (Xx;! ) is a Gaussian random etith given mean and covariance

{ then, using a truncated KL expansion gr! ), we have that

P _
a(x1| ) — amm + e (X)+ I’l\1|:1 P nbn(X) Yn(!)

wheref Y,,(! )gh.; are Gaussian random variables



Approximating Gaussian random elds

For Gaussian random elds, we are done: we identify thenraadables
fYa(! )ghL, with Gaussian random paramefgrsgl-, such thaty 2 =
RN

Let (x;!) be a Gaussian random eld

{ we approximate(x;! ) by itsN -term truncated KL expansion
X p
NOGE) = (X)) + nbh (X)Yn
n=1
wheref y,oN\_, are Gaussian random parameters

Thus, we now havefarmulafor the (approximation to ajandom eldthat
iInvolves anite number of random parameters

{ we can then use any of the methods to be discussed for pnobddvireg
a nite number of given random parameters to solve themsatdscribed
In terms of Gaussian random elds



Approximating non-Gaussian random elds

If (x;!) is the given correlated random eld and if the cumulatistyden
functionF (! ) is known, then one can write

x:;1)=F 1 (x;!) where (x;!) is a Gaussian random eld

{ then, one can approximafex;! ) using a truncated KL expansion in terms
of Gaussian random paramefgrgl, so that

XN p__
NOGE)=F P (ns!) =F Y (x)+ nbn(X)Yn

n=1

{ so, again, we have obtained a formula for an approximatinengshneral
random eld (x;!) in terms ofN random Gaussian parameters so that
we can use any of the methods to be discussed for the ranaioeitgre
case to nd approximate solutions of the stochastic PDE



RANDOM PARAMETERS




PDE'S with random inputs depending on random parameters

One or more

Input functions
e.g., coe cients, forcing terms, initial data, etc. in a
partial di erential equation

depend on a nite number of random parameters

{ the input function could also depend on space and time

{ the random parameters could come from a Karhunen-Lcansieryof a
correlated random eld

{ the random parameters could appear naturally in the de witiinput
function

- e.g., the Young's modulus or a di usivity coe cient coeldamdom



Ideally, we would know the probability density functioR)(PD
for each parameter

{ as has already been mentioned, in practice, we know kenbbtit the
statistics of input parameters

{ however, we will assume that we know the PDFs for all thenranuld
parameters



Examplea nonlinear parabolic equation

{ the y,'s are random parameters

{ abcf,fg, freu andfy are given functions gf t, and
the random parameters

{ the boundary segment® and@y are parametrized by the
corresponding random parameters

{ of coursey andr are operators involving spatial derivatives



Concrete examplan elliptic PDE fou(x;yq;:::; Ys)

{ consider
roa(x;yny2)r u = 1f(X;ysys) onD(ys)
u=0 on@:(ys)

where o _
a(X;y1;¥2) = 3+ jXj yi+sin(y2)
F(X;Y3Ya) = yae Y4XI°
D(ys) =(0;1) (0;1+0:3ys)

with

1(y1) = N(0;1) o(y2) = U(0;05 ) 3(y3) = N(0;2)

a(ys) = U(G; 1) s(ys) = U( 1 1)



The well-posednesd the PDE for all possible values of the parameters is a
very important (and sometimes ignored) consideration

{ for the simple elliptic PDE
r alx;yyiooyw)ru =f(x) onD
we must have, for somgax  amin > 0,

amin  a(X;y1; i Ye)  @max for allx 2 D andall y 2

{ this could place a constraint on how one chooses the PDdHfardmeters

{ for example, if we have
a(x;y)=agty
whereag > 0, we cannot chooseto be a Gaussian random parameter



A brief taxonomy of methods for stochastic PDEs
with random input parameters

Stochastic nite element methods (SFEMS)

=) methods for whickpatialdiscretization is
e ected using nite element meth&ds

One particular class of SFEMs is known as
stochastic Galerkin methods (SGMSs)

=) methods for whicprobabilisti@iscretization is
also e ected using a Galerkin method

{ polynomial chaa@nd generalized polynomial chaos methods are SGMs

{ we will also consider other SGMs

Y Throughout, we assume thaipatial discretization is e ected using nite element madls most of
what we say also holds for other spatial discretizationagmbres, e.g., nite di erences, nite volumes,
spectral, etc.



Another class of SFEMs atechastic sampling methods (SSMs)

=) points in the parameter domairare sampled,
then used as inputs for the PDE, and then
ensemble averages of output quantities of interest aratedmp

{ Monte-Carlo nite element methoa® the simplest SSMs

{ stochastic collocation methods (SCats)also SSMs

- the sampling points are the quadrature points corrasgondi
to some quadrature rule



Example used to describe numerical methods for SPDES

LetD RY denote a spatial dom#iwith boundary@
-d =1, 2, or 3denotes the spatial dimension

- X 2 D denotes the spatial variable

Let 2 RN denote a parameter domain

- N denotes the number of parameters

- note that we have a nite number of parameitgxg!-,
but they can take on values anywhere in the Euclidean domain

YFor the sake of simplicity, we now consider stationary probj all we have to say holds equally well for
time-dependent problems



Letu(x;¥) 2 X Z denote the solution of the SPBE

{ generallyZ = LY9) , the space of functions Nf variables whosgth
power is integrable with respect to the joint PDF (the wéigltion)
(), I.e., those functiorgy) for which

jow)i? (wdy <1

- g Is chosen according to how many statistical moments
one wants to have well de ned

- the most common choicegis 2 so that up to the
second moments are well de ned

functions that have integralmegh powers with respect to the PDF
n(yn),
we have that

L) = L9 1) L%(2) LA ( n)

YOften, X is a Sobolev space suchtag(D)

“It is not always convenient to use a product spdce Z; for example, it may make more sense to have
u2L9; X)



It is entirely natural to then treat a functiofx ; y) of d spatial variables and
of N random parameters agunction ofd + N variables

This leads one to considefalerkin weak formulation physical and pa-
rameterspaceseeku(x;y) 2 X Z

L Z L Z

S(u;¥)T(v) (y)dxdy= vi(y) (y)dxdy 8v2X Z
D D

wheré
{ S(;)Is, in general, a nonlinear operator

{ T() is a linear operator

YOf course, if [£) denotes the expected value, this may be expressed in the form
Z Z

E DS(U;V)T(V) () dx DVf (¥) (¥)ax =0

¢S, T, andf could also depend on, but we do not explicitly keep track of such dependences



In general, we would have a sum of such terms, i.e., we weuttdta

w ZZ
Sm(U; ¥) Tm(v) (y) dxdy
m=1 D
 Z

= vi(y) (y)dxdy 8v2X Z
D

{ however, without loss of generality, it su ces for our @@pto consider
the simpler single-term form

Z Z Z Z

S(u;¥)T(v) (y)dxdy= vi(y) (y)dxdy 8v2X Z
D D

In general,

{ bothS andT could involve derivatives with respect to

{ but S does not involve derivatives with respegt to



Example

{ suppose our SPDE problem is given by
r ay)ru +c(yud=f( nD and u=0 INn@

- of coursea, ¢, andf could also depend a&n

{ we then have that = H}(D) andZ = L%() and the weak formulation:

- seeku(x;¥) 2 H3(D) L?() such that
/ Z 7

a(y)r u rv (y)dy + o(y)u® v (¥) dydk
D 7 7 D

= f(yVv () dyk  8v2HD) LX)
D

{ in the rst term, we have th&(u;y) = a(y)r uandT =r v

{ in the second term, we have tB4t;; ¥) = c(y)u® andT = v



We assume that all methods considered use the same appreaatt t
discretization with respect to the spatial variables

{ we focus on nite element methods,
l.e., on stochastic nite element methods

{ throughoutf j(x)ng:1 denotes a basis for the nite element space X
used to e ect spatial discretization

- note thatJ denotes the dimension of the nite element space

We assume that is a parameter box

- without loss of generality, it can be taken to be
a hypercubén RN

- for parameters with unbounded PDFesan be of in nite extent

- If the parameters are constrainetheed not be so simple
e.g., ify; andy, are independent except that we require that
yZ+ys 1, then would be the unit circle



STOCHASTIC GALERKIN METHODS




STOCHASTIC GALERKIN METHODS

Functions of the parametdrave to be discretized in much the same way
functions of the ( nite number of) spatial variables have tdiscretized

{ spatialdiscretization is e ected via a standard nite elementedization
In the usual manner by choosintrdimensional subspaXe X

{ letf ;(¥)g’-; denote a basis fof;

Stochastic Galerkin meth@ite methods for which discretization with respect
to parameter space is also e ected using a Galerkin app®ach

{ we choose K -dimensional subspate Z

{ letf (¥)gk.; denote a basis for the parameter approximating Zpace



Due to the product nature of the domBin  and of the spacé Z, it
IS natural to seek approximations that use this structite, i

{ approximations are de ned as a sum of products
of the spatial and probabilistic basis functions

Thus, we seek an approximate solution of the SPDE of tHe form

XX
Ujk = Gk j(X) k(¥)2 X3 Zk
=1 k=1

'Zrhezcoe cientscy , and thereforaiKZare determined by solving the problem

) (¥)S(uyk ; ¥) T (v) dxdy = ] (WVvf(y)dxdy 8v2 X; Zk

YPotentially, some economies can be e ected if one also appabes the data functions (e.g., coe cients)
appearing in the problem in the same way one approximatesothgon, e.g., for a data functicax; ¥),

X
ax(X) k(¥ alX;yniiiiyn);
k=1

in actuality, these economies can be realized only in veitgdi settings; more on this later



We then have that the discretized problem

z 7z XX
(¥)S Gk j(X) k(¥);¥ T jdX) kd¥)dxdy
’ Ay
= ] (¥) joX) wdy)f (y) dxdy

Of coursethe solution

XX
Uk (X;¥) = Gk j(X) k(¥)
=1 k=1

of this problem is independent of the basis set used

{ although the coe cientsy, do depend on the choice of basis



In general, the integrals cannot be evaluated exactly

{ quadrature rules must be invoked to e ect approximateatoaf

{ thus, the integrals with respect to the parameter dbmaire
approximated by a quadrature rule to obtain

xR Z
W, ) ) S Gk i) k®):5 T jdx) dx
r=1 D =1 k=1
R Z
= W §) ) o (B,) dx
r=1

for some choice gfiadrature weightsy, g?; andquadrature pointsy, o,
In

YIntegrals with respect to the spatial domd&nmust also be approximated using quadrature rules; we do
not need to consider this issue since we assume that all odethscussed treat all aspects of the spatial
discretization in the same manner



{ this quadrature rule need not be the same as the quadrkttvery,g2,
used to obtain the approximation of a quantity of interest

In general, the discrete problem isllg coupledin physical and parameter
spacesyK JK system

{ there areJK equations andK degrees of freedamn ¥

On the other handyne can solve for the approximate dependence of the solu-
tion uzk (X; %) on both the spatial coordinatesnd the random parameters
¥ by solving a single deterministic prol@ésizelK

{ In particular
- one does not have to explicitly sample the random pasayneter
- one does not have to determine multiple solutions of tHe SPD

YEconomies are possible forear SPDES; more on this later



Note that, once they's are determined, one has obtaine@xpécit formula

XX
Usk (X;¥) = Gk j(x) «(¥)
j=1 k=1
for the approximate solution of the SRD& can be evaluated at any point
X 2 D inthe spatial domain and for any val@e of the random parameters

{ In particular, one can determine, by straightforwarca&ealw ;k (X; )
at any quadrature point, appearing in a quadrature rule approximation
of a quantity of interest



Thus, we obtaithe stochastic Galerkin approximation
to the quantity of interest

A X
G u(x;y) (¥)dy Wq (¥9)G u(X; ¥y)
=1
XQ 0
Wq (3)G Uik (X;¥g)
=1
NS XX
= Wq (¥Yo)G Gk j(X) k(¥

=1 j=1 k=1



To complete the description of the problem actually satvadcomputer,
one has to make speci c choices

{ for an approximating subspage Z

{ for a basi$ (¥)ok., for Z

{ for a quadrature rulel,; |9rgR used to approximate
the parameter integrals in the discretized SPDE

{ for a quadrature rulewy; ngqu1 used to approximate
the parameter integrals in the discretized quantity oéstte

We arrange our discussion according to the rst two choices

{ for each choice for the approximating space and the basis ggt make
choices for the two quadrature rules

YWe assume that the approximating subsp8ge S and a basi$ | (x)ng:1 used for spatial discretization
have been already chosen



For parameter approximating spatesone can use

{ locally-supported piecewise polynomial spaces
- l.e., a nite element-type method

{ globally-supported polynomial spaces
- l.e., a spectral-type method

Following this plan will enable us to show thaby (if not all) numerical
methods for SPDESs can be derived from the stochasticrGadaniawork



GLOBAL POLYNOMIAL APPROXIMATING SPACES {
POLYNOMIAL CHAOS AND
LAGRANGE INTERPOLATORY METHODS




GLOBAL POLYNOMIAL APPROXIMATING SPACES
FOR PARAMETER APPROXIMATION

Let P, denote the set of all polynomials of degree less than otoagual

Letf i(y)dg-, denote a basis féx;

{ of course, there are an in nite number of possible bases

- the simplest is the monomial basis for which
(y)=y fori =0;1:::;r

{ we will discuss several bases later

{ an N -vector whose components are non-negative integers

.. Py
and letjpj = -1 Pn



For each parametgy, we use polynomials of dedvkeand a basis n;k(yn)gE:"l

{ for the sake of simplicity, we assume khat= M for alln

{ there are good reasons for sometimes choosing di erexg detynomials
for each parameter

- we will point out some instances for which this is the case



For a given integeM O, letf (¥)gk., denote the set of distinct multi-
variate polynomials such that

n Ok n W 0
(¥) - = niin(Yn)
n=1
where

nin(Yn) 2 Pwm and jpj M

{ the highest degree term in any of the multivariate polysosiia

- thus, IfN =2 andM = 2, we have terms like
yZ andy,y» but not terms likg2y,

{ the number of probabilistic degrees of freedom is given by
_ (N + M)!

NIM!
where N = number of random parameters
M =

maximal degree of any of the
N -dimensional global poloynomials used




{ for example, IN =2 andM = 3, we have

jpl=pr+p2 M=3

and
_(N+M)!_(2+3)!_10
~ NI!M! 2131

and we have the set DD basis functiong

1o(Y1) 20(Y2)
11(Y1) 20(y2)
ro(Yr) 21(y2)
11(Y1) 21(y2)
12(Y1) 20(Y2)
ro(Y) 22(Y2)
12(Y1)  21(Y2)
11(Y1) 22(Y2)
1:3(Y1) 20(Y2)
ro(Yr) 23(y2)

| NN ©©

N (@)
Wy y2) s iins 10y ye) =



Alternately, one could use tiemsor product basis

n ok NW 0
k(¥) - - niin(Yn)

n=1
where
n;in(yn) 2 Pw and Ppn M foralln

{ now the highest degree term in any of the
polynomials iM in eachy,

- thus, IfM = 2, we have not only have terms like
yZ andy1y,, but we also have terms ligg, andyzy3

{ the number of probabilistic degrees of freedom is now ygiven b
K =(M + 1)V

where N = number of random parameters
M = maximal degree in any variahleof any of the
N -dimensional global poloynomials used



{ for example, IN =2 andM = 3, we have

n

K =M +21)N :(351)2: 16

(yny2); i

0
16(Y1;Y2) =

1.0(Y1)
1:1(Y1)
1.0(Y1)
1:1(Y1)
1:2(Y1)
1.0(Y1)
1:2(Y1)
1:1(Y1)
1:3(Y1)
1.0(Y1)
1:1(Y1)
1:2(Y1)
1:3(Y1)
1:2(Y1)
1:3(Y1)
1:3(Y1)

2.0(Y2)
2.0(Y2)
2:1(Y2)
2:1(Y2)
2.0(Y>2)
2.2(Y2)
2:1(Y2)
2:2(Y2)
2.0(Y>2)
2:3(Y>2)
2:3(Y?2)
2:3(Y>2)
2:3(Y>2)
2.2(Y2)
2:1(Y>2)

[ NI ©

22(Y2)



TN

S

Global polynomial approximation in parameter spac
N = M = K = no. of probabilistic
no. randommaximal degree degrees of freedom
parameters of polynomial$ using complete using tenso
polynomial basigroduct basi
3 3 20 64
5 56 216
5 3 56 1,024
5 252 7,776
10 3 286 1,048,576
5 3,003 60,046,176
20 3 1,771 > 1 10°
5 53,130 > 3 107
100 3 176,851 > 1 10°
5 96,560,646 | > 6 107

It seems that using tensor product base$#ladea



Once a basis sét «(¥)d,., is chosen, we use the approximation

XX
Uk = Gk j(X) k(¥)

j=1 k=1

{ the probabilistic basis functidns(y)gf., are
multivariate global polynomials

The discrete system involdés equations idK unknowns, where

J = the number of nite element degrees of freedom
used to discretize in physical space

K = the number of global polynomials
used to discretize in parameter space



GLOBAL ORTHOGONAL POLYNOMIAL BASES

of degree less than or equaMothat areorthonormalwvith respect to the
function ,(yn)

{ we have that

Z
Hnma (Yn)Hnma(Yn) n(Yn) d¥n = mmo form,;mp2f0;:::;Mg

I'n

{ note that the setHn;.mn(yn)g'r\{']n=0 IS hierarchical in the sense that

degre€H nm,) = M

Let

Y P
«» = Hum,(yn) forallm,2f0;:::;Mgsuchthat ., m, M
n=1



For example, M =1 andN = 3 we have th& ¢ = 4 basis functiobis

H1.0(y1)H20(y2)H3z:0(Y3)
H11(y1)H20(y2)Hzo(ys) Hyoly1)Hza(y2)Hzolys) Hizo(y)H20(y2)Hz1(y3)

while for ifM = 2 andN = 3 we have th&Kpc = 10 basis functions
(suppressing noting the explicit dependences gr'the
H1.0H2:0H 3,0
Hi1HooHz0 HioH21Hzo HioH20H31
HioHooHzo HiiH21Hzo HiiH2oH3z1 HioH2oH30 HioH21H31 HioH20H 30

YIt is convenient tq:yvrite th&l -dimensional polynomials so that each row contains thenpotials of the

same total degree I’I\ll=1 my; thus the rst row contains all possible products of theone-dimensional

polynomials of total degre@ the second row has total degrégeetc.



We see that the functions(¥)'s areproducts of one-dimensional orthonor-
mal polynomialand have total degree less than or equil to

{ we then-have that 7
() ) Ddy= k() k¥ heg nlYn) dy
W Z
= Hin:mn (Yn)Hnima(Yn) n(Yn) dyn = kko
n=1 In
{ note that we need to writdy) = QrTzl n(Yn), i.e., as a product as well,

so that we know whad ,.,( ) is orthonormal with respect to

{ thus, we are restricted todependent random variables and to parameter
domains that are(possibly in nitehypercubes

It is easy to see that the ietkgE:F’f of N -dimensional polynomials is a basis
for thecomplete polynomial spasfedegreéV , i.e.,

spaiff kgE:F’lC = all polynomials of total degreeM



The stochastic Galerkin-global orthogonal polynomial apatianof the
solution of the SPDE is then de ned by setting

Zpc = spaf g PC

so that

X Kpc
Upc(X;y) = Gk j(xX) k(¥

j=1 k=1

This is better known under another name

(stochastic Galerkin) polynomial chaos approximation (SG-PC)
= complete, global orthonormal polynomial approximation

YPolynomial chaos approximationsually refer to the case for which, for all ,(y,) is a Gaussian

PDF so that, for alln, fH.m(yn)gM_, are sets of Hermite polynomials; fother PDFs the SC-PC
approximation is usually referred to agy@neralized polynomial chaos approximatioere we do not
di erentiate between the two and refer to all cases as patyabchaos approximations



The implementation of the SG-PC method is simpler if oradnstes a
tensor product polynomial space; however, as we haveushem,choice
leads to hugely more costly approximations

¥The tensor product basis is given by

\N
k(YY) = Hnom, (Yn) forallm, 2f0;:::;Mgsuch thatm, M

n=1

in this case, spdn gk_, is the tensor productspace of polynomials such that the degree in any
coordinatey, is less than or equal t™ ; if we do this, we end up witK = (M + 1)N basis functions;
for example, iM =1 andN = 3, we have the 8 polynomials (the 4 we had before plus 4 adalitmes)
H1.0H2:0H 3,0
HiiH20Hz0 HyoH21Hzo HioH20H32
H1;1H2;1H3;0 H1;1H2;0H3;1 H1;0H2;1H3;1
Hi1H21H3:
for N > 1andM > 0we have tha(M +1)N > &*T) for & moderate number of parameters or for a
moderately high degree polynomial, we in fact have thatr 1)N (ML for example,
ifM =6 andN =3=) (N+ M)ISN!M! =84 and(M +1)N =343
ifM =4 andN =5=) (N + M)IS(NM!) =126 and(M +1)N =3125
ifM=2andN =7=) (N+ M)ISNIM! =36 and(M +1)N =2187
the disparity gets worse as, s&y,increases; for example,
ifM=2andN =10=) (N + M)!ISNIM!)=66 and(M + 1)N =59059
on the other hand, since the accuracy, i.e., the rate of aganee of global polynomial approximation,
is determined by the degree of the largest complete pol@l®pace contained in the approximate
space, for the samig , the accuracy obtained using a tensor product space is the sa that obtained
using a complete polynomial space; as a result, by usingttee bne can obtain the same accuracy
with substantially fewer degrees of freedom




SG-PC approximations of quantities of interest

The SG-PC approximation of a quantity of interest is theredidy

Z X
G u(x;y) (y)dy Wq (3%)G Upc(X; ¥y)
=1

where

SG-PC approximation of the stochastic SPDE at the quadpaints
- I.e., we have that
X Kec

Upc(X; ¥y) = Gk j(X) k(¥g) forg=1;:::;Q
j=1 k=1



Thus, the SG-PC approximation of a quantity of interestecadetbrmined
by

1. rst solving a singléK pc  JK pc system of equations determine the
SG-PC approximation of the solution of the SPDE;

2.thenevaluating the SG-PC approximaabthe Q quadrature points;

3. substitutinghe results of Stepi@to the quadrature rule approximation of
the quantity of interest

The cost of obtaining an SG-PC approximation of a quantityecdst is
dominated by the rst step



GLOBAL LAGRANGE INTERPOLATORY BASES

Instead of using global orthogonal polynomials to de oelzastic Galerkin
method, one can usderpolatorypolynomials

Given a set of poinf&, gt in

{fork 2f1,.:::;K_ g, let Lc(¥) denote the set dfagrange interpolating
polynomlalaﬁor these points

- we have that
Li(30) = o  forallk;k%2f1:::;Kug

Set (¥) = Lk(y) fork2f1;:::;Ky gso that

Zy,, = spamil get



Then, thestochastic Galerkin-Lagrange interpol&@-L) approximatiorof
the solution of the SPDE takes the form

X Ku
Uy (X;¥) = Gk j (X)Lk(¥)

j=1 k=1

In general, the SG-LI approximation to the solution of ak &bbe ob-
tained by solvingsingleJK |,  JK |, system

{ this would also be the dominant cost encountered in opptamiSG-LI
approximation of a quantity of interest



If we choose a point sé?kgg that can be used to de ne a complete

Interpolating polynomial of degree less than or Bguak have that

(N + M)!
NIM!

ZKLI = ZKPC and Ki = Kpe =

In this case, it is clear that

the polynomial chaos approximation upc(X;¥)
= global Lagrange interpolant approximation
uy (X;¥) based on a complete polynomial space

{ the only di erences between the two approximations resaltife choices
of bases



Unfortunately, even for a moderate number of parameteay, not be easy
to de ne a \good" set of interpolation points that can be ts&kktermine

a complete Lagrange interpolant

{ it is easy to de ne a set of interpolation points that can éd tosde ne
a tensor productagrange interpolant

{ however, as we have seen, this leads to a very ine cienkiaygtron
compared to complete polynomial approximation

There exists intermediate choices, Bigglyak point sets
that can be systematically de ned in any dimension

+ N)! .
{ for the Smolyak point sets,, > (MN lMI\:) so that they require more

points compared to complete polynomial interpolation

{ however, we have thit (M + 1)N so that it requires much fewer
points compared to tensor product interpolation

YUnlike the case for orthogonal polynomials, for Lagrandgnpmials it is not easy to de ne a complete
polynomial basis from the tensor product basis; for the dragg case, the tensor product basis is not
hierarchical since all Lagrange polynomials are of the sagree



We therefore conclude that

In general, for the same accuracy, a
stochastic Galerkin-Lagrange polynomial approximation
Is (a little) more costly to obtain than is a
stochastic Galerkin-polynomial chaos approximation

However, as we shall now segidaciouschoice for the interpolation points

can lead to great e ciency improvements in stochastick{palexgrange
interpolation methods

{ we defer discussion of how one one obtains the LI-appooximat
of a quantity of interest until after we consider this dpeda
of the SG-LI method

{ we also defer further discussion of Smolyak point setatentil



STOCHASTIC COLLOCATION METHODS




For the SG-LI method, the discretized SPDE looks like

xR Z
W, B)Ld) S Gk iOOLK(3): B T o(x) dx
r=1 D =1 k=1
R Z
= w Bl o (%) dx
r=1

Suppose we choose
the interpolating points§, gLl for the SG-LI method
to be the same as
the quadrature poinfsl&}rgrR:1 used in the discretized SPDE

We then have that
Lk(|9r): kr 8rnk2fl:::;R=Kyg



As a result, the discretized SPDE reduces to
Z XJ Z

S G 0B T o jax) dx= A)F(B) dx

D ju D

nite element problem fdic;, gle

P
for rZZ f1;:::; Rg, determinei, (x) = ’_1 6 j(x) satisfying

S u(x);R T dx) dx= dx)f (§)dx

D D



Such a method is referred to ag@chastic collocation (SC) metrsadithat

stochastic collocation methods are
stochastic Galerkin-Lagrange interpolation methods for which
the interpolation points are the same as the quadrature points
of the quadrature rule used to discretize the SPDE

It is important to note thator stochastic collocation methods,
the uncoupling of the spatial and probabilistic degreesddii
occurs for
general nonlinear PDEs
general joint probability distributions
and
general random eld data



If desired, the stochastic collocation approximatioretediaitioru(x; y) of
the SPDE is then given by

xR xR
Usc(X;y) = ur(X)L(y) = Gr (X)L (¥)

r=1 j=1 r=1

{ however, as we will now seee does not need to form this expression to
a determine an approximation of a quantity of interest

{ this is unlike the case for general stochastic Galerkiadsethcluding
polynomial chaos methods, for which one must evaluat@tog@ation
of the solution of the SPDE at the quadrature points of thexapation
of a quantity of interest



SC-approximations of quantities of interest

It Is also convenient to use t@me quadrature rule

- to approximate a quantity of interest
as was used to

- approximate the integrals in the discretized SPDE
and that was also used as

- the Lagrange interpolations points,

l.e., we choose
Ku=R=0Q

f?kQE:Li = f9r95:1 = f‘S"ngQzl and  fuw g3, = f WqOg=1

We then have that
Li(yg) = q forallng2fl::;; Ky = R=Qg



Using this in the expression for the approximation of aitguzninterest
results in
Z X
G u(x;y) (y)dy Wq (¥5)G Usc(x)
o=1

X xR X
= Wq (¥9)G U (X)L (¥g) = Wq (¥9)G Uqg(X)
o=1 r=1 o=1

l.e.,

Z X
G u(x;y) (¥)dy Wg (¥g)G Uq(X)
=1

P
where, fog2f1:::;Q=R=Kyg UfX) = _; Ggq j(X)

f determined from ~

S Uy(X);¥ T jdx) dx = joAX)f () dx forj%2f1;::::J9
D D



Note that

{ we do not have to explicitly determine the Lagrange iatargol
polynomlal$Lk(’5/)gKLI to determine the approximation of a
guantity of interest

{ nor do we have to form and evaluate, at quadrature points, the
SC-approximatién

Thus, we see that the SC-approximation of a quantity ofsahtean be
determined by

1. rst solvingQ = Ky, systems of equations of sizéo determineuy(X)
for q 1 ..... Q K LI :

2. thensubstltutlng the resultg Step linto the approximation of the quantity
of interest

Y¥In contrast, for PC approximations of quantities of intei@se must explicitly evaluate the PC
approximation at quadrature points



The cost of obtaining the SC-approximation of a quantiyenést is
dominated by the rst step which requires the soluti&n okystems
of sizel

{ recall that the cost of obtaining the PC-approximation afaatidy of
Interest is dominated by the cost of solving a single desticgystem of
sizeJK pc

{ for general, nonlinear problems, the SC-approximatidre cdrtained at
much less cdst

YIn the best-case scenario for which the PC-system ofJ${ze: and each of th&€) = R = K, SC-
systems of sizé can be solved in linear time, the solution cost associatédtiag¢ PC-approximation of

a quantity of interest will be dD(JK p¢) while the corresponding solution cost for the SC-appraxima
of a quantity of interest is o©(JK ,); for the same accuracy, in practi6g, > K pc so that in this
best-case scenario, the SC-approximation of a quantitptefast is more costly to obtain than is the
PC-approximationfor more general problems for which solution costs are neaidiin the number of
degrees of freedom, the PC-approximation is more costlhptairothat is the SC-approximatiosince,
for some > 1, one must compare the cost G{(JK pc) for the PC case to the cost @(J K, ) for

the SC case, keeping in mind that although, > K p¢, using Smolyak points as collocation points we
have thatK LI Kpc



NON-INTRUSIVE POLYNOMIAL CHAOS METHODS




Can the uncoupling of parameter and spatial degrees offrieec: ected
In a polynomial chaos setting?

The PC approximation is given by

¥ Kec Kpc
Upc(X;¥) = Gk j(X) k(¥) = 2 (X) «k(¥)

j =1 k=1 k=1

j=1
andf 6’;/)9551‘3 IS a set of orthonormal polynomials with respect to weight
(y) = rl?:l n(Yn)

L Kpc yA
Upc(X;¥) ko) (¥)dy= Uk(X) k(¥ kd¥) (¥)dy= &edX)

k=1



We view this as a formula (), I.e.,
X z
BdX) = Gko j(X)=  Uupc(X;¥y) kdy) (¥)dy
j=1

We use a quadrature Pufely, ; 9r g, to approximate the integral to obtain

xR
g o(X) Weupc(:H) «®) &)  fork®2f L Kecg

r=1

Z Z

S u(Xx);h T dx) dx=  jdx)f®)dx  forj°2f1:::;Jg
D D

¥This quadrature rule may be the same or may be di erent froenghadrature rule used to approximate
a quantity of interest
“Note that this is exactly the same setRfequations that is solved for in the stochastic collocatasec



We thus obtain
xR

go(x) Weur(x) ) )

r=1

We use this approximation to de neYthen-intrusive polynomial chaos
(NIPC) approximatioto the solutioru(x;¥) of the SPDE:

Kpc
u(x;¥  upc(x;¥y) = B(X) «(¥)
k=1
Ko R
Unipc (X y) = WATRCOECANCARIC)
k=1 r=1

YNowadays, the polynomial chaos method previously distisseéien referred as thatrusivepolynomial
chaos method to di erentiate it from the non-intrusive pudynial chaos method de ned here

“In comparison, the stochastic collocation approximatakes the simpler form

xR
Usc(X;¥) = ur (X)L (¥)

r=1

due to the fact thath(Qr) = r In the SC case Whilek(&) 6 0 for allk andr in the NIPC case



Thus, theNIPC approximation can be obtained by solving
Instead of the

one deterministic problem of sl¥epc
that is solved in the intrusive polynomial chaos method

NIPC expansion

Kpc )R
Unipc (X %) = AT O CANCANTE)
k=1 r=1
MR Kepc
=W Buo kB )
r=1 k=1
can be obtained from the saResolutionsu,(x), r 2 f1;:::;Rg, of the

SPDE



The cost of obtaining the NIPC-approximation is domingtdte meed to
solvé R systems of sizk

For non-intrusive-polynomial chaos approximations,
the uncoupling of the spatial and probabilistic degreesddin
occurs for
general nonlinear PDEs
but only for
Independent random variables
and
Gaussian random eld data

¥This is just the same as for the stochastic collocation appration

“This is unlike the case for stochastic collocation methodsvhich similar uncouplings are possible for
general joint probability distributions and general randelds



Thus, it is clear that

non-intrusive polynomial chaos approximations are
stochastic Galerkin-global orthogonal polynomial approximations
obtained by approximating the coe cients of the
orthogonal polynomials via a quadrature rule

It is also clear that, for the same accuracy

the costs of obtaining stochastic collocation and
non-intrusive polynomial chaos approximations are comparable
and, in general, both are much lower than the cost of
obtaining the intrusive polynomial chaos approximation



NIPC-approximations of quantities of interest

Unlike the stochastic collocation case, there is no greattage to using
the same quadrature rule for approximating a quantityeoésntas is used
to construct the non-intrusive polynomial chaos apptmama

{ on the other hand, there is no reason not to do so

{ so, we choose

Q=R;  fwgd, =fwgly,; and fygl, = fH a3,



Then, the NIPC approximation of a quantity of interest leafothf

Z X
G u(x;y) (y)dy Wy (%G Unipc (X)
=1
X e X
= Wq (¥g)G WaUg(X) «k(¥g) (%)  k(¥0)
=1 k=1 o-1
P
where, foq2f 1;:::;Q = Rg, uy(x) = jJ=1 Cq j(X) Is determined from
Z Z
S Uy(X);¥ T jdx) dx = joAX)f () dx forj%2f1;::::J9
D D

YIn comparison, the stochastic collocation approximaticth® quantity of interest takes the simpler form

Z X
G u(x;y) (¥)dy Wg (¥9)G Uug(x)
=1

again due to the fact thaLk(|9r) = kr Inthe SC case Whilek('9r) 6 0 for allk andr in the NIPC case



Thus, we see thahe NIPC approximation of a quantity of intecast be
determined by

1. rst solvingQ systems of equations of sizto determine
Ug(X) forg=1;:::;Q;

2. thensubstituting the resultsf Step linto the NIPC-approximation of the
guantity of interest

Note that one is not restricted to use of any particular aiuaerule, either
to determine the NIPC approximation of the solution of th& $Pthe NIPC

approximation to a quantity of interest

{ In particular, one does not have to use interpolatory guadnales

{ one can use, e.g., any of the rules to be discussed in oconnetti
stochastic sampling methods



Note also that to obtain this approximation, one has taidypionstruct
and evaluate, at the quadrature poygtdhe non-intrusive polynomial chaos
approximation

{ this includes having to explicitly evaluate the orthogohalomial basis
functions () at the quadrature points

{ this should be contrasted with the SC approximation of &ityjwdnn-
terest that does not need the explicit construction oragoallof the
SC approximation nor of the the Lagrange interpolatonyopoat basis
functionsL ()

{ again, these di erences between the two methods are dedactththat
Lx(¥) = «kq While «(¥,) 6 O for allk andq



STOCHASTIC SAMPLING METHODS




APPROXIMATING QUANTITIES OF INTEREST
USING SAMPLING METHODS

Recall that quantities of interest often require the ewmaluaf stochastic
Integrals of functions of the solutions

These integrals usually have to be approximated usingtareadiles, i.e.,

z X
G u(x;¥);x;y) (¥)dy WG U(X; ¥g); X; )
or - )@q_l
G u(x;¥):;x;¥%) (y)dy Wq (Yo)G U(X; ¥); X; ¥q)
=1

To use such a rule, one needs to know the solytg®) of the SPDE at

{ for this purpose, one can use a stochastic Galerkin metbothito an
approximation to the the solutiafx; ¥) and then evaluate that approxi-
mation at the quadrature points



However, once a quadrature rule is chosen to approximatdity @i inter-
est,

- l.e., once the quadrature poih@ggc?:l are known

the simplest and most direct means of determiu@ngy) is to simply solve
the PDEQ times, once for each quadrature pgint

This approach is referred to as ihechastic sampling method (SSbl)
SPDEs and for quantities of interest that depend on thesslof SPDESs

We have already encountered two SSMs

{ we have seen that SGMs based on Lagrange
Interpolating polynomials reduce to SSMs

{ we have also seen that non-intrusive polynomial
chaos methods are essentially SSMs

- although one does need the additional step of explinglyumding
the non-intrusive polynomial chaos approximation



In an SSM, to determine an approximation to a quantity ofsnte

{ onechooses a quadrature rfdethe probabilistic integrals, i.e.,
- one chooses quadrature weights and p‘cwirat%quzl

{ onechooses a nite element methd@oe., a nite element space and a
basid jgle for that space) and, for eaghone de nes the nite element
approximation of the solution at the quadrature points by

XJ
Ug(x) = Db j(x) forg=1;:::;Q

=1

Z XJ Z
S B 3% T( j9dx = jf (y)dx  forj®=1;:::;3
j=1 P



- each of these can be discretized using a nite elementdmetho
=) one can use legacy codes as black boxes
=) I.e., without changing a single line of code
=) I.e., one just uses the legacy cQdemes

{ and nally, one jussubstituesiy(x) whereveu(X;¥y) IS needednto the
guadrature rule approximation of a quantity of interest

The cost of determining an approximation to a quantityeyesttusing the
SSM approach is dominated by

{ the cost to determin@ nite element solutions, each of size
This should be compared to the cost of using general SGichpprior the
same purpose that are dominated by

{ the cost needed to determine the solution of
a single system of siK



Which approach wins, i.e., which one yields a desireccpacuin@ statistics
of quantities of interest for the lowest computational depends on

{ the value of), the number of quadrature points in SSM approaches

{ the value oK, the number of probabilistic terms in the SGM approximation
to the solution

{ the cost of solving the systems of discrete eqguations tenegdun

- for nonlinear problems and time dependent problems,
one may have to solve such systems many times

{ many implementation issues
Of course, such comparisons do not factor in the relatgramring cost
for implementing the di erent approaches

{ SSM approaches allow for the easy use of legacy codes

{ general SGM approaches do not allow for this



In most cases, and certainly due to some recent develppments
SSMs win over SGMs

{ which is why polynomial chaos people are now doing nsrwentru
polynomial chaos which is, as we have seen, practically a SSM

Of course, there are many ways to sample points in pargraeteother
than at the quadrature points for some integration rule

{ so, we now take a more general view of SSMs



STOCHASTIC SAMPLING METHODS
ARE STOCHASTIC GALERKIN METHODS

From the previous discussions, it seems that we couldituaitesd stochas-
tic sampling methods as a special case of stochasticnGa&tHods

{ in fact,

every stochastic sampling method
IS a stochastic Galerkin method using
Lagrange interpolating polynomials
based on the sample points
and quadrature rules also based on the sample points

However, stochastic sampling methods are easier to amdi¢nsough the
straightforward approach we have just taken

{ the straightforward approach also avoids di cult questadout the rela-
tions of the cardinality of the set of sample points and tis¢raection of
Interpolating polynomials



SURROGATE APPROXIMATIONS AND
STOCHASTIC SAMPLING METHODS

Stochastic sampling methods (SSMs) for solving stodPBé&ig are based

on

{ rst determining a sample set of valﬂ%agijfmp'e of the vector of random
parametery 2 RN

{ then determinin®sample (2pProximate) solutioriem(x;*;/S)gsl\'j’j‘”""'e of the
PDE via, e.g., a nite element method



Evaluating quantities of interest within the SSM framework

If we want to evaluate quantities of interest that invotegrads over the
parameter set using aQ-point quadrature rule involving the quadrature
pointsf .92 and quadrature weigHte/ges,

I\l'sample

{ it is then naturato choose the set of sample poiysg._; = that are
used to solve the PNk ample timesto be the same as the set of quadrature

pointsf ngqu1 that are used to approximate the quantities of interest

Alternately, we could choo‘r’sgfsgs'\'jf‘m'g'e to be dierent (and presumably
coarser) than the quadrature poifnyaqu:l

{ one would then use the sample pdityggijfmp'e to build asurrogateor
response surfategyrrogate(X;y) for the solutioru(x;y)

{ surrogates/response surfaces for the solu@ary) are (usually polyno-
mial) functions of, in our case, the random paramgters



{ In fact, they are simply representations, e.g., in ternagjdrige interpo-
lation polynomials, of the approximate solution in terth® gfarameter
vectory

{ 1itis usually more e cient to build a surrogate/respondacgdirectly for
the integrands u(x;¥);x;y ofthe desired quantity of interest

- one solves for an approximatig(x) to
the solutioru(x; ¥s) of the PDE for the

Gs(X) = G us(X); X; ¥s fors=1;:::; Nsample

- from these samplings Gfat the sample pointg,
one builds a surrogai®rogate(X; )

{ once a surrogate/response surface is built, it can be usealuate the
integrand at the quadrature poihtﬁgg:l



To illustrate the di erent approaches, within the SSM framke for com-
puting approximations of guantities of interest, conaidgrantity of the
form Z Z

J (u) = G u(x;¥y) (y)dxdy

D

{ a spatial quadrature rule with the poxtsand

weightsw, forr = 1;:::;R is used to approximate
the spatial integral resulting in the approximation
Z R
J (u) WG u(x:;y) (¥)dy
r=1

{ a parameter-space quadrature rule with the pgjasd

weightsw, forq=1;:::;Q Is used to approximate
the spatial integral resulting in the approximation
X R
J (u) WoWr  (¥9)G U(Xr; ¥q)

=1 r=1



I\lsample

{ a set of point$ysg9._; ~ Is chosen in the parameter domain
- these sample points are used to obtain the set of

I\lsample

realization$ us(x)g._; ~ of a nite element
discretization of the SPDE

- each realization is determined by setting the
parametery = ¥s in the discretized SPDE

{ if the probalistic quadrature poiritlgzqu:1 are the same as the sample

I\lsample

pointsfyg._; , wedirectly de ne the computable approximation
X R
J (u) WqWr ()G Ug(Xr)
=1 r=1

where we have, of course, renam@d) by uy(x) since now they are one
and the same



I\lsample

{ if the the sample poinfsyg._; ™ are coarser than the
probalistic quadrature poirit’gquzl, we rst build
a surrogatésgyrogate(Xr; ¥) for G(X; ¥)

- the simplest means for doing this is to use the

I\lsample

set of Lagrange interpolating polynonfialgy)g.-;

Nsample

corresponding to the sample pointg_; "
resulting in the surrogate approximation

N)Qmple
Gsurrogate(Xr; ¥) = G us(Xr) Ls(¥)

s=1

- other surrogate constructions may be used,
Nsample

e.g., least-squares ts to the dditg; G Us(X;) Os—;
using global orthogonal polynomials or even piecewisapaly



- once the surrogatBs,rrogate(Xr; %) has been constructed,
onede nes the indirect computable approximation

X R
J (u) WoWr  (¥g) Gsurrogate(Xr; ¥q)
=1 r=1
by evaluating the surrogate at the
probabilistic quadrature poirm.’ysngQ:1

- for example, if the surrogate is constructed using
Lagrange interpolating polynomials, we have the appiorima

N)Qmple)@ )@
J (u) W, G us(Xr) Wq (¥o)Ls(¥g)
s=1 r=1 =1



I\lsample

- of course, if the sample poihtgg._; ~ are the same as the
probabilistic quadrature poirﬁ%gsqu so thatLs(¥y) = sq
this approximation reduces to the one obtained before which
In this example, takes the simple form
X2 xR
J (u) Wg (¥g)  WrG ug(xy)
=1 r=1

Note that if one uses the sample points directly as quadpatimts, then
one does not need to construct a representation of theiaygpeozolution
In terms of the random parameters

{ if one uses a coarser set of sampling points relative t@atiratgee points,
one does have to build such a representation since it needs/&duated
at the quadrature points, and not just the sample points

{ of course, this is also unlike the case for general SGMshromndnidoes
build such a representation, e.g., an intrusive polyrubracd expansion



We will concentrate on the case where the sample pointechrastly as
guadrature points

So, we next discuss quadrature rules that can be used tonagi@auan-
tities of interest

{ (coarser) versions &bmeof these rules can also supply sample points that
can be used to build surrogates or response surfaces

We will discuss quadrature rules folNhdimensional hypercybe
the case that most often arises in practice

{ other rectangular regions, i.e., bounding boxes, can pednaphe
obvious way to the unit hypercube

Unfortunately, we do not have time to discuss samplinganinded domains
or in general, non-rectangular domains



QUADRATURE RULES FOR HYPERCUBES

One is tempted to use well-known quadrature rules to de martiple points
for SSMs

We will discuss two classes of quadrature rules
for theN -dimensional hypercube

{ sampling and simple averaging rules
- the canonical example is Monte Carlo integration

{ weighted quadrature rules based on standard one-diaiemnsssn
- ultimately, we consider sparse grid Smolyak quadrdase ru

Recall that in the SSM framework we are using, the quaqratot®are also
the points used to sample the solutions of the SPDE



Sampling and simple averaging quadrature rules

We considesampling + simple averaging-based quadraturethakeare
based on

{ determining a set of quadrature pofr;lqggc?:l

{ approximating integrals of a funct®(y) by an equal weight rule

Z Q . :
1 If one samples the points
G(y) (v)dy Q - G (%) according to the PDFY)
or by
Z ¥ :
1 If one samples the
GO My o 0IG0) it uniformly

=1



The second approach seems simpler, but is wasteful

{ the density of points is the same in regions whéns small as where it
IS large
- unfortunately, many sampling methods can only be used
to sample uniformly or have di culty, i.e., they are much
less e cient, when sampling nonuniformly

Note that the weights do not depend on the position of thes pmggzl or
on other geometric quantities



Monte Carlo sampling

As has already been said, the simplest quadrature ruledi®ibas
Monte Carlpi.e., randomsamplingpf the hypercube

{ random sampling could be done uniformly in the hypercube

)
Q

{ random sampling could instead be done according to thg filsmtdion
() by, e.g., a rejection method

- In which case/, =

. . 1
- In which case/g = —

Q

Monte Carlo integration has one very great virtue (othentthaimplicity)

{ its convergence behavior is independent of the dimEnsion
l.e., of the number of parameters



Unfortunately, it also has one great fault

{ its convergence behavior is slowError= O 196

The slow convergence of Monte Carlo integration has mxtinat huge
amount of e ort devoted to improving or replacing Monte® Garhpling as
an integration rule

{ it has also motivated the development of stochastic Gatetiods



\Improved" sampling + simple averaging-based quadrature rules

There have been masgmpling + simple averaging-based quadrature rules
proposed as replacements for Monte Carlo quadratum@nonpclu

variance reduction Monte Carlo methods

guasi-Monte Carlo metho(salton, Sobol, Faure, Hammersley),

strati ed sampling

Latin hypercube sampliagd its many \improved" versions

orthogonal arrays

lattice rules

Importance sampling

etc.



In general, these \improved" rules have, in theory, indprawes of
convergenceit least for not too largs

{ the best theoretical result is of the type

(InQ)™
Q

Error= O ( = note the dependence NN

{ this is often a pessimistic estimate

{ for largeN , the (In Q)N term dominates
- the curse of dimensionality is still with us

{ also, in many cases, biasing problems exist, especallgrém number
of sample points

However, if one is careful when using them, the \improvextlisg and
averaging methods often can indeed improve on Montea@gsling
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Latin hypercube and lattice rule point sets



Tensor products of standard 1-D quadrature rules

One is familiar with many quadrature rules in 1D

On the hypercube, one can easily de ne multiple integnaiesn
as tensor products of 1D rules

As we have already seen, tensor products really su er from
the curse of dimensionality

Tensor product rules integrate tensor products of poalaaractly

Just as was the case for interpolation and approximaoramget the same
rate of convergence using quadrature rules that integnapdete polynomi-
als exactly

The same table of numbers used before applies here



Quadrature rules in hypercubes

N = number of Q = number of
no. randomquadrature points guadrature points
parameters in each directionusing completausing a tensc
polynomial rule product rule
3 4 20 64
6 56 216
5 4 56 1,024
6 252 7,776
10 4 286 1,048,576
6 3,003 60,046,176
20 4 1,771 > 1 10°
6 53,130 > 3 107
100 4 176,851 > 1 10°
6 96,560,646 | > 6 107
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On the other hand, tensor product rules are easy to de ne

{ the quadrature points are tensor products of
the quadrature points of the 1D rules

{ the quadrature weights are products of the weights of thdelD r



High-dimensional rules based on complete polynomials
are not so easy to de ne

{ determining a good set of quadrature points and the
corresponding quadrature weights is di cult

{ these di culties further motivated interest in SGM methods

But now, there is available an intermediate means of dguadgature rules

{ the number of points is much less that that for tensor pradast but is
somewhat greater than that for complete polynomial rules

{ these rules are constructed through
judicious sparsi cations of tensor product rules

{ the are known aSmolyalor sparse griguadrature rules



SPARSE (SMOLYAK) QUADRATURE RULE-BASED
STOCHASTIC SAMPLING METHODS

Foreach = 1;:::;1,let ™ =fyl):::::y{lg

denote a set of points|inl; 1]

{ note that for convenience, we will be looking at the hyedrciid

LetN > 1 denote the number of parameters

{ in this case, aNl -vector whose components [@ositiveintegers

.. Py
and letjpj = -1 Pn



Let M denote a positive integer
Llet I (M;N)=fp : M+1 jp N+Mg

Then, [
S(M;N) = (P1) (p2) (pn)

p2l (M;N)
de nes asparse grid



Example

{letl =3, m; =1, my=3, andmz =7

{let O i=::::1 =3 be given by the three one-dimensional nested point
sets
[
O O ®

® 6 6 06 0 0 o
{letN =2 andM =2 sothatl (222)=fp : 3 j p 49

{ I (2, 2) then contains the combinations
(Pup2) =(1;1); (1,2); (21), (3:1), (1,3), (22)
but not the combinations

(P P2) =(2;3), (3,2); (3;3)

- for nested point sets, it is enough to include the conalnisddr
whichjpj = N + M, i.e.,(3;1); (1;3); (2 2) in the example



{ then,S(2; 2) is given by

{ this should be contrasted with finé tensor-produgboint set




the following diagram shows how the sparse grid comes about

(] (] (] (] ® 6 6 & o 0o O
(] (] ° (] O 0 O 0O O O O
(] (] (] (] O 0 O 0O O O O
(] (] { (] O 0 O 0O O O O
(] o o o O 0 O 0O 0O O O
(] o o o O 0 O O O O O
(] o o o O 0 O O O O O
(] o o o 0O o0 O O O O O
(] o o o O 0 O O 0O O O
(] o o o O 0 O O O O O
(] o o o O 0 O O O O O

point sets included B(2; 2) point sets not included 8(2; 2)



What Smolyak showed is that

{ if one chooses the underlying one-dimensional grids &® tueatrature
points for some integration rule

then

{ the accuracy of the full tensor product point set can beya@sath point
sets with much fewer points

Along the way, Smolyak also showed how to systematicaliytedhe
weights of the resulting sparse quadrature rule

The use of Smolyak grids in the SPDE setting has been hgarakgzed
for some simple linear and nonlinear elliptic PDEs



Some choices of one-dimensional quadrature rules ugonhersenolyak
grids can be constructed

{ Newton-Cotesnested equidistant abscissas by taking 1 andm; =
2 1+1fori> 1

- maximum degree of exactnesg|is 1
- can have (highly) negative weights causing numericalra@aes

{ Clenshaw-Curtisiested (same growth as above) Chebyshev points
- maximum degree of exactnesg|is 1
- nested grids keep the number of points down

{ Gaussnon-nested abscissas
- maximum degree of exactnesdis 1

{ Gauss-Pattersoseems to have good promise

Results that follow are from papers of Nobile, Tempone, and Webste r



For the integral |
z X

exp an(yn bn)? dy

N
R n=1

wherea, andh, are randomly sampled uniformlyQyil), we have the fol-
lowing errors for di erent quadrature rules
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Counting the Collocation points
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ForN =5, 11, and21 comparison of full tensor product grids with Clenshaw-

Curtis-Smolyak grids for di erent levels, i.e., for citeneaximum number of
points in each direction



There is more good news about Smolyak grids

RecentlyanisotropicSmolyak grids have been developed to take advantage
of anisotropies in the relative importance of random garame

For example, in the Karhunen-Laeve expansion for thedcotdse case, the
random variables; y,; : : . are increasingly less in uential

Adaptive strategies have been developed to determinetakavddvantage
of such anisotropies
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Anisotropic Clenshaw-Curtis sparse grids for di erefs Evanisotropy; on the
left is the Isotropic case; the anisotropic grids willtieelshme accuracy as the
Isotropic one, provided the integrand possesess thanyeaes®tropy
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noise



MC(~2.1e+08) AFTP(63)

ISTP(49) ASTP(15)

Number of points needed to reduce to redude’tbgors in the expected values
of the solution of an SPDE by a factod Of



This shows the e ectiveness of using stochastic sampiimagdmalong with
modern sparse grid techniques



LOCAL POLYNOMIAL APPROXIMATING SPACES
IN STOCHASTIC GALERKIN METHODS




PIECEWISE POLYNOMIAL APPROXIMATING SPACES
FOR PARAMETER SPACE DISCRETIZATION

Emulating nite element spatial discretization methaws|soled to
locally-supported piecewise polynomial spaces foirappnux
functions of the random parameters

One starts by \triangulating”, the set of all possible values for the random

{ of course, unless one wants to get fancy, i.e.,
- use in nite elements or other methods for treating unbduwamains
we havéo assume that is bounded

are bounded
- e.g., we cannot considgrto be a Gaussian random parameter since,
inthiscase,;=(1 ;1)
- of course, we can considered truncated Gaussian paameter



One then choosesc to be a space of piecewise polynomial functions of
degree less than of equalMq de ned with respect to the triangulation

{ sinceZx ~ LY() , one can chood¢ =0, i.e.,piecewise constant func-
tions

{ however, one can choose higher degree piecewise paslasowad!

{ one is free to choodécontinuous nite element spaces

Unfortunately, the number of paramebérsannot be large

{ even for a subdivision with two elements in each dirddtioannot be
big, e.g.K = 2N becomes prohibitively large very quickly



Also, triangulating in high dimensions is not an easy task

{ unlessN is small, one can in practice only consider the caseedhg
rectangular domain RN that is \triangulated" into smaller rectangular
domains

One can choose a standard \ nite element"-type basis set

{f «(¥)gk., consists of compactly supported piecewise polynomials

{ Iif Zx is a discontinuous (with respect to the triangulation) ohite
element space, thexach basis function can be chosen to have support
over only a single element

{ If Zx Is a continuous (with respect to the triangulation atite element
space, theeach basis function can be chosen to have support over a smal
patch of elements



There is a really big di erence between using discontianduntinuous
nite element-type spaces to discretize in parameter space
First, consider an example afaamtinuousnite element-type space

{ Is a hypercube N -dimensionsN = number of random parameters)
{ Is subdivided intNypercunesSMaller hypercubes

{ Zx consists of tensor productscohtinuougpiecewise polynomials of de-
gree less that or equaltd 1 in each parameter direction

{ then, the number of probabilistic degrees of freedomndyive
_ N
K= MNZSN  +1

hypercubes

{ as always, the discrete problem invdlieslegrees of freedozy



If we look at the]K  JK coe cient matrix for the discrete system (ema-
nating from a linear Poisson problem)

Z Z
ax;y)r j(x) rojdx) k() wdy) (y)dxdy

D

we see that it is sparse with respect to both the spatial@abpistic indices

{ If the support of j(x) and ;ox) do not overlap, then the corresponding
matrix entry vanishes for klandk®

{ If the support of ((x) and dox) do not overlap, then the corresponding
matrix entry vanishes for plandj°

{ this sparsity can be taken advantage of when one solvestdhe sgpe-
cially if one uses an iterative method

{ however, we still havecaupled (albeit sparséK JK system to solve



Now, consider an example of usiisgontinuousite element-type spaces
to discretize in parameter space

{ Is a hypercube MN-dimensionsN = number of random parameters)
{ Is subdivided intNypercunesSMaller hypercubes

{ In each elemeng consists of complete polynomials of degree less that
orequalta O

- no continuity is required across element boundaries

{ then, the number of probabilistic degrees of freedomndyive
(N + M)!
NIM!
which can be larger than that obtained using continuoaslainent-type
spaces

K = Nhypercubes

{ as always, the discrete problem invdliteslegrees of freedozy



Piecewise polynomial approximation in parameter space

N = M = Npoercubes= K = no. of probabilistic
no. maximal no. of degrees of freedom
random | degree of| intervals in | continuous tensodiscontinuou
parametergpolynomialseach direction product basis basis
3 0 5 { 125
10 { 1,000
1 5 216 500
10 1,331 4,000
2 5 1,331 1,250
10 9,261 10,000
5 0 5 { 3,125
10 { 100,000
1 5 7,776 18,750
10 161,051 600,000
2 5 161,051 65,625
10 4,084,101 2,100,000

S



But, let's examine th&éK JK coe cient matrix for the discrete system in
the discontinuous nite element case

L Z

Da(x;y)lr i(X) rodx) k(y) kdy) (y)dxdy

{ again, we have the usual sparsity with respect to both tia syhces

{ but now, since the support of the probabilistic basisdnsttix(¥y)df-,
IS restricted to a single element in parameter space, whadtave

- with respect to parameter space, the matrix is block diagona
- there i1s a complete uncoupling of the probabilistic deffri’reedom




Let hypercube deNOte one of thilhypercubes€lements in the subdivision of
Into smaller hypercubes

Let K hypercube denote the probabilistic degrees of freedom in each element

hypercube l.e.,
K _(N+ M) K
hypercube— NIM |

N hypercubes

For each of th&nypercubes€lements pypercube 1€t
n 0

| hypercube= K 2T L :::1;Kgjsupp k(¥) hypercube

{ note that the cardinality of the index BghercubelS K hypercube



Then, the coupledK JK system for the degrees of freedgimuncouples
INtO NpypercubesSystems, each of SiZK nypercube I K hypercube

£z XX
(¥)S Gk j(X) k(¥):;¥ T jdX) Kdy)dxdy
’ i
= ) (¥) jdx) k(¥)f (¥) dxdy

XJ X Z Z
Cik ar j(x) r jox) k(¥ kdy) (¥)dxdy

j=1 k2|hypercube hypercube D

Z
= Fjdx) «y) (¥)adxdy

hypercube D



The moral of the story is that, in practice, once pretty mashonsettle for
piecewise constant approximations in parameter space

Even for this cas®l cannot be too large



PIECEWISE CONSTANT APPROXIMATING SPACES

Let[ k., « denote a subdivision ofinto disjoint, non-overlapping subsets

{ we have that

[~; k=  and \ o= ifk6Kk°
Let L o
_ Ty K el ™ f e,
M= 0 otherwise Ok 2TKiKg
and let

Zx = sparf gk,

{ thus, Zk Is the space gdiecewise constant functiomgh respect to the
partition[ £, « of



Clearly,Zg LP() so that it can be used as an approximating space for
discretizing parameter dependences of solution of an SPDE

Recall that, after the invocation of the piecewise corsaist functions and
of a parameter-space quadrature rule, the stochastikirialethod has the

form

X Z XX
W (%) k) S Ck j(X) «k(¥);% T jdx) dx
r=1 D j=1 k=1
R 7
= W (%) «odw) ) joX)f () dx
r=1

wheref w,; % g, denotes the quadrature rule used to approximate integrals
over parameter space



Suppose we choose the quadrature rule so that
R=K and %2  forr2fl:::;R=Kg

{ thus,
- each quadrature poist belongs to one of the subsets
and
- each subset contains one and only one of the quadratuse point

{ Clearly, we then have that

K¥) = K forallk;r 2f1,:::;K = Rg



Then, the discretized stochastic Galerkin system reduces t

Z Z
S u(x);¥% T ;dXx) dx = joX)f () dx

D D
forj%2f21:::;Jg and r2f1:::;R=Kg
P J
whereu;(X) = j-; Gr j(X)
{ thus, we have total uncoupling of the spatial and paramedzms

{ we solve a sequencdrof K problems of sizkto determind u,(x)gR,

{ then, the stochastic Galerkin-piecewise constant amgiori of the so-
lution of the SPDE is simply given by

ux;y) = ur(x) fory2



Note that to determine the, (x) one does not have to explicitly know the
weightsw, or the subregions;

{ one need only know the point fgtgk_,

Note also thathere is no restrictions on the pointfsgl_,

{ one can, in fact, use any of the point sets we have encountisedssing
stochastic sampling or stochastic collocation or stmcBastrkin methods

Clearly,
any stochastic sampling method can be viewed
as a stochastic Galerkin method



Approximations of quantities of interest

It is natural to use theame quadrature rule
- to approximate a quantity of interest
as was used to
- approximate the integrals in discretized SPDE,

l.e., we choose
K=R=0

MOk = FHOR, = f’S’ngQzl and  fwrgs; = TweOe,

We then have that
(¥ = g forallng2fl:::;K =R = Qg



Using this in the expression for the approximation of aitguzninterest
results in
Z X
G u(x;y) (y)dy Wq (¥9)G Usc(X)
o=1

X xR X
= Wq (¥9)G Ur(X) r(yg) = Wq (¥9)G Uq(X)
=1 r=1 =1

l.e.,

Z X
G u(x;y) (y)dy Wq (¥9)G Ug(X)
=1
where, foq2f 1;:::;Q= R = K g, uy(x) = P jJ=1 Cig j(X)

f determined from -

S Uy(X);¥ T jdx) dx = joAX)f (%) dx forj%2f 1;:::;Jg
D D



This all looks very familiar:

{ it looks just the same as when we discussed stochastatioallmethods

{ In fact, there is very little distinction between stochasimpling and
stochastic collocation methods

{ and, as we have seen, all stochastic sampling and stoobiastation
methods can be derived from the stochastic Galerkin framewo



ECONOMIES IN POLYNOMIAL CHAOS METHODS
FOR LINEAR SPDES




Suppose that the SPDEliisear in the solution

For example, consider the case for which one has, aftea psilygomial
chaos expansion method, the SPDE

L Z ¥ Kpc
(¥alx;%)S Gk j(X) k() T jdx) dy)dxdy
D 71 =1

= (¥) jodX) kdWT (X;y) dxdy;

where now botB( ) andT () arelinear

YHere, it is useful to follow the explicit dependences of tta functionsa andf on the spatial variable
X



Since,S() is linear and does not involve derivatives with respeet to th
components of, we have that

X Kec 2 z
Gk S j(X) T ;dx) ax;¥) (&) k(¥ ody)dydk
j=1 k=1 D ve vd

= jdx) ) (3) dy) dyck

In thislinear SPDEase, there are two economies possible in the
Implementation of PC methods



PC-expansions of data functions

We approximate the data functi@aasndf in the same way one approximates
the solution, i.e., using PC-expansions

{ thus, we assume we have in hand the approximations

Kpc
a(x;y) aofX) kogy)
k01
and
Kpc
f(X;¥) frogXx) kogy)

k021



{ substituting into the PC-discretization of the SPDE seisult
Kpc Yd Kpc Z
Cik aofx)S  j(x) T jdx) dx

K021 j=1 k=1 D -
(¥) «(¥) «dy) woty)dy
Kpc Z VA
= fogx) jo(x) dx (¥) kdy) kody) dy
ger
= Dfk(x) jo(x) dx

where the last equality follows from the orthonormalitheoPPC-basis
functionsf k(y)gfflc

{ orthogonality also results in sagparsityin the left-hand side that may be
taken advantage of when using iterative linear systemrsatgthods

- for example, whenever k8 k®(and for similar situations involving
reversal of indices), the summand on the left-hand sidieegni



Determining the PC-approximations of the data funciiarslf may be
costly since one has to determine a di erent expansiorfprseatial

guadrature point used in the nite element spatial disatien

{ of course, if the data is independemnt,dhen only one expansion for each
data function is needed

We again point out that the economies resulting from théRSeaxpansions
of the data functions are realizable onljirfear SPDEs



KL-expansions of random data elds

Now, suppose that the data functiarsndf areGaussianorrelated random
elds

{ then, we may determine the approximate KL-expansions

XN p__
a(x;¥) n@n(X)Yn
n=1
and
XN 0D__
f(X;¥) nfn(X)Yn;
n=1

{f na(X)gi; andf ,;fn(X)gi,; are the eigenpairs of the covariance
functions fola andf , respectively

{ recall that we have to assume (spherical) Gaussian saiia@eotherwise
¥ IS not a set of independent parameters



{ substituting into the PC-discretization of linearSPDE results in

X e Wop_ 4
Gik n an(X)S j(x) T jdx) dx
j=1 k=1 n=1 D -

Yn (¥) «(¥) «dy)dy

0 z 2
-7 P= 00 ) dx yn () k) dy

n=1

Do%blyorthogonal polynomials can be cgnstrbﬂcﬂech that

¥ «(y) (¥)dy=0  and Y k(¥) «dy) (¥)dy=0

whenevek 6 k°

¥The construction involves solving an eigenvalue problemaith polynomial



As a resultthe probabilistic and spatial degrees of freedom uncouple

{ one can solve for thg's by solvingKpc deterministic nite element
problems of sizé instead of the single problem of SiKe>

We again point out that the economies resulting from thékikseegpansions
of the data random elds are realizable onlirfear SPDEs

Moreover, even for linear SPDESs, they are only possibiufmian
random eldssince it is only in this case that the KL expansions are
linear in independent random parameters

This should be contrasted with stochastic collocatiorodsefimd the
non-intrusive polynomial chaos methods for which theplingaaf the
parameter and spatial degrees of freedom occurs for, gemdirsear SPDES

{ for stochastic collocation methods, the uncoupling alscsdor
general, non-Gaussian probability distributions



OPTIMAL CONTROL PROBLEMS FOR
STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS




Optimization problems

The state system
r (I x)ru(l; x) = (5 x) In

[
o

u(!; x) on

{ I Is an elementary event in a probability space
{ x Is a point in the spatial domdn
{ (!5 x) andf (!; x) are correlated random elds

{ the solutioru(!; x) is also a random eld



Optimal control problem

{ (' x)Iisgiven
{ (!, x) to be determined

{ given target functiob(!; x) may be deterministic or may be a random
eld

{ cost functional (E) denotes the expected value)

F(ufib)=E ku(h ) b kg, + Kf( )k,

nd a stateu and a contrat such that~ (u;f ;b) is
minimized subject to the state system being satis ed



Parameter identi cation problem

{ (! x)is given
{ (!; x) to be determined

{ given target functiob(!; x) may be deterministic or may be a random
eld

{ cost functional
K(u; ;)= E ku(h; ) b(; MK+ kr (5 )Kzp,

nd a stateu and a coe cient function such thatk (u; ;b) is
minimized subject to the state system being satis ed



Results

Existence of optimal solutions

Existence of Lagrange multipliers

Derivation of optimality system

{ the adjoint or co-state system
r (I x)r (1 x) = u(!; x)
(I x) =0
{ optimality condition

E +rur

b(!; x)

N

on



Discretization of noise so thatf , b, andu depend on a parameter vector

{ these parameters may be \knobs" in an experiment

{ alternately, they could result from an approximation, a&.guncated
Karhunen-Loevy expansion, of a correlated random eld

nite element analyses of stochastic collocation meth@toress)

{ isotropic and anisotropic Smolyak sparse grids are uskalcasion points

development of gradient method to e ect optimization



Computational results

5 X nx
choose targdh = x(1 x°) + sin I Yn(!)
i=1
. 3 X n x
choose optimal = (1 + x°) + COS I Yn(!)

i=1
setf = r r b)

choose initial =1+ x

assumg; uniform o 1; 1]with Hyi) = 0 and Kyiy;) =
=)

given randorh andb, identify the expectation of both the contrpl)E
and the state 1) and compare with the exact statistical quantities
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Left: expected value of optimal and target coe cient
Right: expected value of optimal and target solution
Number of random variabtedN =1
Number of Monte Carlo sampte$! =10



Left: expected value of optimal and target coe cient
Right: expected value of optimal and target solution
Number of random variabledN =1
Number of Monte Carlo sampte$! =100



Left: expected value of optimal and target coe cient
Right: expected value of optimal and target solution
Number of random variabtedN =1
Number of anisotropic Smolyak collocation paifts = 1



Left: expected value of initial (blue) and target (red) ceat
Right: expected value of initial and target solution
Number of random variabkedN =5



Left: expected value of optimal and target coe cient
Right: expected value of optimal and target solution
Number of random variablkesN =5
Number of Monte Carlo sampte =11



Left: expected value of optimal and target coe cient

Right: expected value of optimal and target solution
Number of random variablkesN =5

Number of anisotropic Smolyak collocation paifts =11



N | MC | AS

5| 7e+03 801
10| 9e+06| 1581
20| 8e+09| 11561

ForN random parameters, the number of Monte Carlo samples anadther
of anisotropic Smolyak collocation points required toerdiakl original error in
the expected values of both the soluti@md coe cient by a factor ofl(®



