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central iIssue:

relation between nonanalytic points of thermodynamic
functions and the topology of certain configuration
space submanifolds

hope:
¢ efficient description of the essential physics

® additional insights due to an unconventional perspective
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as a motivation to discuss the relation between nonanalytic points and configuration
space topology:
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features:

® interacting
® phase transition in the thermodynamic limit
® continuous configuration space

® simple!
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as a motivation to discuss the relation between nonanalytic points and configuration
space topology:
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features:

® interacting
® phase transition in the thermodynamic limit
® continuous configuration space
® simple!
exact solution for finite  V:
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(L. Casetti and M. Kastner, cond-mat/0605399)
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findings are remarkable because:

* thermodynamic functions of finite systems are found
to be nonanalytic in general .

N

* locus of the nonanalytic-
ity jumps discontinuously
In the thermodynamic limit 0¢ N

* Both the nonanalyticilies at "¢ = 0 and ¢Nfinte —

are consequences of the same topology change |
configuration space

1
2
n

® typically even more complex: O(N) or even O(eV) nonanalytic points in finite
systems (becoming dense in the thermodynamic limit), most of which do not

correspond to phase transitions in the infinite system
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Hamiltonian function H = 3 ZiNzlpf + V(z)
with potential V and z = (¢1,...,qn) € 'y C RV,

family {M.},cg Of submanifolds
M, ={z €Ty | V(z) < Nv},

topology change at v If { My}, <, * {My}, >, .
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How to compute topological quantities?
A tool from differential topology:

Morse theory
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How to compute topological quantities?
A tool from differential topology:

Morse theory

idea:
* consider submanifolds M, = {z € ' | V(z) < Nv}
V/N

* topology of the M, Is changed only .
at critical values v, = V(z)/N, » \J \U/
where dV(z.) = 0. Lm—

* the nature of the topology change is determined by
the eigenvalues of the Hessian of V' at ...
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topology changes in
energy
submanifolds M,

the potenial
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relation?

nonanalyticities in
thermodynamic
functions
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canonically: no non-
analytic points

microcanonically:
nonanalytic  points
at every critical level

Infinite systems
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topology changes in
energy
submanifolds M,

the potenial

AN
2\ 2

relation?

nonanalyticities in
thermodynamic
functions

YA

finite systems

/

N\

canonically: no non-
analytic points

microcanonically:
nonanalytic  points
at every critical level

Infinite systems

l

more complicated. ..
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observation

topology changes of M, are related to phase transitions
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(example: mean-field k-trigonometric model)

e many topology changes, dense on the energy axis in the thermodynamic limit
e J a signature of the phase transition in a purely topological quantity
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assumptions on the potential:
e V' smooth and confining,
e Interparticle interactions of short range.

theorem :
(R. Franzosi and M. Pettini 2004)

A topology change of the M, at v = v. IS necessary
for a phase transition to take place at v..
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assumptions on the potential:
e V' smooth and confining,
e Interparticle interactions of short range.

theorem :
(R. Franzosi and M. Pettini 2004)

A topology change of the M, at v = v. IS necessary
for a phase transition to take place at v..

hypothesis
as in the theorem (topology change of the M, at v = v. necessary for a

phase transitions at v.), DUt for arbitrary potentials V.
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Q1: Is the “topological hypothesis” true in general?

Q2: When are topology changes sufficiently “strong” to
effect a phase transition?
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Q1: Is the “topological hypothesis” true in general?

as in the theorem (topology c

M, at v = v. necessary for a

rbitrary pote

phase transitions at v..), bu

M. Kastner, PRL 93, 150601 (2004)
D. A. Garanin, R. Schilling, and A. Scala, PRE 70, 036125 (2004)
|. Hahn and M. Kastner, PRE 72, 056134 (2005)

not necessarily a drawback, but:

a challenge! there’s something to understand!
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mean-field 904-model (long range interactions!)
V———(Zqz>+2( 397 +147), @ €ER

critical energy v. # energies of the topology changes
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mean-field 904-model (long range interactions!)
V———(Zqz>+2( 397 +147), @ €ER

critical energy v. # energies of the topology changes

microcanonical entropy: (. Hahn and M. Kastner 2005)

s(v, m) analytic function
s(v) = sup,,, s(v, m) nonanalytic function

— singularity from a finite dimensional maximization
over an analytic function

* exclusively in long range systems
* classical critical exponents (if continuous)
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Q1: Is the “topological hypothesis” true in general?
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Q1: Is the “topological hypothesis” true in general?

Al: No, the situation is more complex!
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Q1.
Al:
Q2.

Is the “topological hypothesis” true in general?
No, the situation is more complex!

When are topology changes sufficiently “strong” to
effect a phase transition?
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Q1:
Al:

Q2.

A2:

Is the “topological hypothesis” true in general?
No, the situation is more complex!

When are topology changes sufficiently “strong” to
effect a phase transition?

work in progress!

separation of “topological” and “non-topological” contributions to the
thermodynamic functions by means of Morse theory

—> conditions on the density of (Morse) critical points of the potential

—> sufficiency criterion on the topology change for the occurrence of a phase
transition

(M. Kastner and S. Schreiber, in preparation)
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H = 5;07; ~oN Z 0i0; with ;Ui = N and ;azaz =0,

1,7=1
® nonanalyticities in sy () at /"¢ = 0 and £"""'¢ — L respectively,

® topology change of the M, at v = 0.

relation between nonanalyticities and topology changes?

* finite system:
Qe) = / dt Qi (t)Q2e(e — 1)
0

* Infinite system:

e) = Qg (e = ()(€)) Qe ((v)(2))

... but the situation is much more intricate in other models. ..
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* idea: concepts from topology to (efficiently?)
describe physical phenomena

* 3 nonanalyticities in the finite system entropy, caused
by topology changes in the M,

(phase transitions in finite systems?)

e configuration space topology

® s related to phase transitions in infinite systems in the case of (well-behaved)
short-range potentials

® can be supplemented by phase transitions from a “maximization” in
long-range systems

what is the origin of a thermodynamic singularity?
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