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Let ™ be a lattice in 127, 1* = R4/, vol(F) = 1.
For ¢ € F and p = O dencte B(g,p) the ball
centered at I:ZFOf radius o and

N{g,p) = F#{ye (T nBlapl}h
Describe the behaviour of N(q,p) for large p.

Obvious:

N(%!r- o) ~ vol(Blg. p)) = wep.

Denote R(g, p} 1= N{q. p) — wyp®.




{1auss’

R{q,p) = O(p" ).

d = 2. Sierpinski;

Rig. p) = O{p*/3).

Conjecture: I = Z2. Then

R(0,p) = O(p11/2 ¢y,

Hardy, Littlewood, Walfisz, Cheng, Huxley:

R(D, p) = O(p*5/73)y,



Arbitrary . Landau:
R(g, p) = O(p?=2T2/ld+1)y

Walfisz, Bentkus, Gotze. Let d > 5. Then

Rig. p) = O(p*?)
(precise estimate).

Average value of R. Denote

AL .
Jj(ﬁ}i=(ﬂ,|fﬂ(ﬂ,ﬂ)l*’dt}) ﬁ j=12

Theorem(A.Sobolev, L.Parnovski)
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Similar question for the annulus. Let By, p1) =
(zeRt p<|o—gl<ptnl p— oo n = n{p)
is 3 continuous function. As before,

N{g. p.ry = #fy € (TN Blg. g

Bq. p.n) = (g, p.n) = 1Bl p0)is

i 173 .
ailp,m = (/Flﬂ(q,p-. f;)”ﬂ’-q) : i=12

Theorem{R.Hill, L.Parnovski)

(i) Let n= 1. Then

d-1_ . J—1
p 2z T&apn)Ep 2

i1
p 2 & a;(p 1} iff d # 3(mod4).




(i) Let 3 — oc, ?}’-—;- 0. Then

d1 d=1
pZn "Koipn)Lpe T,

Jd 1
p 2 Zo;(p.n) never.

(iii) Let n = p. Then

d 1 _ 41
pz TEai(pn) LT

d-1
p 2 & oi(p.n) iffd £ 1{moda).

(iv) Let n — 0. Then
i,

f=1 _ 1 1
02T < oalpn) L p 2 9E.

kIl

If = (Ininp)~1, then

0Tt < aolpn)  iffd 2 3(znodd).

If 5= p™, a0, then

-1 1
n 2 nZ < oaf{pon) always.




Hyvpeaerbolic |attices

Let [T be a discrete group of isometries of the
hyperbolic space H¢ F = H%/". We assume
voOl{ F'} <2 oo, but F can be non-compact. For
any p € F corresponding lattice is Mp = {~p :
~e T}

N{p,q.p) = #1p " Blg. p}}.

Is N(p.q.p) ~ ”‘:’L{-Ef};%j‘f” ?

Yes (Delsarte)

Put Rip.q.p) = N(p.q,p) — UGL{G?[(E D Esti-

mates of £ and further terms(!): Huber, Pat-
terson, Selberg, Lax-Phillips, Levitan.



Blafeieing SEapiasein =i = e S e e
eigenvalues of —A acting on F, ¢; be corre-
sponding orthonormal eigenfunctions. Let N
be such that Ay < @? < Anyi1- DPenote
,}tj — -:J,(ri —1 - g‘}:_'l Bt g s TR R,
in this case we choose s; > 4L If j > N,

then Ei%sj = %. Essential specttum of —A

s either @ (if F is compact) or [0 o)
(if £ is non-compact). In the latter case we
assume for simplicity that F' has one cusp and
denote K (-, A) the eigenfunctions of the contin-
uous spectrum (canconically normalized; they
are called Eisenstein series).

Theorem(Huber, Patterson, Selberg, Lax, Phillips,
Levitan)

N
R(p.q,p) = Y w(s;)¢i(q)d;(p)e™”

§=1
3 e
-l-G(Pﬁﬁe(d : dH)p):



ilr(q—-"" 1)
Ms+1)

The sum is over all § such that d — 1 — :}r_
s; < d—1. As before, define '

w(s)y =

T~

o2(p.p) = (,/;Jﬁ'im qfﬁ)lzdy.(q))m

Theorem{ R Hill,L.Parnovski)
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